5 « Introduction

Figure 5.1 The Koch snowflake is constructed by using an iterative process. Starting with an equilateral triangle, at each
step of the process the middle third of each line segment is removed and replaced with an equilateral triangle pointing
outward.
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-/ Introduction

The Koch snowflake is constructed from an infinite number of nonoverlapping equilateral triangles. Consequently, we
can express its area as a sum of infinitely many terms. How do we add an infinite number of terms? Can a sum of an
infinite number of terms be finite? To answer these questions, we need to introduce the concept of an infinite series, a
sum with infinitely many terms. Having defined the necessary tools, we will be able to calculate the area of the Koch
snowflake (see Example 5.8).

The topic of infinite series may seem unrelated to differential and integral calculus. In fact, an infinite series whose terms
involve powers of a variable is a powerful tool that we can use to express functions as “infinite polynomials.” We can use
infinite series to evaluate complicated functions, approximate definite integrals, and create new functions. In addition,
infinite series are used to solve differential equations that model physical behavior, from tiny electronic circuits to Earth-
orbiting satellites.
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5.1 Sequences

Learning Objectives
5.1.1 Find the formula for the general term of a sequence.
5.1.2 Calculate the limit of a sequence if it exists.
5.1.3 Determine the convergence or divergence of a given sequence.

In this section, we introduce sequences and define what it means for a sequence to converge or diverge. We show how
to find limits of sequences that converge, often by using the properties of limits for functions discussed earlier. We close
this section with the Monotone Convergence Theorem, a tool we can use to prove that certain types of sequences
converge.

Terminology of Sequences

To work with this new topic, we need some new terms and definitions. First, an infinite sequence is an ordered list of
numbers of the form

a;,az,az,...,p,... .

Each of the numbers in the sequence is called a term. The symbol n is called the index variable for the sequence. We use
the notation

(2]
{an}nzl,orsimply ay ¢,

to denote this sequence. A similar notation is used for sets, but a sequence is an ordered list, whereas a set is not
ordered. Because a particular number a, exists for each positive integer n, we can also define a sequence as a function
whose domain is the set of positive integers.
Let's consider the infinite, ordered list
2,4,8,16,32,....

This is a sequence in which the first, second, and third terms are given by a; = 2, a, = 4, and a3z = 8. You can probably
see that the terms in this sequence have the following pattern:

ap =2 a,=22a3=2% ay, =2% andas =2°.

Assuming this pattern continues, we can write the nth term in the sequence by the explicit formula a, = 2". Using this
notation, we can write this sequence as

2" v 2"
{ }n=1 or

Alternatively, we can describe this sequence in a different way. Since each term is twice the previous term, this sequence
can be defined recursively by expressing the nth term a,, in terms of the previous term a,_; . In particular, we can define
this sequence as the sequence {a, } where a; =2 and for all n > 2, each term a, is defined by the recurrence
relationa, = 2a,_;.

Definition

An infinite sequence{a, } is an ordered list of numbers of the form

ay,az,...,Aan,... .
The subscript n is called the index variable of the sequence. Each number a,, is a term of the sequence. Sometimes
sequences are defined by explicit formulas, in which case a,, = f(n) for some function f(n) defined over the positive

integers. In other cases, sequences are defined by using a recurrence relation. In a recurrence relation, one term (or
more) of the sequence is given explicitly, and subsequent terms are defined in terms of earlier terms in the sequence.

Note that the index does not have to start at n = 1 but could start with other integers. For example, a sequence given by
the explicit formula a, = f(n) could start at n = 0, in which case the sequence would be

ap,ay,an,... .

Similarly, for a sequence defined by a recurrence relation, the term ag may be given explicitly, and the terms a,, forn > 1
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5.1 * Sequences

may be defined in terms of a,_; . Since a sequence {a, } has exactly one value for each positive integer n, it can be
described as a function whose domain is the set of positive integers. As a result, it makes sense to discuss the graph of a
sequence. The graph of a sequence {a, } consists of all points (n, a,) for all positive integers n. Figure 5.2 shows the
graph of {2"}.
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Figure 5.2 The plotted points are a graph of the sequence {2"}.

Two types of sequences occur often and are given special names: arithmetic sequences and geometric sequences. In an
arithmetic sequence, the difference between every pair of consecutive terms is the same. For example, consider the
sequence

3,7,11,15,109,....

You can see that the difference between every consecutive pair of terms is 4. Assuming that this pattern continues, this
sequence is an arithmetic sequence. It can be described by using the recurrence relation

ay = 3
a, = ay_1 +4forn>2.
Note that
a) = 3+4
a3 =34+4+4=3+2-4
ap=3+4+4+4=3+3-4.
Thus the sequence can also be described using the explicit formula
ap =3+4m-1)
=4n—1.
In general, an arithmetic sequence is any sequence of the form a, = cn + b.

In a geometric sequence, the ratio of every pair of consecutive terms is the same. For example, consider the sequence

22 2 2

2, -, S S
"T39° 2781

We see that the ratio of any term to the preceding term is —%. Assuming this pattern continues, this sequence is a
geometric sequence. It can be defined recursively as

a1=2

ap = —% -ay_1 forn > 2.

Alternatively, since
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we see that the sequence can be described by using the explicit formula

1 n—1
ap =2(—§> .

The sequence {2"} that we discussed earlier is a geometric sequence, where the ratio of any term to the previous term
is 2. In general, a geometric sequence is any sequence of the form a, = cr".

EXAMPLE 5.1

Finding Explicit Formulas
For each of the following sequences, find an explicit formula for the nth term of the sequence.

Solution

a. First, note that the sequence is alternating from negative to positive. The odd terms in the sequence are negative,
and the even terms are positive. Therefore, the nth term includes a factor of (—1)". Next, consider the sequence of
numerators {1, 2, 3,...} and the sequence of denominators {2, 3,4,...}. We can see that both of these sequences
are arithmetic sequences. The nth term in the sequence of numerators is n, and the nth term in the sequence of
denominators is n + 1. Therefore, the sequence can be described by the explicit formula

_ (=D"n

T on+1

an

b. The sequence of numerators 3,9,27,81,243,... is a geometric sequence. The numerator of the nth term is 3" The

sequence of denominators 4,7, 10, 13, 16,... is an arithmetic sequence. The denominator of the nth term is
n

4+ 3(n—1)=3n+ 1. Therefore, we can describe the sequence by the explicit formula a, = T T

5.1 Find an explicit formula for the nth term of the sequence {% —%, % —]—ll}

EXAMPLE 5.2

Defined by Recurrence Relations
For each of the following recursively defined sequences, find an explicit formula for the sequence.
a. a1 =2,a, =-3a,_1forn>2
1 1\"
b. a; =5,ap=0ap1 + (5) forn>?2

Solution
a. Writing out the first few terms, we have
ay = 2
a) = —3a1 = —3 (2)
a3 = =3ay = (=3)%2
ay = —3a3 = (-3)32.

In general,
an = 2(=3)""1.
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5.1 * Sequences

b. Write out the first few terms:

1
ay = b3
- 12 _1.,1_23
m=a+(3) =5+3=%
13 _3,1_7
a=at+(;) =5+g=g
- 14 _ 7,1 _15
a4—a3+(§) _§+R_E
From this pattern, we derive the explicit formula
2" —1 1
ap = 2}1 =1- 2—n
' 5.2 Find an explicit formula for the sequence defined recursively such thata; = —4 and a, = a,_ + 6.

Limit of a Sequence

A fundamental question that arises regarding infinite sequences is the behavior of the terms as n gets larger. Since a
sequence is a function defined on the positive integers, it makes sense to discuss the limit of the terms as n — . For

example, consider the following four sequences and their different behaviors as n — ® (see Figure 5.3):

a. {1+3n}=1{4,7,10,13,...}. The terms 1 4+ 3n become arbitrarily large as n — . In this case, we say that
14+3n— ®asn— o,

b. {1— 1 } {22——2 }Thetermsl—(%)n—»Iasn—H?O.

¢ {(-=D"}={-1,1,—1,1,...}. The terms alternate but do not approach one single value as n — .

(= )

—0asn — o0,

d iV {—1 11 } The terms alternate for this se Il, but
. n - 2D T 3 o quence as we u
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Figure 5.3 (a) The terms in the sequence become arbitrarily large as n — . (b) The terms in the sequence approach 1 as
n — 0. (c) The terms in the sequence alternate between 1 and —1 as n — . (d) The terms in the sequence alternate

between positive and negative values but approach 0 as n — .

From these examples, we see several possibilities for the behavior of the terms of a sequence as n — . In two of the
sequences, the terms approach a finite number as n — . In the other two sequences, the terms do not. If the terms of

a sequence approach a finite number L as n — o, we say that the sequence is a convergent sequence and the real

number L is the limit of the sequence. We can give an informal definition here.
Definition

Given a sequence {ay, }, if the terms a,, become arbitrarily close to a finite number L as n becomes sufficiently large,
we say {a, } is a convergent sequence and L is the limit of the sequence. In this case, we write
lima, = L.

n— 00

If a sequence {a, } is not convergent, we say it is a divergent sequence.

From Figure 5.3, we see that the terms in the sequence {1 - (%)n} are becoming arbitrarily close to 1 as n becomes
very large. We conclude that {1 - (%)n} is a convergent sequence and its limit is 1. In contrast, from Figure 5.3, we see
that the terms in the sequence 1 + 3n are not approaching a finite number as n becomes larger. We say that {1 + 3n} is
a divergent sequence.

In the informal definition for the limit of a sequence, we used the terms “arbitrarily close” and “sufficiently large.”
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5.1 * Sequences

Although these phrases help illustrate the meaning of a converging sequence, they are somewhat vague. To be more
precise, we now present the more formal definition of limit for a sequence and show these ideas graphically in Figure
5.4.

Definition

A sequence {a, } converges to a real number L if for all € > 0, there exists an integer N such that |a, — L| < € if
n > N.The number L is the limit of the sequence and we write
lima, = Lora, — L.

n—o

In this case, we say the sequence {a, } is a convergent sequence. If a sequence does not converge, it is a divergent
sequence, and we say the limit does not exist.

We remark that the convergence or divergence of a sequence {a, } depends only on what happens to the terms a, as
n — . Therefore, if a finite number of terms by, by,..., by are placed before a; to create a new sequence
bi,by,....,bN,a1,a2,...,

this new sequence will converge if {a, } converges and diverge if {a, } diverges. Further, if the sequence {a, } converges
to L, this new sequence will also converge to L.

a,

Figure 5.4 As n increases, the terms a,, become closer to L. For values of n > N, the distance between each point (n, a, )
and the line y = L is less than €.

As defined above, if a sequence does not converge, it is said to be a divergent sequence. For example, the sequences
{1+ 3n}and {(—1)"} shown in Figure 5.4 diverge. However, different sequences can diverge in different ways. The

sequence {(—1)"} diverges because the terms alternate between 1 and —1, but do not approach one value asn — .
On the other hand, the sequence {1 + 3n} diverges because the terms 1 + 3n — @ as n — ®. We say the sequence

{1 + 3n} diverges to infinity and write lim (1 4+ 3n) = o It is important to recognize that this notation does not imply

n—o

the limit of the sequence {1 + 3n} exists. The sequence is, in fact, divergent. Writing that the limit is infinity is intended
only to provide more information about why the sequence is divergent. A sequence can also diverge to negative infinity.

For example, the sequence {—5n + 2} diverges to negative infinity because —5n +2 — —® as n — . We write this as

lim (-5n+2) =— —,

n— oo

Because a sequence is a function whose domain is the set of positive integers, we can use properties of limits of
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380 5 Sequences and Series

functions to determine whether a sequence converges. For example, consider a sequence {a, } and a related function f
defined on all positive real numbers such that f(n) = a, for all integers n > 1. Since the domain of the sequence is a
subset of the domain of f, if lim f(x) exists, then the sequence converges and has the same limit. For example,

X—00
consider the sequence {%} and the related function f (x) = % Since the function f defined on all real numbers x > 0

satisfies f(x) = % — 0 as x — o, the sequence {%} must satisfy % —0asn— o,
Theorem 5.1

Limit of a Sequence Defined by a Function
Consider a sequence {a, } such that a, = f(n) for all n > 1. If there exists a real number L such that

lim f(x) = L,
X—00
then {a,} converges and
lima, = L.
n—o00

We can use this theorem to evaluate lim " for 0 < r < 1. For example, consider the sequence {(1/2)"} and the related

n—oo

exponential function f(x) = (1/2)*. Since lim (1/2)* = 0, we conclude that the sequence {(1/2)"} converges and its

X—>00
limit is 0. Similarly, for any real number r such that 0 < r < 1, lim ¥ = 0, and therefore the sequence {r"} converges.

xX—00

On the other hand, if » = 1, then lim r* = 1, and therefore the limit of the sequence {1"}is 1.If r > 1, lim r* = o0, and

xX—00 X—00
therefore we cannot apply this theorem. However, in this case, just as the function r* grows without bound as n — ,

the terms " in the sequence become arbitrarily large as n — o, and we conclude that the sequence {r"} diverges to
infinity if r > 1.
We summarize these results regarding the geometric sequence {r" } :

Mm—-0ifo<r<l1
M —1lifr=1

Mm—oifr>1.

Later in this section we consider the case when r < 0.

We now consider slightly more complicated sequences. For example, consider the sequence {(2/3)" + (1/4)"}. The
terms in this sequence are more complicated than other sequences we have discussed, but luckily the limit of this
sequence is determined by the limits of the two sequences {(2/3)"} and {(1/4)" }. As we describe in the following
algebraic limit laws, since {(2/3)"} and {1/4)" } both converge to 0, the sequence {(2/3)" + (1/4)" } converges to

0+ 0 = 0. Just as we were able to evaluate a limit involving an algebraic combination of functions f and g by looking at
the limits of f and g (see Introduction to Limits (http://openstax.org/books/calculus-volume-1/pages/2-introduction)), we
are able to evaluate the limit of a sequence whose terms are algebraic combinations of a, and b, by evaluating the limits
of {a,} and {b,}.

Theorem 5.2

Algebraic Limit Laws
Given sequences {a, } and {b, } and any real number c, if there exist constants A and B such that lim a, = A and

n— 0o
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lim b, = B, then

n— 00
i. limec=c
n— 00
ii. limca, =clima, =cA
n—o n— 0

iii. lim (ap + by) = limay, + limb, = A+ B

n—oo n— 0o n— 0o
iv. lim (a,-b,)=|lima,|-|limb,|=A-B
n— o n— 00 n—00
lim an
n— 0o
v. lim (Z—Z) = Tmhy = %, provided B # 0 and each b, # 0.
n— 00 =D
Proof

We prove part iii.

Let € > 0. Since lim @, = A, there exists a constant positive integer N such that ’an — A| < % forallmn > Nj. Since

n—oo

lim b, = B, there exists a constant N, such that |b, — B| < /2 foralln > N,. Let N be the larger of Ny and N,.

n— oo

Therefore, for alln > N,
[(an +bp)—(A+ B)| < |an — Al + by = B| < 5 + § =&
O

The algebraic limit laws allow us to evaluate limits for many sequences. For example, consider the sequence { Lz } .As
n

shown earlier, lim 1/n = 0. Similarly, for any positive integer k, we can conclude that

n—00

1
lim - = 0.
n—oo 1

In the next example, we make use of this fact along with the limit laws to evaluate limits for other sequences.

EXAMPLE 5.3

Determining Convergence and Finding Limits
For each of the following sequences, determine whether or not the sequence converges. If it converges, find its limit.

a. {5;’%2}
=
- {3}
{(1+4)")

Solution
a. We know that 1/n — 0. Using this fact, we conclude that

1 1 1
lim—2 = lim <—) . lim <—> =0.
n—»OOn n—o n n—o n

=3

Qo
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382 5 Sequences and Series

Therefore,

lim (5—i>= lim5—3limi=5—3-0=5.

2 2
n—o n n— 0o n— 0o n

The sequence converges and its limit is 5.
b. By factoring n* out of the numerator and denominator and using the limit laws above, we have

. 4_7,2 . 2
lim 3n"=Tn"+5 _ lim n
6—4n* 6 _

n—oo n—oo 4
n

. T T
lim (3)— lim 2 + lim i

n— 0o n— 00 n—o0

6
lim a lim (4)

n—o n—o

. . 1 . 1
lim (3)-7- lim —+5- lim —-
n2 n

n— o n— o n— o

6 lim L — lim (@)
!
n—oo n—oo
_ 3-70+50 _ 3
=604 ~ %

The sequence converges and its limit is —3/4.

c. Consider the related function f (x) = 2%/x2 defined on all real numbers x > 0. Since 2¥ — o and x2 — ® as

x — o apply U'Hbpital's rule and write

) X . X . . .
lim 2—2 = lim 2 21;12 Take the derivatives of the numerator and denominator.
xX—00 * xX—00
X 2
= lim # Take the derivatives again.
X—00
= 00,

We conclude that the sequence diverges.
d. Consider the function f (x) = (1 + %)x defined on all real numbers x > 0. This function has the indeterminate

4\*
y = lim <1+—> .
X—>00 X

Now taking the natural logarithm of both sides of the equation, we obtain

form 1% asx — o, Let
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4\*
In(y) =In| lim <1 + —)
x

XxX—00

Since the function f (x) = Inx is continuous on its domain, we can interchange the limit and the natural logarithm.

Therefore,
4\*
In(y) = lim [In<1 + —> ] .
xX—00 x
Using properties of logarithms, we write

4\* 4
lim [In<1+—> ] = limxln<l+—>.
xX—00 x X—>00 x

Since the right-hand side of this equation has the indeterminate form o - 0, rewrite it as a fraction to apply

L'Hopital’s rule. Write
In(1 +4/x)

lim xIn 1+i = lim
b'd 1/x

X—00 X—00

Since the right-hand side is now in the indeterminate form 0/0, we are able to apply L'H6pital’s rule. We conclude
that
. In(1+4/x) .
T I O T+4ix

X—00 X—00

Therefore, In(y) =4andy = e*. Therefore, since lim (1 + %)x = ¢*, we can conclude that the sequence

X— 00

{(1 + %)n} converges to e*.

53 Consider the sequence { (5;12 + 1) /e" } Determine whether or not the sequence converges. If it

converges, find its limit.

Recall that if f is a continuous function at a value L, then f(x) — f(L) as x — L. This idea applies to sequences as well.
Suppose a sequence a, — L, and a function f is continuous at L. Then f (a,) — f (L). This property often enables us

to find limits for complicated sequences. For example, consider the sequence , /5 — % From Example 5.3a. we know
n

the sequence 5 — % — 5. Since ﬁ is a continuous function at x = 5,
n
lim
n—o

Theorem 5.3

Continuous Functions Defined on Convergent Sequences

Consider a sequence {a, } and suppose there exists a real number L such that the sequence {a, } converges to L.
Suppose f'is a continuous function at L. Then there exists an integer N such that f is defined at all values a,, for
n > N, and the sequence { f (a,)} converges to f (L) (Figure 5.5).
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384 5 Sequences and Series

Proof

Let € > 0. Since f is continuous at L, there exists 6 > 0 such that | f (x) — f (L)| < € if |[x — L| < 6. Since the sequence
{a, } converges to L, there exists N such that |a, — L| < é for alln > N. Therefore, foralln > N, |a, — L| < 6, which
implies | f(a,)—f(L)| < €. We conclude that the sequence { f (a,)} convergesto f(L).

O
fix)

(as, f(as))
(L, f(L)) (a2, f(az))

(a3, f(as))
(a1, fay)

aa a; L a, a,

L L

xY

Figure 5.5 Because f is a continuous function as the inputs ay, a», a3,... approach L, the outputs

f(a1), f(az), f(a3).,... approach f(L).

EXAMPLE 5.4

Limits Involving Continuous Functions Defined on Convergent Sequences
Determine whether the sequence {cos (3/n?) } converges. If it converges, find its limit.

) Solution
Since the sequence {3/}12} converges to 0 and cosx is continuous at x = 0, we can conclude that the sequence
{cos (3/n?)} converges and

lim cos <iz> =cos(0) = 1.
n

n—o

5.4 Determine if the sequence { %Zi; } converges. If it converges, find its limit.

Another theorem involving limits of sequences is an extension of the Squeeze Theorem for limits discussed in
Introduction to Limits (http://openstax.org/books/calculus-volume-1/pages/2-introduction).

Theorem 5.4

Squeeze Theorem for Sequences
Consider sequences {a, }, {b, }, and {c, }. Suppose there exists an integer N such that

ay, < b, <c,foralln > N.
If there exists a real number L such that
lima, = L = limc,,

n—o n— 0o

then {b,} converges and lim b, = L (Figure 5.6).

n—oo

Proof

Let € > 0. Since the sequence {a, } converges to L, there exists an integer N| such that |a, — L| < e foralln > Nj.
Similarly, since {¢, } converges to L, there exists an integer N, such that |c, — L| < € for all n > N,. By assumption,
there exists an integer N such thata, < b, < ¢, foralln > N. Let M be the largest of N|, N, and N. We must show

Access for free at openstax.org


http://openstax.org/books/calculus-volume-1/pages/2-introduction

5.1 * Sequences

that |b, — L| < eforalln> M.Foralln > M,
—e<—|ap—L|Lap—L<b,—L<c,—L<L|c,—L|<e.

Therefore, —e < b, — L < &, and we conclude that |b, — L| < € for all n > M, and we conclude that the sequence {b, }
converges to L.

O

.
LI b, ® . .
)
.............. SRR S
.

.

)

. Cn

t t t t t t t t t t L

Figure 5.6 Each term b, satisfies a, < b, < ¢, and the sequences {a, } and {c, } converge to the same limit, so the
sequence {b, } must converge to the same limit as well.

EXAMPLE 5.5

Using the Squeeze Theorem
Use the Squeeze Theorem to find the limit of each of the following sequences.

cosn

a. "
b. {(-3)"}
Solution
a. Since —1 < cosn < 1 for all integers n, we have
_L o sosn L
n2 = n?2 T o2’

Since —1/n? = 0 and 1/n2 — 0, we conclude that cosn/n? — 0 as well.
b. Since

for all positive integers n, —1/2" — 0 and 1/2" — 0, we can conclude that (—1/2)" — 0.

. . 2n—si
5.5 Find lim =01,

n— 0o

Using the idea from Example 5.5b. we conclude that r" — 0 for any real number r such that —1 < r < 0. If r < —1, the
sequence {r"} diverges because the terms oscillate and become arbitrarily large in magnitude. If r = —1, the sequence
{r"} = {(=1)"} diverges, as discussed earlier. Here is a summary of the properties for geometric sequences.

= 0if |r| < 1 5.1
> lifr=1 (52)
M s ooifr>1 (5.3)

(5.4)

{r"} diverges if r < —1

385



386 5°Sequences and Series

Bounded Sequences

We now turn our attention to one of the most important theorems involving sequences: the Monotone Convergence
Theorem. Before stating the theorem, we need to introduce some terminology and motivation. We begin by defining
what it means for a sequence to be bounded.

Definition

A sequence {a, } is bounded above if there exists a real number M such that
a, < M
for all positive integers n.

A sequence {a, } is bounded below if there exists a real number M such that
M < ay,

for all positive integers n.
A sequence {a, } is a bounded sequence if it is bounded above and bounded below.

If a sequence is not bounded, it is an unbounded sequence.

For example, the sequence {1/n} is bounded above because 1/n < 1 for all positive integers n. It is also bounded below
because 1/n > 0O for all positive integers n. Therefore, {1/n} is a bounded sequence. On the other hand, consider the
sequence {2"}. Because 2" > 2 for all n > 1, the sequence is bounded below. However, the sequence is not bounded
above. Therefore, {2"} is an unbounded sequence.

We now discuss the relationship between boundedness and convergence. Suppose a sequence {ay } is unbounded. Then
it is not bounded above, or not bounded below, or both. In either case, there are terms a, that are arbitrarily large in
magnitude as n gets larger. As a result, the sequence {a, } cannot converge. Therefore, being bounded is a necessary
condition for a sequence to converge.

Theorem 5.5

Convergent Sequences Are Bounded
If a sequence {a, } converges, then it is bounded.

Note that a sequence being bounded is not a sufficient condition for a sequence to converge. For example, the sequence
{(=1)"} is bounded, but the sequence diverges because the sequence oscillates between 1 and —1 and never
approaches a finite number. We now discuss a sufficient (but not necessary) condition for a bounded sequence to
converge.

Consider a bounded sequence {a, } . Suppose the sequence {a, } is increasing. That is, a; < ap < a3.... Since the
sequence is increasing, the terms are not oscillating. Therefore, there are two possibilities. The sequence could diverge
to infinity, or it could converge. However, since the sequence is bounded, it is bounded above and the sequence cannot
diverge to infinity. We conclude that {a, } converges. For example, consider the sequence

1 234
273747577

Since this sequence is increasing and bounded above, it converges. Next, consider the sequence
1 1 1
2’0’3’0?470’1’__7__,__,... .
{ 23 4 }

Even though the sequence is not increasing for all values of n, we see that —1/2 < —1/3 < —1/4 < ---. Therefore, starting
with the eighth term, ag = —1/2, the sequence is increasing. In this case, we say the sequence is eventually increasing.
Since the sequence is bounded above, it converges. It is also true that if a sequence is decreasing (or eventually
decreasing) and bounded below, it also converges.
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Definition

A sequence {a,} is increasing for all n > ny if

ap < ayy foralln > ng.
A sequence {a, } is decreasing for all n > ng if

ap 2 apyq foralln > ngy.

A sequence {a, } is a monotone sequence for all n > ny if it is increasing for all n > n( or decreasing for all n > ny.
We now have the necessary definitions to state the Monotone Convergence Theorem, which gives a sufficient condition
for convergence of a sequence.

Theorem 5.6

Monotone Convergence Theorem

If {a, } is a bounded sequence and there exists a positive integer ng such that {a, } is monotone for all n > ng, then
{a, } converges.

The proof of this theorem is beyond the scope of this text. Instead, we provide a graph to show intuitively why this
theorem makes sense (Figure 5.7).

ap

---------------------------- e -e---

-

n
Figure 5.7 Since the sequence {a, } is increasing and bounded above, it must converge.

In the following example, we show how the Monotone Convergence Theorem can be used to prove convergence of a
sequence.

EXAMPLE 5.6

Using the Monotone Convergence Theorem

For each of the following sequences, use the Monotone Convergence Theorem to show the sequence converges and find
its limit.

> {4

b. {a,} defined recursively such that

1
ay =2and a4 = %+ a
n

foralln > 2.

Solution
a. Writing out the first few terms, we see that

4n
Bl L2 218 1
n! 37315

At first, the terms increase. However, after the third term, the terms decrease. In fact, the terms decrease for all
n > 3. We can show this as follows.
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4n+l 4 4n 4
B P L e

-ap <apifn>3.

Therefore, the sequence is decreasing for all n > 3. Further, the sequence is bounded below by 0 because 4"/n! > 0
for all positive integers n. Therefore, by the Monotone Convergence Theorem, the sequence converges.
To find the limit, we use the fact that the sequence converges and let L = lim a,. Now note this important

n—o

observation. Consider lim a4 . Since

n— oo
{ans1} = {ar,a3,04....},

the only difference between the sequences {a,1 } and {a,} is that {a,1 } omits the first term. Since a finite
number of terms does not affect the convergence of a sequence,

lima,y = lima, = L.
n—o n—oo
Combining this fact with the equation
4
a =——a
I

and taking the limit of both sides of the equation

lima,q = lim ——a,,
s 0 now 1t 1
we can conclude that
L=0-L=0.

b. Writing out the first several terms,
) 5 41 3281
74740732807

we can conjecture that the sequence is decreasing and bounded below by 1. To show that the sequence is bounded

below by 1, we can show that
an + 1 > 1
2 2a,

To show this, first rewrite
ay r a% +1

+
2 2ay, 2a,

Since a; > 0 and a; is defined as a sum of positive terms, a, > 0. Similarly, all terms a, > 0. Therefore,

a%+1 > 1
2a,

if and only if
az +1>2a,.

Rewriting the inequality a2 +1>2a, as a2 —2a, + 1> 0, and using the fact that
a2 =2ay+1=(a,-—1)> >0

because the square of any real number is nonnegative, we can conclude that
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a, 1
— + > 1.
2 2a, —

To show that the sequence is decreasing, we must show that a,, 1| < a, foralln > 1. Since 1 < a2, it follows that
2 2
ap +1 < 2a;,.

Dividing both sides by 2a,, we obtain

a, + 1 <
— ap.
2 2a, "
Using the definition of a,4 1, we conclude that
a, 1
ap+1 =7+g <ay.
n

Since {a, } is bounded below and decreasing, by the Monotone Convergence Theorem, it converges.
To find the limit, let L = lim a,. Then using the recurrence relation and the fact that lim a, = lim a,, we have

n— 0o n— oo n— 0o
lim T
a = — ,
n+1 ) 2a,
n—oo n— oo
and therefore
I = L 1
T2 2L

Multiplying both sides of this equation by 2L, we arrive at the equation
207 = L +1.

Solving this equation for L, we conclude that L2 =1, which implies L = +1. Since all the terms are positive, the
limit L = 1.

5.6 Consider the sequence {a, } defined recursively such that a; = 1, a,, = a,,_;/2. Use the Monotone
Convergence Theorem to show that this sequence converges and find its limit.

STUDENT PROJECT

Fibonacci Numbers
The Fibonacci numbers are defined recursively by the sequence { F, } where Fy =0, F; = 1 and forn > 2,

Here we look at properties of the Fibonacci numbers.

1.
2.

F,=F,_1+F, .

Write out the first twenty Fibonacci numbers.

Find a closed formula for the Fibonacci sequence by using the following steps.

a. Consider the recursively defined sequence {x, } where x, = ¢ and x,,| = ax,. Show that this sequence
can be described by the closed formula x, = ca” for alln > 0.

b. Using the result from part a. as motivation, look for a solution of the equation
Fy=F 1+ F»

of the form F,, = c¢A". Determine what two values for A will allow F;, to satisfy this equation.
c. Consider the two solutions from part b.: A; and 4;. Let F,, = ¢{ 41" + ¢2 A»". Use the initial conditions F
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and F| to determine the values for the constants ¢; and ¢p and write the closed formula F,.

3. Use the answer in 2 c. to show that
lim Fut1 _ 1+ \/g

Fy 2

n—o

The number ¢ = (1 + \/5) /2 is known as the golden ratio (Figure 5.8 and Figure 5.9).

Figure 5.8 The seeds in a sunflower exhibit spiral patterns curving to the left and to the right. The number of
spirals in each direction is always a Fibonacci number—always. (credit: modification of work by Esdras Calderan,
Wikimedia Commons)

Figure 5.9 The proportion of the golden ratio appears in many famous examples of art and architecture. The
ancient Greek temple known as the Parthenon appears to have these proportions, and the ratio appears again in
many of the smaller details. (credit: modification of work by TravelingOtter, Flickr)

L

SECTION 5.1 EXERCISES
Find the first six terms of each of the following sequences, starting withn = 1.
1. ap=1+(-D"forn>1 2. a,=n*>—-1forn>1 3. ay=1landa, =a,_; +n
forn>2
4. a; =1,ap =1and 5. Find an explicit formula for 6. Find a formula a, for the nth
apyo =ap +apy forn>1 a, wherea; =1and term of the arithmetic
ap =ay_1 +nforn>2. sequence whose first term is

aj; = 1 such that
apy1 —ap = 17forn > 1.
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7. Find aformula a, forthe nth 8. Find a formula a, for the nth 9. Find a formula a, for the nth

term of the arithmetic term of the geometric term of the geometric
sequence whose first term is sequence whose first term is sequence whose first term is
a; = —3 such that a; = 1 such that a’l'l"'l =10 aj; = 3 such that
—a, =4forn>1. " il _
apy1 — an > forn> 1. an =1/10forn > 1.
10. Find an explicit formula for the nth 11. Find an explicit formula for
term of the sequence whose first the nth term of the
several terms are sequence satisfyinga; =0
{0,3,8,15,24,35,48,63,80,99,...} . and a, = 2a,_1 + 1 for
(Hint: First add one to each term.) n>2.

Find a formula for the general term a,, of each of the following sequences.

12. {1,0,-1,0,1,0,-1,0,...} 13. {1,-1/3,1/5,-1/7,...}
(Hint: Find where sinx
takes these values)

Find a function f (n) that identifies the nth term a,, of the following recursively defined sequences, as a, = f (n).

14. a; =1anda,y | = —a, for 15. a; =2anda,;| = 2a, for 16. a; = 1and

n>1 n>1 apy1 =(m+1)a,forn>1
17. a; =2and 18. a; =landa,y | = a,/2"

apy1 = (n+1)a,/2for forn>1

n>1

Plot the first N terms of each sequence. State whether the graphical evidence suggests that the sequence converges or
diverges.

19. [Tla; =1,a; =2, and for 20. [Tla; =1,ap =2,a3 =3 and 21. [Tla; =1,ap =2, and for

n>2, forn > 4, n>3,a, =+/a,_1a,-2;

an = %(an—l + an—2) 5 an = %(an—l +ap-2+ an—3) s N =30
N =30 N =30
22. [Tlay =1,ap =2,a3 =3,
and forn > 4,
an = 4/0p—180p-24p-3;
N =30
Suppose that lima, =1, lim b, = —1, and 0 < —b,, < a, for all n. Evaluate each of the following limits, or state that
n— 0o n— o0

the limit does not exist, or state that there is not enough information to determine whether the limit exists.

23. lim (3a, - 4b) 24 tim (L6, - Lay) 25. lim 4tin

n—oo n—oo n—o

. an —bn
26. lim an
n— 00

Find the limit of each of the following sequences, using L'Hbpital’s rule when appropriate.

27. 28, -1 29, V"
= . . .
(n+1) v/ n+1

1
30. n'/" (Hint: n!/" = enn 1)
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For each of the following sequences, whose nth terms are indicated, state whether the sequence is bounded and

whether it is eventually monotone, increasing, or decreasing.

31. n/2",n>2 32. In(1+1) 33. sinn
34. cos (n?) 35. n" n>3 36. 11" n>3
37. tann 38. Determine whether the 39. Determine whether the

sequence defined as
follows has a limit. If it
does, find the limit.

a = \/5,02 = \/2\/5,

sequence defined as
follows has a limit. If it
does, find the limit.

aj =3,a, =\/m’

n=273,....

a3z =1\/24/24/2 etc.

Use the Squeeze Theorem to find the limit of each of the following sequences.

cos(1/n)—1

40. nsin(1/n) M. T 42. a, = :_r'l

43. a, = sinnsin (1/n)

For the following sequences, plot the first 25 terms of the sequence and state whether the graphical evidence suggests
that the sequence converges or diverges.

44. [Tla, =sinn 45. [Tla, = cosn

Determine the limit of the sequence or show that the sequence diverges. If it converges, find its limit.

2
46. a, = tan~"! (n?) 47. a, = 2n)tm — plin 48. a, = i?l((;n))
_ 2\ _ n+2 _ 243"
49. a, = (1-%) 50. an—ln(n2_3> 51. ay = 5
1000)" H2
52. an=(n!) 53. an=%

Newton'’s method seeks to approximate a solution f (x) = 0 that starts with an initial approximation x, and successively
defines a sequence x,4+1 = X, — % For the given choice of f and xq, write out the formula for x,, 1 . If the

Xn
sequence appears to converge, give an exact formula for the solution x, then identify the limit x accurate to four decimal
places and the smallest n such that x, agrees with x up to four decimal places.

55. [T] f(x) = (x — 1)* =2, 56. [TI/(x)=e"—2,x0=1
X0 =2

54. [T f(x)=x%—-2,x0=1
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57. M f(x)=Inx—1,x9 =2 58.

60. [T] A bank account earns 5%
interest compounded monthly.
Suppose that $1000 is initially
deposited into the account, but
that $10 is withdrawn each
month.

a. Show that the amount in the
account after n months is
Ay, =(1+.05/12)A,_; — 10;
Ap = 1000.

b. How much money will be in
the account after 1 year?

c. Isthe amountincreasing or
decreasing?

d. Suppose that instead of $10,
a fixed amount d dollars is
withdrawn each month. Find
a value of d such that the
amount in the account after
each month remains $1000.

e. What happens if d is greater
than this amount?

63. [T]The binary
representation
x =0. b1b2b3... ofa
number x between 0 and 1
can be defined as follows.
Letb;y =0if x < 1/2 and
by =1if1/2 <x < 1. Let
x1 =2x—by.Lethy =0if
x1 <1/2and by, =1if
172 <x < 1. Let
Xy =2x1 — by andin
general, x, = 2x,_1 — by
and b,_1 =0ifx, < 1/2
and b,_; =1if
1/2 < x, < 1. Find the
binary expansion of 1/3.

64.

[T] Suppose you start with
one liter of vinegar and
repeatedly remove 0.1 L,
replace with water, mix,
and repeat.

a. Find a formula for the
concentration after n
steps.

b. After how many steps
does the mixture
contain less than 10%
vinegar?

61. [T] A student takes out a
college loan of $10,000 at
an annual percentage rate
of 6%, compounded

monthly.
a. If the student makes
payments of $100 per

month, how much does
the student owe after
12 months?

b. After how many months
will the loan be paid off?

[T] To find an
approximation for z, set

ag =241,
a; =+/2+ap,and, in
general, a,.1 = /2 + ay.

Finally, set

pn =321\ /2 = a,. Find
the first ten terms of p,
and compare the values to
.

5.1 * Sequences

59. [T] A lake initially contains

2000 fish. Suppose that in
the absence of predators
or other causes of removal,
the fish population
increases by 6% each
month. However, factoring
in all causes, 150 fish are
lost each month.

a.

62.

Explain why the fish
population after n
months is modeled by
P, =1.06P,_1 — 150
with Py = 2000.

How many fish will be in
the pond after one
year?

[T] Consider a series
combining geometric
growth and arithmetic
decrease. Let a; = 1. Fix
a>1land0 < b < a.Set
ay+1 =a.ap —b.Finda
formula for a4 in terms
ofa",a,and band a
relationship between a and
b such that a, converges.
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For the following two exercises, assume that you have access to a computer program or Internet source that can
generate a list of zeros and ones of any desired length. Pseudorandom number generators (PRNGs) play an important
role in simulating random noise in physical systems by creating sequences of zeros and ones that appear like the result
of flipping a coin repeatedly. One of the simplest types of PRNGs recursively defines a random-looking sequence of N
integers ay,ay,...,ayn by fixing two special integers K and M and letting a1 be the remainder after dividing K. a,

into M, then creates a bit sequence of zeros and ones whose nth term b, is equal to one if a, is odd and equal to zero if
ay is even. If the bits b, are pseudorandom, then the behavior of their average (b + by + --- + by ) /N should be similar
to behavior of averages of truly randomly generated bits.

65. [T] Starting with 66. [T] Find the first 1000 digits

K = 16,807 and

M =2,147,483,647, using
ten different starting
values of a;, compute
sequences of bits b, up to
n = 1000, and compare
their averages to ten such
sequences generated by a
random bit generator.

of w using either a
computer program or
Internet resource. Create a
bit sequence b, by letting
b, = 1 if the nth digit of z
is odd and b,, = 0 if the nth
digit of z is even. Compute
the average value of b,
and the average value of

dn = |bn+l - bnl >
n=1,..,999. Does the
sequence b, appear
random? Do the
differences between
successive elements of b,
appear random?

5.2 Infinite Series

Learning Objectives
5.2.1 Explain the meaning of the sum of an infinite series.
5.2.2 Calculate the sum of a geometric series.
5.2.3 Evaluate a telescoping series.

We have seen that a sequence is an ordered set of terms. If you add these terms together, you get a series. In this
section we define an infinite series and show how series are related to sequences. We also define what it means for a
series to converge or diverge. We introduce one of the most important types of series: the geometric series. We will use
geometric series in the next chapter to write certain functions as polynomials with an infinite number of terms. This
process is important because it allows us to evaluate, differentiate, and integrate complicated functions by using
polynomials that are easier to handle. We also discuss the harmonic series, arguably the most interesting divergent
series because it just fails to converge.

Sums and Series

An infinite series is a sum of infinitely many terms and is written in the form

oo
§ ay =ay +ay +az+--.

n=1

But what does this mean? We cannot add an infinite number of terms in the same way we can add a finite number of
terms. Instead, the value of an infinite series is defined in terms of the /imit of partial sums. A partial sum of an infinite
series is a finite sum of the form

k
Zan =a;+ay+az+--+ag.
n=1
To see how we use partial sums to evaluate infinite series, consider the following example. Suppose oil is seeping into a
lake such that 1000 gallons enters the lake the first week. During the second week, an additional 500 gallons of oil

enters the lake. The third week, 250 more gallons enters the lake. Assume this pattern continues such that each week
half as much oil enters the lake as did the previous week. If this continues forever, what can we say about the amount of
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oil in the lake? Will the amount of oil continue to get arbitrarily large, or is it possible that it approaches some finite
amount? To answer this question, we look at the amount of oil in the lake after k weeks. Letting .S denote the amount
of oil in the lake (measured in thousands of gallons) after k weeks, we see that

S =1
S)=1+05=1+7%
S3=1+05+025=1+1+1
54=1+05+025+0u5=1+%+%+%
S5 =1+05+025+0.125+00625 =1+ 1+ 1 + 1 + &.

Looking at this pattern, we see that the amount of oil in the lake (in thousands of gallons) after k weeks is

k n—1
1 1 1 1 1 1
S, =1l4+—4+—4+—4+ —+--- _=Z — .
k +2+4+8+16+ +2k—1 <2>

n=1

We are interested in what happens as k — . Symbolically, the amount of oil in the lake as k — ® is given by the infinite

series

D ! n_1—1+1+1+1+ Ly

2 27478716 '

n=1

At the same time, as k — o, the amount of oil in the lake can be calculated by evaluating lim Sy . Therefore, the
k—o00

behavior of the infinite series can be determined by looking at the behavior of the sequence of partial sums {.S} }. If the

sequence of partial sums {5y } converges, we say that the infinite series converges, and its sum is given by lim Sj. If
k—00

the sequence {.Sy } diverges, we say the infinite series diverges. We now turn our attention to determining the limit of
this sequence {Sy }.

First, simplifying some of these partial sums, we see that

S =1
S=1+4=3
S3=1+1+1

=1
4
Sp=1+t+1+i=1L
Ss=1+1+1+5+5=3%

Plotting some of these values in Figure 5.10, it appears that the sequence {.Sj } could be approaching 2.

S,/
2+ ° ° ™
[ ]
]
14
00 1 2 3 4 5 n

Figure 5.10 The graph shows the sequence of partial sums {.S} }. It appears that the sequence is approaching the value
2.

Let's look for more convincing evidence. In the following table, we list the values of .S}, for several values of k.
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k 5 10 15 20

Sk | 19375 | 1.998 | 1.999939 | 1.999998

These data supply more evidence suggesting that the sequence {.Sy } converges to 2. Later we will provide an analytic

argument that can be used to prove that lim .S; = 2. For now, we rely on the numerical and graphical data to convince
k—o00

ourselves that the sequence of partial sums does actually converge to 2. Since this sequence of partial sums converges
to 2, we say the infinite series converges to 2 and write

2() -

Returning to the question about the oil in the lake, since this infinite series converges to 2, we conclude that the amount
of oil in the lake will get arbitrarily close to 2000 gallons as the amount of time gets sufficiently large.

This series is an example of a geometric series. We discuss geometric series in more detail later in this section. First, we

summarize what it means for an infinite series to converge.

Definition

An infinite series is an expression of the form
00
Zan =ay+ay+az+---.
n=1

For each positive integer k, the sum

k
Sk = § ap=ay+ay+az+--+ag

n=1

is called the kth partial sum of the infinite series. The partial sums form a sequence {.S }. If the sequence of partial
sums converges to a real number .S, the infinite series converges. If we can describe the convergence of a series to
S, we call S the sum of the series, and we write

oo

Zan=5.

n=1

If the sequence of partial sums diverges, we have the divergence of a series.

Note that the index for a series need not begin with n = 1 but can begin with any value. For example, the series

2 (3)

n n—-5

2(:) =2 ()

Often it is convenient for the index to begin at 1, so if for some reason it begins at a different value, we can reindex by

can also be written as
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making a change of variables. For example, consider the series

n=2

By introducing the variable m = n — 1, so that n = m + 1, we can rewrite the series as

5.2 « Infinite Series

EXAMPLE 5.7

Evaluating Limits of Sequences of Partial Sums

For each of the following series, use the sequence of partial sums to determine whether the series converges or

diverges.
00
n
a.
n+1
n=1
00
b. Z (=1)"
n=1
00
1
S
= n(n+1)
Solution
a. The sequence of partial sums {.S } satisfies
1
Sl = 7
$:=4+3
1 2 3
S3=7+3+7
1,2 4

Notice that each term added is greater than 1/2. As a result, we see that

Sy =1

Si=eistei=2(d)

B
Sp=1+3+3+2>3+1+1+1=4().

From this pattern we can see that S > k (%) for every integer k. Therefore, {.Sy } is unbounded and consequently,

00

diverges. Therefore, the infinite series anl n/(n + 1) diverges.

b. The sequence of partial sums {.S} } satisfies
S =-1

S, =-1+1=0
Sy=—1+1-1=-1
Sy=-1+1-1+1=0.

From this pattern we can see the sequence of partial sums is
{Sk}=1{-1,0,-1,0,...}.
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00
Since this sequence diverges, the infinite series E el (=" diverges.
c. The sequence of partial sums {.S} } satisfies

5i= 15 =4
S=tytdy =443
Si=tpedyediofeded=d
o=ty s =4
D T SR

From this pattern, we can see that the kth partial sum is given by the explicit formula

Since k/ (k + 1) — 1, we conclude that the sequence of partial sums converges, and therefore the infinite series
converges to 1. We have

00

n=1

(2]

5.7 Determine whether the series Zn_l (n + 1)/n converges or diverges.

The Harmonic Series
A useful series to know about is the harmonic series. The harmonic series is defined as

§1—1+1+1+1+ &2
SZno 23 40

This series is interesting because it diverges, but it diverges very slowly. By this we mean that the terms in the sequence
of partial sums {.Sy } approach infinity, but do so very slowly. We will show that the series diverges, but first we illustrate
the slow growth of the terms in the sequence {S; } in the following table.

k 10 100 1000 10,000 100,000 1,000,000

Sk | 292897 | 5.18738 | 7.48547 | 9.78761 | 12.09015 | 14.39273

Even after 1,000,000 terms, the partial sum is still relatively small. From this table, it is not clear that this series actually
diverges. However, we can show analytically that the sequence of partial sums diverges, and therefore the series
diverges.

To show that the sequence of partial sums diverges, we show that the sequence of partial sums is unbounded. We begin
by writing the first several partial sums:

S =1
S;=1+1%
S3=1+1+1
Si=1+1+1+1.

Notice that for the last two terms in .Sy,
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Therefore, we conclude that

S>1+1+ 1+1 —1+1+1—1+21
4 2" \4"4)" T2 27 2)
Using the same idea for Sg, we see that

Cqalylo 11111 1o (Lo1y, (L1, 1.1
Sg =l+g+3+g+z+g+r+g>l+3+(5+3)+(5+5+5+3)

_ o1
=l+1+4+3=1+3(3).

From this pattern, we see that S| =1, 8, =1+ 1/2, 54 > 1 +2(1/2),and Sg > 1 + 3(1/2) . More generally, it can be
shown that S,; > 1+ j(1/2) forall j > 1. Since 1 + j(1/2) — o, we conclude that the sequence {Sk } is unbounded and
therefore diverges. In the previous section, we stated that convergent sequences are bounded. Consequently, since
{.Sk } is unbounded, it diverges. Thus, the harmonic series diverges.

Algebraic Properties of Convergent Series
Since the sum of a convergent infinite series is defined as a limit of a sequence, the algebraic properties for series listed
below follow directly from the algebraic properties for sequences.

Theorem 5.7

Algebraic Properties of Convergent Series

00 00
Let E e @n and E =1 b, be convergent series. Then the following algebraic properties hold.

® 00 00 00
i. The series Z (an + bp) converges and anl (ap + by) = anl a, + anl by,. (Sum Rule)
n=1

® 2] 2] 00
ii. The series (ap — by) converges and anl (ap — by) = zn=1 a, — anl b, . (Difference Rule)
n=1

® 0

(2]
iii. For any real number c, the series Z cay, converges and E uey C9n =€ E e - (Constant Multiple Rule)

n=1
EXAMPLE 5.8

Using Algebraic Properties of Convergent Series
Evaluate

o]

Z l 3 1 n—Z]
(7]

el R n+1 2

) Solution

We showed earlier that

00

n=1

and
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400 5+ Sequences and Series

00

B

n=1

Since both of those series converge, we can apply the properties of Algebraic Properties of Convergent Series to evaluate

o0

M3 (7
p nn+1) 2

1

Using the sum rule, write

oo 00 00

MO YO

n=1 n=1 =1

Then, using the constant multiple rule and the sums above, we can conclude that

) IR S TIPS S BT SN

3+ () @=3+20=7.

00
5.8 Evaluate 2”21 >

on—1"

Geometric Series
A geometric series is any series that we can write in the form

00
(5.6)
a+ar+ar® +ar’ + - = 2 ar" L.

n=1

Because the ratio of each term in this series to the previous term is r, the number ris called the ratio. We refer to a as the
initial term because it is the first term in the series. For example, the series

Z ! "_1_1+1+1+1+
2 T2 48

n=1

is a geometric series with initial term a = 1 and ratio r = 1/2.

In general, when does a geometric series converge? Consider the geometric series

00
§ a1

n=1
when a > 0. Its sequence of partial sums {.Sy } is given by

k

Sk = a ' =a+ar+ar’ + - +arkl.

Consider the case when r = 1. In that case,

Sk =a+a(l)+a)? + - + a1 = ak.
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5.2 « Infinite Series

Since a > 0, we know ak — ® as k — . Therefore, the sequence of partial sums is unbounded and thus diverges.

Consequently, the infinite series diverges for r = 1. For r # 1, to find the limit of {.S} }, multiply Equation 5.6 by 1 — r.
Doing so, we see that

1=nSk =ald-r(1+r+r2+r + +rk1)
=a[(l+r+r2+r3 + o+ — 2+ 13 4 470
=a (1 - rk) .
All the other terms cancel out.
Therefore,
a(l —rk)

S, =
k 1-r

forr # 1.

From our discussion in the previous section, we know that the geometric sequence rk = 0if |r] < 1and that r* diverges
if [r| > 1 or r = x£1. Therefore, for |r| < 1, Sy — a/(1 —r) and we have

00
a .
E ar" ! = if |r] < 1.
1-r
n=1

If |[r| > 1, S} diverges, and therefore

00

2 ar"Vdiverges if |r| > 1.

n=1

Definition

A geometric series is a series of the form

00
§ ar" ' =a+ar+ar® +ar + .
n=1

If |r| < 1, the series converges, and

00
a (5.7)
Zarn_l = for |r| < 1.
1—r

n=1

If |[r| > 1, the series diverges.

Geometric series sometimes appear in slightly different forms. For example, sometimes the index begins at a value
other than n = 1 or the exponent involves a linear expression for n other than n — 1. As long as we can rewrite the series
in the form given by Equation 5.5, it is a geometric series. For example, consider the series

Z;)(%)Hz.

To see that this is a geometric series, we write out the first several terms:

Z <§>n+2

n=0

Il
—_
SSI[)
~—

[\e)
+
—_~
W[
~—
W
+
—_
W
~
s
+
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402 5+ Sequences and Series

We see that the initial term is a = 4/9 and the ratio is r = 2/3. Therefore, the series can be written as

00

HENE

Since r = 2/3 < 1, this series converges, and its sum is given by

24 2\""" 49 4
9 \3 T 1-=-213" 3
n=1

EXAMPLE 5.9

Determining Convergence or Divergence of a Geometric Series
Determine whether each of the following geometric series converges or diverges, and if it converges, find its sum.

2 : ® +1
N
a. (=3)
n=1 4n—1
0
b E €2n
’ n=1

Solution
a. Writing out the first several terms in the series, we have

00
1
z (=3)"" (32 L e
4n—1 40 4 42

n=1

(=32 + (=32 (Z) + (=37 () + -
—0+9-(2)+9- () +--

The initial term a = 9 and the ratio r = —3/4. Since |r| = 3/4 < 1, the series converges to
9 9 36

1—(=3/4) 74 7°

b. Writing this series as

00

62 ez n—1
n:l( )

we can see that this is a geometric series where r = e > 1. Therefore, the series diverges.

(2]
-1
_2 n
5.9 Determine whether the series z <T> converges or diverges. If it converges, find its sum.

n=1

We now turn our attention to a nice application of geometric series. We show how they can be used to write repeating
decimals as fractions of integers.

EXAMPLE 5.10

Writing Repeating Decimals as Fractions of Integers
Use a geometric series to write 3.26 as a fraction of integers.
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5.2 « Infinite Series

Solution
Since 3.26 = 3.262626..., first we write

_3. 26 L 26 26
3.262626... =3+ 2 + 1255 + okl +

=34 26 + 26 + 26
102 104 100
Ignoring the term 3, the rest of this expression is a geometric series with initial term a = 26/10% and ratio r = 1/102.
Therefore, the sum of this series is

26/10°  26/10° 26

1—(1/102)  99/102 99

Thus,

26 323
.262626... = —_—=
3.262626 3+99 99

5.10 Write 5.27 as a fraction of integers.

EXAMPLE 5.11

Chapter Opener: Finding the Area of the Koch Snowflake
Define a sequence of figures { F,, } recursively as follows (Figure 5.11). Let Fy be an equilateral triangle with sides of
length 1. For n > 1, let F,, be the curve created by removing the middle third of each side of F,,_ and replacing it with

an equilateral triangle pointing outward. The limiting figure as n — ® is known as Koch's snowflake.

AN NN
\%/ %5“;}/

Figure 5.11 The first four figures, Fy, Fi, F»,and F3, in the construction of the Koch snowflake.

a. Find the length L, of the perimeter of F,,. Evaluate lim L, to find the length of the perimeter of Koch's snowflake.

n— oo

b. Find the area A, of figure F,. Evaluate lim A, to find the area of Koch’s snowflake.

n—o

Solution
a. Let N, denote the number of sides of figure F},. Since Fj is a triangle, Ny = 3. Let [, denote the length of each
side of F},. Since Fy is an equilateral triangle with sides of length Iy = 1, we now need to determine N and /.
Since Fj is created by removing the middle third of each side and replacing that line segment with two line

segments, for each side of Fp, we get four sides in F}. Therefore, the number of sides for Fj is
Ny =4:-3.

Since the length of each of these new line segments is 1/3 the length of the line segments in Fy, the length of the
line segments for Fj is given by

1 1
Ij==-1==.
173 3
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404 5+ Sequences and Series

Similarly, for F,, since the middle third of each side of Fj is removed and replaced with two line segments, the

number of sides in F; is given by
Ny =4N| =4(4-3)=4% .3,

Since the length of each of these sides is 1/3 the length of the sides of Fy, the length of each side of figure F; is

given by
oL L1y
273 T3 37\3)

More generally, since Fj, is created by removing the middle third of each side of F,_; and replacing that line
segment with two line segments of length %ln—l in the shape of an equilateral triangle, we know that N,, = 4N,,_;

is
N, =4".3

()

Therefore, to calculate the perimeter of F;, we multiply the number of sides N, and the length of each side /,,. We
conclude that the perimeter of F;, is given by

I
and [, = ”31

and the length of each side is

Therefore, the length of the perimeter of Koch's snowflake is
L= 1limL, = o,

n— o0

b. LetT, denote the area of each new triangle created when forming F,,. For n = 0, Ty is the area of the original
equilateral triangle. Therefore, Ty = Ag = \/5/4. For n > 1, since the lengths of the sides of the new triangle are 1/3

the length of the sides of F,_1, we have
1\? 1
T, = § T, =§'Tn—l-

Therefore, T,, = (é)n . ?. Since a new triangle is formed on each side of F,_1,
Ap =Au 1+ Ny Ty

= At +(3471) ()"

B
Writing out the first few terms Ag, A1, Ay, we see that
po= 0
3 3 3 3
M=dord (3) =3 (3) P = ()
2 3 3 2 3 3 2
R HCIRE S N RO NORE S R NOR HON
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5.2 « Infinite Series

More generally,
2 n
V3 3[4 (4 4
Ap=——|1+>=+(=) ++(= .
"4 l 4(9 (9) <9> >]
Factoring 4/9 out of each term inside the inner parentheses, we rewrite our expression as

O R OR O

. 2 -1, . . . e
The expression 1 + (%) + (%) + e+ (%)n is a geometric sum. As shown earlier, this sum satisfies

]+i+ i 2+...+ i n_l_l—(4/9)n
9 9 9 T 1—@9)

Substituting this expression into the expression above and simplifying, we conclude that

A = [ (]

1-(4/9)

Il
5
—
|oo
|
)
—_
NolFN
S—
X
"

Therefore, the area of Koch's snowflake is

A=1limA, =

n— oo

23
R

Analysis
The Koch snowflake is interesting because it has finite area, yet infinite perimeter. Although at first this may seem
impossible, recall that you have seen similar examples earlier in the text. For example, consider the region bounded by

the curve y = 1/x? and the x-axis on the interval [1, ). Since the improper integral

AT
—ax
1 x?

converges, the area of this region is finite, even though the perimeter is infinite.

Telescoping Series

(2]

1
Consider the series Z m We discussed this series in Example 5.7, showing that the series converges by writing
n(n
n=1

out the first several partial sums Sy, S»,..., Sg and noticing that they are all of the form S = kL+1 Here we use a
different technique to show that this series converges. By using partial fractions, we can write

1
nn+1)  n n+1’

()53 (5-)-

Writing out the first several terms in the sequence of partial sums {.S }, we see that

Therefore, the series can be written as

° 1 1
Zl[;_n+1

n=

405



406 5+ Sequences and Series

Sp=1-1
$=(1-4)+(3-3)=1-4
Ss=(-0)+ (G-Hr(d-4=1-4

In general,

NN A VA N S WA B A W & NI B W
k= 2 23 374 kK k+1)  k+1

We notice that the middle terms cancel each other out, leaving only the first and last terms. In a sense, the series
collapses like a spyglass with tubes that disappear into each other to shorten the telescope. For this reason, we call a

series that has this property a telescoping series. For this series, since Sy =1 —1/(k+ 1)and l/(k+ 1) > 0as k — o,

the sequence of partial sums converges to 1, and therefore the series converges to 1.

Definition

A telescoping series is a series in which most of the terms cancel in each of the partial sums, leaving only some of
the first terms and some of the last terms.

For example, any series of the form

P
2 [bn = bus1] = (b1 = by) + (b — b3) + (b3 — by) + -+
n=1
is a telescoping series. We can see this by writing out some of the partial sums. In particular, we see that
S1=b—b
Sy =(by —by) +(bp — b3) = by — b3
83 =(by —b2) +(by — b3) + (b3 — by) = by — by.
In general, the kth partial sum of this series is
Sk = b1 — b41-
Since the kth partial sum can be simplified to the difference of these two terms, the sequence of partial sums {S } will

converge if and only if the sequence {by } converges. Moreover, if the sequence by, | converges to some finite number
B, then the sequence of partial sums converges to b; — B, and therefore

Z[b,, —bps1]l=b, — B.
n=1

In the next example, we show how to use these ideas to analyze a telescoping series of this form.

EXAMPLE 5.12

Evaluating a Telescoping Series
Determine whether the telescoping series

2]

2 [ (3) (5]

converges or diverges. If it converges, find its sum.

Solution
By writing out terms in the sequence of partial sums, we can see that
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5.2 « Infinite Series

S, = cos(l)—cos(%)
S, = (cos(l)—cos(%)) + (cos(
(l

)—cos( )) :cos(l)—cos(%)

)—c (%)) + (cos(%) —cos(%))

53

I
—_
o
o
«»
~
—
~
|
(@]
o
2}

Il
(@)
S}
2]

~
=
N

|

(@]

]

2]

—_~
Bl
~— N

In general,

1
Sy = - — ).
r =cos (1) cos<k+1>

Since 1/(k + 1) - 0 as k — o and cosx is a continuous function, cos(1/(k + 1)) — cos(0) = 1. Therefore, we conclude

that Sy — cos (1) — 1. The telescoping series converges and the sum is given by

3 fn(2) ()]

n=1

00
5.11 Determine whether E el [el/” - el/(’”'l)] converges or diverges. If it converges, find its sum.

STUDENT PROJECT

Euler's Constant

00

We have shown that the harmonic series E =l % diverges. Here we investigate the behavior of the partial sums

Sk as k — o In particular, we show that they behave like the natural logarithm function by showing that there exists

k

Z 1
— —Ink »>yask —» o,
n

This constant y is known as Euler’s constant.

a constant y such that

k
1. LetTy = Z % — Ink. Evaluate Ty, for various values of k.
n=1

2. For Ty as defined in part 1. show that the sequence {T} } converges by using the following steps.

a. Show that the sequence {T} } is monotone decreasing. (Hint: Show that In (1 + 1/k > 1/(k + 1)))

b. Show that the sequence {T} } is bounded below by zero. (Hint: Express Ink as a definite integral.)

c. Use the Monotone Convergence Theorem to conclude that the sequence {T} } converges. The limit y is

Euler’'s constant.

3. Now estimate how far T} is from y for a given integer k. Prove that for k > 1,0 < T}, — y < 1/k by using the
following steps.
a. Showthatln(k+ 1) —Ink < 1/k.

b. Use the result from part a. to show that for any integer k,
1
Tk —Tpe1 < — — ——.
k el S T T

c. Foranyintegers k and j such that j > k, express Ty —T; as a telescoping sum by writing
T =Tj = Tk = Tig1) + (Tirt = Tiw2) + (Tiwz = Tia3) + -+ (Tjm1 = Tj) -
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408 5+ Sequences and Series

Use the result from part b. combined with this telescoping sum to conclude that
1 1

T, - Ty < ———.

k J e j

d. Apply the limit to both sides of the inequality in part c. to conclude that

1
Ty —y < —.
k=7 =%

e. Estimate y to an accuracy of within 0.001.

L

SECTION 5.2 EXERCISES
Using sigma notation, write the following expressions as infinite series.

1 1 1 1 1 1
67.1+§+§+Z+'“ 68. 1—1+1—-1+- 69'1_§+§_Z+"'
70. sinl +sinl/2 +sin1/3 + sin1/4 + -+
Compute the first four partial sums S,..., Sy for the series having nth term a, starting withn = 1 as follows.
71. a, =n 72. a, =1/n 73. a, = sin(nx/2)

74. a, = (=1)"

In the following exercises, compute the general term a, of the series with the given partial sum S, . If the sequence of
partial sums converges, find its limit S.

75. Sp=1-1 n>2 76. S, =" > 77. Sy =+/mn>2

78. S, =2—-m+2)2".n>1

For each of the following series, use the sequence of partial sums to determine whether the series converges or

diverges.
00 00 24
n 1
79. 80. 1-(=D" 81. ———  (Hint:
Z‘n+2 Z‘( ( ))) Z(n+1)(n+2)(
n=1 n=1 n=1
Use a partial fraction
decomposition like that for
24
1
Z nn+1) )
n=1
00
1
82. 2 1 (Hint: Follow
n=1
00
1
the reasoning for —.
g }; —)

Suppose that Z a, = 1, that Z b, = —1, thatay =2, and by = —3. Find the sum of the indicated series.

n=1 n=1

00 00

83. Y (an + bn) 84. Z (an — 2by) 85. Z (an — bp)
=2

n=1 n=1
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]

86. ) (3au1 —4by41)

n=1

State whether the given series converges and explain why.

2] 00
! - 1 e 1,1 1
87. Z m (Hint: 88. Z m (Hint: Rewrite 89. 1+ 10 + 100 + 1000 + .-
n=1 n=1
Rewrite using a change of using a change of index.)
index.)
2 3 2 3 4 2 3
e e e V3 V4 T T /3 /3 /3
90. I+ £+ 5+ 5+ O 1+ 5+ Z 4 B i Ip o 92'1_\/;+‘/T_ I

00

For a, as follows, write the sum as a geometric series of the form Z ar". State whether the series converges and if it
n=1

does, find the value ofz ap.

93. a; =-landaylay, 1 =-5 94. ay =2anda,la, 1 =1/2 95. a; =10anda,/a,+1 =10
forn > 1. forn > 1. forn > 1.

96. a; = 1/10and
aplayy = —10forn > 1.

oo

Use the identity ﬁ = Z y"* to express the function as a geometric series in the indicated term.
n=0

X
97. * inx 98. Lin X 99. —L1 _ insinx
Tox 1_32 Vx 14sinZx

100. sec’x in sinx

Evaluate the following telescoping series or state whether the series diverges.

00 00 00
101. 21 2l _pln+D) 102. Z‘i n% - 103. Z‘i (V= +/n+1)
n= n= n=
00
104. Z (sinn —sin (n + 1))
n=1

Express the following series as a telescoping sum and evaluate its nth partial sum.

00 00 00
105. ) ln( 1 ) 106. ) le (Hint: 107. ) _In(i+a)
=t S (n2+n) & Tnnln (n + 1)
Factor denominator and
use partial fractions.)

n+2) .
108. — (Hint:

Z n(n+ 12!
Look at 1/(n2").)
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A general telescoping series is one in which all but the first few terms cancel out after summing a given number of
successive terms.

109. Let 10. gy =f(n)— f(n+D)—f(n+2)+ f(n+3),
ap=fm)=2f(n+ 1)+ f(n+2)), o
in which f(n) - 0asn — o, Find in which £ (n) — 0 as n — . Find Za"'
n=1

00
Sa
n=1

111. Suppose that
ap=cofM+cifm+D)+erfn+2)+c3f(n+3)+csf(n+4)),
where f(n) — 0 asn — . Find a condition on the coefficients

o,---, C4 that make this a general telescoping series.

00 (o2}
1 2
112. Evaluate _ 113. Evaluate . 114. Find a formula for
Z‘n(n+1)(n+2) Z‘n3—n
n=1 2 00
Hint: 1
( 1 | 1 | Z TN where N is
WD) 2 el T 2(n+2)> o 1t N)
a positive integer.
115. [T] Define a sequence 116. [T] Suppose that N equal uniform
k=1 rectangular blocks are stacked one
te = Y (1/k) — Ink. Use on top of the other, allowing for some
n=1 overhang. Archimedes' law of the

the graph of 1/x to verify
that 7, is increasing. Plot
ty fork =1...100 and

lever implies that the stack of N
blocks is stable as long as the center
of mass of the top (N — 1) blocks lies

state whether it appears at the edge of the bottom block. Let x
that the sequence denote the position of the edge of
converges. the bottom block, and think of its

position as relative to the center of
the next-to-bottom block. This
implies that (N — 1)x = (% —x) or
x = 1/(2N). Use this expression to
compute the maximum overhang
(the position of the edge of the top
block over the edge of the bottom
block.) See the following figure.
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Each of the following infinite series converges to the given multiple of = or 1/x.

In each case, find the minimum value of N such that the Nth partial sum of the series accurately approximates the left-
hand side to the given number of decimal places, and give the desired approximate value. Up to 15 decimals place,

m=3.141592653589793....

n2"n1?

1M7. Ma=-3+» ——,
Zi @n)!

| (=DF(6k)!(13591409 + 545140134k)
2= Z 3 3k+3/2
k=0 (3k) 1(k!)* 640320

s

[T] Find the probability
that a fair coin will come
up heads for the second
time after an even
number of flips.

error < 0.0001 Z Z 2k k12
(2k+ ISR Qk+1)!’
error < 10 -4
119. [T] 120. [T]
9801 _ Z (4k) ! (1103 + 26390k)
2 9801 = (k’)43964k
error < 10~ 12 error < 10713
121. [T] A fair coin is one that 122. [T] Find the probability 123.
has probability 1/2 of that a fair coin is flipped a
coming up heads when multiple of three times
flipped. before coming up heads.
a. What is the probability
that a fair coin will
come up tails n times
in arow?
b. Find the probability
that a coin comes up
heads for the first time
on the last of an even
number of coin flips.
124. [T]Find a series that 125. [T] The expected number 126.

expresses the probability
that a fair coin will come
up heads for the second
time on a multiple of
three flips.

of times that a fair coin
will come up heads is
defined as the sum over
n=1,2,... of ntimes the
probability that the coin
will come up heads
exactly n times in a row,
or n/2"*t1 . Compute the
expected number of
consecutive times that a
fair coin will come up
heads.

[T]1 A person deposits $10
at the beginning of each
quarter into a bank
account that earns 4%
annual interest
compounded quarterly
(four times a year).

a. Show that the interest
accumulated after n
quarters is

).

n+1
$10 (%
b. Find the first eight
terms of the sequence.
¢. How much interest has
accumulated after 2
years?
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127.

130.

[T] Suppose that the
amountof adrugina
patient’s system
diminishes by a
multiplicative factor r < 1
each hour. Suppose that a
new dose is administered
every N hours. Find an
expression that gives the
amount A (n) in the
patient’s system after n
hours for each n in terms
of the dosage d and the
ratio r. (Hint: Write
n=mN + k, where

0 <k < N, and sum over
values from the different
doses administered.)

[T] Suppose that a, is a
sequence of positive
numbers and the
sequence .S, of partial
sums of a, is bounded

00

above. Explain why Z ay

n=1
converges. Does the
conclusion remain true if
we remove the hypothesis
a, > 0?

Access for free at openstax.org

128. [T] A certain drugis

131.

effective for an average
patient only if there is at
least 1 mg per kg in the
patient's system, while it
is safe only if there is at
most 2 mg per kg in an
average patient’s system.
Suppose that the amount
in a patient’s system
diminishes by a
multiplicative factor of 0.9
each hour after a dose is
administered. Find the
maximum interval N of
hours between doses,
and corresponding dose
range d (in mg/kg) for this
N that will enable use of
the drug to be both safe
and effective in the long
term.

[T] Suppose that

a; =81 =1 and that, for
given numbers .S > 1 and
0 < k < 1, one defines
apy1 = k(S - S,) and
Sy+1 = ap41 + Sy. Does
S, converge? If so, to
what? (Hint: First argue
that S, < S for all n and
Sy isincreasing.)

129.

132.

Suppose thata, > 0is a
sequence of numbers.
Explain why the sequence
of partial sums of a, is
increasing.

[T]1 A version of von
Bertalanffy growth can be
used to estimate the age
of an individual in a
homogeneous species
from its length if the
annual increase in year

n + 1 satisfies

apye1 = k(S — Sy), with
S, as the length at year
n, S as a limiting length,
and k as a relative growth
constant. If S| = 3,
S=9,and k =1/2,
numerically estimate the
smallest value of n such
that S, > 8. Note that
Sy+1 = Sn +a,4. Find
the corresponding n
when k = 1/4.



5.3 * The Divergence and Integral Tests

00
133. [T] Suppose that Z ay, is 134. [T] Find the length of the dashed zigt35. [T] Find the total length of the dashed
n=1 zag path in the following figure. path in the following figure.
a convergent series of
positive terms. Explain {f_ i
00 hy
. 0.75. €= 0.8751 9
why lim ap = 0. . | 4
N—o p=N+1 0.5+ \----——\ :
= 0.625 1 :
0.254 :
0 02505075 1% D3y f
0.125+ i
Ol 0125 0375 0625 0875 1%

136. [T] The Sierpinski triangle is obtainet37.
from a triangle by deleting the
middle fourth as indicated in the first
step, by deleting the middle fourths
of the remaining three congruent
triangles in the second step, and in
general deleting the middle fourths
of the remaining triangles in each
successive step. Assuming that the
original triangle is shown in the
figure, find the areas of the
remaining parts of the original
triangle after N steps and find the
total length of all of the boundary
triangles after N steps.

[T] The Sierpinski gasket is obtained
by dividing the unit square into nine
equal sub-squares, removing the
middle square, then doing the same
at each stage to the remaining sub-
squares. The figure shows the
remaining set after four iterations.
Compute the total area removed
after N stages, and compute the
length the total perimeter of the
remaining set after N stages.

y
1

05

5.3 The Divergence and Integral Tests

Learning Objectives
5.3.1 Use the divergence test to determine whether a series converges or diverges.
5.3.2 Use the integral test to determine the convergence of a series.
5.3.3 Estimate the value of a series by finding bounds on its remainder term.

In the previous section, we determined the convergence or divergence of several series by explicitly calculating the limit
of the sequence of partial sums {.S }. In practice, explicitly calculating this limit can be difficult or impossible. Luckily,
several tests exist that allow us to determine convergence or divergence for many types of series. In this section, we
discuss two of these tests: the divergence test and the integral test. We will examine several other tests in the rest of this
chapter and then summarize how and when to use them.

Divergence Test

00

A series E e @n being convergent is equivalent to the convergence of the sequence of partial sums (Sy) as k — .
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414 5+ Sequences and Series

To verify this, notice that from the algebraic properties,

limag = lim (S — Sg_1) = lim Sy — lim Sp_; =5 — .5 =0.

k—o00 k—o0 k—o0 k—o00

00

Therefore, if Z ay converges, the nth term a,, - 0 as n —» . An important consequence of this fact is the following
n=1
statement:

> (5.8)
Ifa, » O0asn — o, Z ap diverges.

n=1

This test is known as the divergence test because it provides a way of proving that a series diverges.

Theorem 5.8

Divergence Test

oo

If lim a,, = ¢ # 0 or lim a, does not exist, then the series Z a, diverges.

n—00 n—00 n=1

It is important to note that the converse of this theorem is not true. That is, if lim a,, = 0, we cannot make any

n— o

© o0

conclusion about the convergence of Z ap. For example, lim (1/n) = 0, but the harmonic series E el 1/n diverges.
n=1 n—oo

In this section and the remaining sections of this chapter, we show many more examples of such series. Consequently,
although we can use the divergence test to show that a series diverges, we cannot use it to prove that a series
converges. Specifically, if a, — 0, the divergence test is inconclusive.

EXAMPLE 5.13

Using the divergence test

For each of the following series, apply the divergence test. If the divergence test proves that the series diverges, state so.
Otherwise, indicate that the divergence test is inconclusive.

00
_n_
a. Zn:l 3n—1
00
1
b. Zn:l l’l3
E ® 2
C. el/n
n=1

Solution
a. Sincen/(3n—1) = 1/3 # 0, by the divergence test, we can conclude that
00
25
| 3n—1
diverges.
b. Since 1/n® — 0, the divergence test is inconclusive.
2
c. Sincee!™ - 140, by the divergence test, the series
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5.3 * The Divergence and Integral Tests

1/n2

[:4 8

diverges.

(2]

[v] 512

What does the divergence test tell us about the series Z cos(1/n%)?

n=1

Integral Test
In the previous section, we proved that the harmonic series diverges by looking at the sequence of partial sums {.Sy }
and showing that Szk > 1 + k/2 for all positive integers k. In this section we use a different technique to prove the

divergence of the harmonic series. This technique is important because it is used to prove the divergence or
convergence of many other series. This test, called the integral test, compares an infinite sum to an improper integral.
It is important to note that this test can only be applied when we are considering a series whose terms are all positive.

To illustrate how the integral test works, use the harmonic series as an example. In Figure 5.12, we depict the harmonic
series by sketching a sequence of rectangles with areas 1, 1/2, 1/3, 1/4,... along with the function f (x) = 1/x. From the
graph, we see that
1 11 1 kg
D=l t > —dx.
o 2 3 k 1 x

Therefore, for each k, the kth partial sum Sy, satisfies

k 1 k+11
Sk=2;> 1 —dx=1Inx

n=1

k+1
=1In(k + 1) = In(1) = In(k + 1).

1

Since lim In(k + 1) = %, we see that the sequence of partial sums {.Sj } is unbounded. Therefore, { S } diverges, and,

k— 00
00

1
consequently, the series 2 — also diverges.
n

n=1
yi
1
fix) =7
1
i P
3 3 5
1
of 17 2 3 4 5 6§ X

Figure 5.12 The sum of the areas of the rectangles is greater than the area between the curve f (x) = 1/x and the x-axis
for x > 1. Since the area bounded by the curve is infinite (as calculated by an improper integral), the sum of the areas of
the rectangles is also infinite.

(2]

Now consider the series Z 1/n%. We show how an integral can be used to prove that this series converges. In Figure

n=1
5.13, we sketch a sequence of rectangles with areas 1, 1/2%,1/32,... along with the function f(x) = 1/x2. From the graph
we see that
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416 5 - Sequences and Series

LN L kld
2—2— +2—2+3—2+"‘+k—2< + ! —ZX.

=1 n X

Therefore, for each k, the kth partial sum .S, satisfies

S il<l+/k1d 1 !
= _— —dax = —_—
k n=1”2 | %2 X

We conclude that the sequence of partial sums {5} } is bounded. We also see that {.Si } is an increasing sequence:

K 1 1
=l-—+41=2-——<2.
1 k k

1
Sk = Sk-1 +k—2f0rk22.

Since { St } is increasing and bounded, by the Monotone Convergence Theorem, it converges. Therefore, the series

00

Z 1/n* converges.

n=1
yi
f(x) = =
1
1
i
Y 7 .
3 1
= 1
4 Y w7

© 1 2 3 4 5 X
Figure 5.13 The sum of the areas of the rectangles is less than the sum of the area of the first rectangle and the area

between the curve f(x) = 1/x% and the x-axis for x > 1. Since the area bounded by the curve is finite, the sum of the
areas of the rectangles is also finite.

00

We can extend this idea to prove convergence or divergence for many different series. Suppose E ay is a series

n=1
with positive terms a, such that there exists a continuous, positive, decreasing function f where f (n) = a, for all
positive integers. Then, as in Figure 5.14(a), for any integer k, the kth partial sum .S}, satisfies

k )
Sy =a1+a+a3+ - +a <a +/ f()dx < a; +/ f(x)dx.
1 1

00
Therefore, if/ f (x) dx converges, then the sequence of partial sums {.S}; } is bounded. Since {.S} } is an increasing
1

sequence, if it is also a bounded sequence, then by the Monotone Convergence Theorem, it converges. We conclude that

00

00
if/ f (x) dx converges, then the series Zn_l a, also converges. On the other hand, from Figure 5.14(b), for any
) =

integer k, the kth partial sum Sy, satisfies
k+1
Sk:a1+a2+a3+-~+ak>/ f(x)dx.
1

00

k+1
If lim f(x)dx = o, then {Si } is an unbounded sequence and therefore diverges. As a result, the series Z an
k—oo J 1 n=1
00
00
also diverges. We conclude that if/ f(x)dx diverges, then Z a, diverges.
1 n=1
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5.3 * The Divergence and Integral Tests

yYi yi

y =f(x) y =f(x)

a; a;
da s | o
a 2| a
31 a4 agag 3| asas

@ (b)
Figure 5.14 (a) If we can inscribe rectangles inside a region bounded by a curve y = f (x) and the x-axis, and the area
bounded by those curves for x > 1 is finite, then the sum of the areas of the rectangles is also finite. (b) If a set of
rectangles circumscribes the region bounded by y = f'(x) and the x axis for x > 1 and the region has infinite area, then
the sum of the areas of the rectangles is also infinite.

Theorem 5.9

Integral Test

00

Suppose Z ay is a series with positive terms a, . Suppose there exists a function f and a positive integer N such that
n=1
the following three conditions are satisfied:
i. fiscontinuous,
ii. fisdecreasing, and
iii. f(n)=a, forallintegersn > N.
Then

oo

Z an and/ f(x)dx
N

n=1

both converge or both diverge (see Figure 5.14).

00

24
Although convergence of/ f (x) dx implies convergence of the related series Z ay, it does not imply that the value
N n=1
of the integral and the series are the same. They may be different, and often are. For example,

25 () - ()

is a geometric series with initial term a = 1/e and ratio r = 1/e, which converges to

1/e _ 1/e 1
1—(l/e)  (e=Dle e—1

00
However, the related integral / (1/e)* dx satisfies
1

00 1 X [ b 1
/ <—> dx =/ e Xdx = lim e Xdx = lim —e*| = lim [—e_b +e_1] = —.
1 e 1 e

bh—oo J1 b—o0 b—oo
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EXAMPLE 5.14

Using the Integral Test

For each of the following series, use the integral test to determine whether the series converges or diverges. Assume
that all conditions for the integral test are met.

00
Z 1/n?
n=1
00
b. anl 1/\/2n—1

Solution
a. Compare

We have

® b 1
/ —dx = lim / —dx = lim |———
1 x3 1 x3 2x2

b—oo b—o0

b . Lol 1
=lm |-——5+ = ==
el 202 2] 2

00
Thus the integral / 1/x3dx converges, and therefore so does the series
1

b. Compare

Since
b

———dx = lim dx = lim 4/2x —
1 4/2x-1 b0 V2x — b

= lim [\/m-l]=°°,

b—o

00
the integral / 1/4/2x — 1dx diverges, and therefore
1

diverges.
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(2]

513 Use the integral test to determine whether the series E =13 5 1 converges or diverges.
=1 3n-+

The p-Series

[ee} [eo}
The harmonic series E =1 1/n and the series E =1 1/n? are both examples of a type of series called a p-series.
Definition

For any real number p, the series

is called a p-series.

We know the p-series converges if p = 2 and diverges if p = 1. What about other values of p? In general, it is difficult, if
not impossible, to compute the exact value of most p-series. However, we can use the tests presented thus far to prove
whether a p-series converges or diverges.

If p < 0,then 1/n? — o0, andif p = 0, then 1/n? — 1. Therefore, by the divergence test,

00
Z 1/nP diverges if p < 0.
n=1

If p> 0, then f(x) = 1/xP is a positive, continuous, decreasing function. Therefore, for p > 0, we use the integral test,
comparing

1 1
Z — and / —dx.
p npP 1 xP
We have already considered the case when p = 1. Here we consider the case when p > 0, p # 1. For this case,
b
® 1 b 1 1
/ —dx=lim [ —dx= lim x!7P = lim ——[p'P - 1].
1 P 1 1

x oo J1 X - -

b—o b—o

1
Because
7P - 0ifp>landb' ™ > wifp < 1,
we conclude that
1.
o —ifp>1
1 -1
/ —dx = P .
1 xF wifp<1

00

Therefore, anl 1/n? converges if p > 1 and divergesif 0 < p < 1.

In summary,

00
Z 1 { converges if p > 1 (5.9)

= P | divergesifp <1

419



420 5+ Sequences and Series

EXAMPLE 5.15

Testing for Convergence of p-series
For each of the following series, determine whether it converges or diverges.

00

1

a. anl n
00

1

b. anl n2/3

) Solution
a. Thisis a p-series with p = 4 > 1, so the series converges.
b. Since p =2/3 < 1, the series diverges.

o0
5.14 Does the series E —L_ converge or diverge?
n=1 5/

Estimating the Value of a Series

Suppose we know that a series Z ay, converges and we want to estimate the sum of that series. Certainly we can

n=1
N

approximate that sum using any finite sum Z ap where N is any positive integer. The question we address here is, for a

n=1

00 N
convergent series § ey 9 how good is the approximation E el an? More specifically, if we let

® N
R=Fa- Yo
n=1 n=1

be the remainder when the sum of an infinite series is approximated by the Nth partial sum, how large is Ry ? For some
types of series, we are able to use the ideas from the integral test to estimate Ry .

Theorem 5.10
Remainder Estimate from the Integral Test

00
Suppose E e @n is a convergent series with positive terms. Suppose there exists a function f satisfying the

following three conditions:
i. fiscontinuous,
ii. fisdecreasing, and
iii. f(n)=a,forallintegersn > 1.

oo
Let S be the Nth partial sum of anl ay. For all positive integers N,
00
oo 00
SN+/ f(x)dx<2an<SN+/ f(x)dx.
N+1 n=1 N

oo 00
In other words, the remainder Ry = E ney 9n = Sy = E n=N41 satisfies the following estimate:
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00

© (5.10)
f(x)dx < Ry < / f(x)dx.
N

N+1

This is known as the remainder estimate.

We illustrate Remainder Estimate from the Integral Test in Figure 5.15. In particular, by representing the remainder
RN =an41 +anyp +any3 + -+ as the sum of areas of rectangles, we see that the area of those rectangles is

00 00
bounded above by/ f (x) dx and bounded below by f (x)dx. In other words,
N N+1
00
RN =anyi a2 +angz + > f(x)dx
N+1

and

00
Ry =an+1 +ans2 +anys + - < / S (x)dx.
N

We conclude that

00 00
f(x)dx<RN</ f(x)dx.
N+1 N
Since
00
Z a, = SN + RN,
n=1

where Sy is the Nth partial sum, we conclude that

00

Sy + f(x)dx<Zan<SN+/ f(x)dx.
1 N

N+ n=1
yi yi
y = f(x) y = f(x)
ay +1 A+ 1
ap .o / dy 42
ay 3 / ay 3
Ay g y g
] e
Of NNt1nN+2N+3 N4 X O N N1 N+2 N+3 Nia X
(@) ()

Figure 5.15 Given a continuous, positive, decreasing function f and a sequence of positive terms a,, such that a, = f(n)

00
for all positive integers n, (a) the areas ay 41 + a2 +any43 + - < / f (x)dx, or (b) the areas
N

00
any1 +any Fanyz + e > f (x)dx. Therefore, the integral is either an overestimate or an underestimate of
N+1
the error.
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EXAMPLE 5.16

Esti

mating the Value of a Series

00
Consider the series Zn—l 1/n3.

a.

b.

a.

10
Calculate S1g = E el 1/n? and estimate the error.
00

Determine the least value of N necessary such that Sy will estimate E el 1/n3 to within 0.001.

Solution

Using a calculating utility, we have

111 1
S10 =14 — 4 — + — + - + — ~ 1.19753.
2343 103

By the remainder estimate, we know
® 1
Ry < —dx.
N X

We have

® b 11° 1 1 1
10 X 10 X 2x° | N 2b 2N 2N

b—o0 b—o0 b—00

Therefore, the erroris Rjg < 1/2(10)2 = 0.005.

Find N such that Ry < 0.001. In part a. we showed that Ry < 1/(2N2). Therefore, the remainder Ry < 0.001 as
long as 1/(2N2)< 0.001. That is, we need 2N2 > 1000. Solving this inequality for N, we see that we need

N > 22.36. To ensure that the remainder is within the desired amount, we need to round up to the nearest integer.
Therefore, the minimum necessary value is N = 23.

L

For

the

138

141.

144.

147.

150.

5.15 For Z:G:l ”%l calculate S5 and estimate the error Rs.
SECTION 5.3 EXERCISES
each of the following series, if the divergence test applies, either state that lim a, does not exist or find lim a,,. If
n—o n—oo

divergence test does not apply, state why.
. ay = ﬁ 139. aq, = 5n2"_3 140. q, = m

an = —(2”(:1)1()”2‘ D 142. a, = —gzxi'; 143. a, = 3%

ay = 2::)“;/3; 145. q, = ¢~ 2" 146. a, = cosn

a, = tann 148. a, = 1;10257(22(/;") 149. a, = (1 - %)Zn

a, = 108 151. a, = %
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5.3 * The Divergence and Integral Tests

State whether the given p-series converges.

00 00 00
1 1 1
152. — 153, 154, -
00 00 00
1 n® n”
155. . 156. - 157. -
= Unt b B n; n2¢

Use the integral test to determine whether the following sums converge.

00 00 00
1 1 1
158. 27 159. 27 160. Z
3
=1 Vn+5 = n+5 = nlnn
00 00 00
n e 2n
161. 162. 163.
Z‘an Zl+e2n Z‘Hn‘*
n=1 n=1 n=1
00
164.
= nln’n

Express the following sums as p-series and determine whether each converges.

00 00 00
165. 22‘“‘” (Hint: 166. 23‘1“" (Hint: 167. Zn2‘21“"
n=1 n=1 n=1
2—lnn — 1/n1n2_) 3—lnn — 1/nln3')
00
168. Zn3‘2‘“”
n=1

00 @ N
Use the estimate Ry < / f(t)dt to find a bound for the remainder Ry = Z a, — Z a, where a, = f(n).
N n=1

n=1

1000 1000

1 1 1
169. — 170. — 171.
— p? Z‘ n3 Z‘ 1+ n2
n=1 n=1 n=1
100
172. ) ni2"
n=1
00 o0 N
[T] Find the minimum value of N such that the remainder estimate f <Ry < / f guarantees that Z an
N+1 N n=1
00
estimates 2 ay, accurate to within the given error.
n=1
_ 1 —4 _ 1 -4 _ 1 —4
173. ap = —, error < 10 174. ap = — 5, error < 10 175. ap = g7, error < 10
n n-- n-:
176. a, = %, error < 1073 177. a, = #, error < 1073
ninZn 1+n2
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In the following exercises, find a value of N such that Ry is smaller than the desired error. Compute the corresponding
N

sum Z a, and compare it to the given estimate of the infinite series.

n=1

178. a, = %, error < 10_4, 179. a, = ei,,, error < 10_5, 180. a, = #2, error < 10_5,
n en
00 © | P
1 _ 1 _
D, 7 = 1.000494... 2 o = o = 0.581976... D nfe = 0.40488139857...
n=1" n=1 n=1
181. a, = 1/n4, error < 10‘4, 182. a, = 1/n®, error < 10‘6, 183. Find the limitasn — o of
1 1 1 _—
© . © . 7+m+"'+ﬂ.(Hlnt
> 1n* = 74/90 = 1.08232... Y 1n* = 28/945 = 1.01734306..., a7y
=l =1 Compare to/ Tdt')
n
184. Find the limitasn — o of
1 1 1
Tttty
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The next few exercises are intended to give a sense of applications in which partial sums of the harmonic series arise.

185. In certain applications of
probability, such as the so-
called Watterson estimator
for predicting mutation rates
in population genetics, it is
important to have an accurate
estimate of the number
He=(1+3+3++1).
Recall that Ty = Hy —Ink is
decreasing. Compute
T = lim T} to four decimal

k— 00

places. (Hint:

| k+1 1
—_ < —dx.
k1 A xx)

188. Suppose a scooter can
travel 100 km on a full
tank of fuel. Assuming that
fuel can be transferred
from one scooter to
another but can only be
carried in the tank, present
a procedure that will
enable one of the scooters
to travel 100H p km,
where
Hyx=1+1/2+--4+1/N.

189. Show that for the

186. [T] Complete sampling with

replacement, sometimes called

the coupon collector’s problem, is

phrased as follows: Suppose you
have N unique items in a bin. At
each step, an item is chosen at

random, identified, and put back

in the bin. The problem asks what

is the expected number of steps
E (N) that it takes to draw each

unique item at least once. It turns

outthat E(N) = N.

HN=NU+%+%+W+%y

Find E (N) for
N = 10,20, and 50.

remainder estimate to
apply on [N, @) itis
sufficient that f (x) be
decreasing on [N, @), but
f need not be decreasing
on[1, ).

187. [T] The simplest way to

shuffle cards is to take the
top card and insertitata
random place in the deck,
called top random
insertion, and then
repeat. We will consider a
deck to be randomly
shuffled once enough top
random insertions have
been made that the card
originally at the bottom
has reached the top and
then been randomly
inserted. If the deck has n
cards, then the probability
that the insertion will be
below the card initially at
the bottom (call this card
B) is 1/n. Thus the
expected number of top
random insertions before
Bis no longer at the
bottom is n. Once one
card is below B, there are
two places below B and
the probability that a
randomly inserted card
will fall below B is 2/n.
The expected number of
top random insertions
before this happens is
n/2. The two cards below
B are now in random
order. Continuing this
way, find a formula for
the expected number of
top random insertions
needed to consider the
deck to be randomly
shuffled.

190. [T] Use the remainder
estimate and integration
by parts to approximate

Z nle" within an error
n=1

smaller than 0.0001.
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00

1
191. D _—
0es Zﬁ n(inny?

converge if p is large
enough? If so, for which
p?

192. [T] Suppose a computer

can sum one million
terms per second of the

divergent series Z —

n= 1
Use the integral test to
approximate how many
seconds it will take to add
up enough terms for the
partial sum to exceed

193. [T] A fast computer can

sum one million terms
per second of the

divergent series
N

Z 1
fo nlnn’
integral test to
approximate how many
seconds it will take to add
up enough terms for the

Use the

100. partial sum to exceed
100.

5.4 Comparison Tests

Learning Objectives
5.4.1 Use the comparison test to test a series for convergence.
5.4.2 Use the limit comparison test to determine convergence of a series.

We have seen that the integral test allows us to determine the convergence or divergence of a series by comparing it to
a related improper integral. In this section, we show how to use comparison tests to determine the convergence or
divergence of a series by comparing it to a series whose convergence or divergence is known. Typically these tests are
used to determine convergence of series that are similar to geometric series or p-series.

Comparison Test

In the preceding two sections, we discussed two large classes of series: geometric series and p-series. We know exactly
when these series converge and when they diverge. Here we show how to use the convergence or divergence of these
series to prove convergence or divergence for other series, using a method called the comparison test.

For example, consider the series

i 1
2
n=1

This series looks similar to the convergent series

Since the terms in each of the series are positive, the sequence of partial sums for each series is monotone increasing.
Furthermore, since

for all positive integers n, the kth partial sum .S} of z 1 —— satisfies
n2 +

k k ®
1 1 1
=2 2l 2 P Z P
n=1 n=1 n=1
(See Figure 5.16(a) and Table 5.1.) Since the series on the right converges, the sequence {.S; } is bounded above. We
conclude that {.Sj } is a monotone increasing sequence that is bounded above. Therefore, by the Monotone

Convergence Theorem, {5y } converges, and thus

i 1
2
n=1
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5.4 « Comparison Tests 427

converges.
Similarly, consider the series

(2]

1
Z n—12"

This series looks similar to the divergent series

00
1
2
n=1

The sequence of partial sums for each series is monotone increasing and

1 1
>—>0
n—12 n
00
for every positive integer n. Therefore, the kth partial sum Sy of anl ﬁ satisfies
S o1 1
Sk = —
k Z’ n—12 " Zi n

00
(See Figure 5.16(b) and Table 5.2.) Since the series anl 1/n diverges to infinity, the sequence of partial sums

k
Zn—l 1/nis unbounded. Consequently, {.Sy } is an unbounded sequence, and therefore diverges. We conclude that

c 1
Zl n—1/2
n=

diverges.

1
1

The partial sums for >

Sy S,k n-3
- T [
® [ ]
3.5+ 354 : 8
3 3+ o
251 251 . z & "
[ ]
2T The partial sums for in% . o *
1.5+ o @ © ©° o o 1571 ] . 1
° The partial sums for > —
1+ e 11 e n
e o * e o o
051 ® The partial sums for X = 057
0f 1 2 3 4 5 6 7 gk 0f 1 2 3 4 5 6 7 gk
@) (b)

Figure 5.16 (a) Each of the partial sums for the given series is less than the corresponding partial sum for the converging
p — series. (b) Each of the partial sums for the given series is greater than the corresponding partial sum for the
diverging harmonic series.
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k 1 05| 0.7 0.8 0.8588 | 0.8973 | 0.9243 | 0.9443 | 0.9597
n;ln2+1

k 1 1.25 | 1.3611 | 1.4236 | 1.4636 | 1.4914 | 1.5118 | 1.5274
2z

n=1

2 | 2.6667 | 3.0667 | 3.3524 | 3.5746 | 3.7564 | 3.9103 | 4.0436

1|15 1.8333 | 2.0933 | 2.2833 | 245 2.5929 | 2.7179

Table 5.2 Comparing a series with the harmonic series

Theorem 5.11

Comparison Test

oo oo
i. Suppose there exists an integer N such that0 < a, < b, foralln > N.If anl b, converges, then anl ay

converges.
00 00
ii. Suppose there exists an integer N such thata, > b, > Oforalln > N.If anl b, diverges, then an] an
diverges.
Proof

We prove part i. The proof of partii. is the contrapositive of part i. Let { .S } be the sequence of partial sums associated
[oe] 00
with anl ay,andlet L = Zn=l b,. Since the terms a, > 0,
Sg=a1+ay+ - +ag<a+ay+ - +ag+age) = Sk

Therefore, the sequence of partial sums is increasing. Further, since a, < b, foralln > N, then

k k ®
D an< Y ba< Y by=L.
n=N n=N n=1

Therefore, forall k > 1,

k
Sk = (a1 +a2+~~-+aN_1)+ Z anp < (a1 +£12+"'+£1N_1)+L.
n=N

Since a; + apy + -+ + an—1 is a finite number, we conclude that the sequence {Sy } is bounded above. Therefore, {.Sy } is
an increasing sequence that is bounded above. By the Monotone Convergence Theorem, we conclude that {.Sj }

00

converges, and therefore the series 2 ay converges.

n=1

O
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00

To use the comparison test to determine the convergence or divergence of a series 2 ay, itis necessary to find a
n=1

suitable series with which to compare it. Since we know the convergence properties of geometric series and p-series,

these series are often used. If there exists an integer N such that for all n > N, each term a,, is less than each

00

corresponding term of a known convergent series, then Z ap converges. Similarly, if there exists an integer N such that
n=1

[+

for alln > N, each term a, is greater than each corresponding term of a known divergent series, then Z ay diverges.

n=1
EXAMPLE 5.17

Using the Comparison Test
For each of the following series, use the comparison test to determine whether the series converges or diverges.

00

1
S g
n=l 34 3p41
00
1
b. Zn=l 2141
00

1
c Zn:Z In(n)

Solution
00 00

1 1
a. Compare to Z — Since Z — is a p-series with p = 3, it converges. Further,
~ n3 n3

n=1

1 < 1
n +3n+1 n3

00
for every positive integer n. Therefore, we can conclude that Zn— 1

———— converges.
=1 p343n+1 9

(e}
b. Compare to Zw (i)n Since Z 1y is a geometric series with r = 1/2 and |1/2| < 1, it converges. Also
: P n=1\2 N “~ 2 g - 5 ges. i

1 < 1
2n4+1 27
2
for every positive integer n. Therefore, we see that anl gy converges.
00
c. Compare to anz % Since
1 S 1
In(n) ~n

00

1

00
for every integer n > 2 and anz 1/n diverges, we have that anz e diverges.
00
5.16 Use the comparison test to determine if the series anl %} converges or diverges.
- n+n+

Limit Comparison Test

The comparison test works nicely if we can find a comparable series satisfying the hypothesis of the test. However,
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sometimes finding an appropriate series can be difficult. Consider the series

It is natural to compare this series with the convergent series

00
2 1
_2.
n=2
However, this series does not satisfy the hypothesis necessary to use the comparison test because
1 1

n? -1 n?

00
for all integers n > 2. Although we could look for a different series with which to compare anz 1/(n? = 1), instead we
show how we can use the limit comparison test to compare

00

00
1 1
an_landn;zn—z.

n=2

oo o0
Let us examine the idea behind the limit comparison test. Consider two series Zn=1 ay and an] by,. with positive
terms a, and b, and evaluate
an

lim —.
by

n— oo
If

. ap
lim— =L #0,
1mb #*

n—oo N
then, for n sufficiently large, a, = Lb,. Therefore, either both series converge or both series diverge. For the series
00 24
Zn=2 1/(n* = 1) and anz 1/n%, we see that

R V=S . n?
lim ————= = lim
1/n? n?—1

n—oo n—oo

00
Since anz 1/n? converges, we conclude that

00

1
an—l

n=2

converges.

The limit comparison test can be used in two other cases. Suppose

In this case, {a,/b, } is a bounded sequence. As a result, there exists a constant M such that a, < Mb,,. Therefore, if

00 00
anl b, converges, then anl a, converges. On the other hand, suppose

. ap
lim — = o0,
by

n— oo

In this case, {a,/b, } is an unbounded sequence. Therefore, for every constant M there exists an integer N such that
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00 00
a, > Mb, foralln > N. Therefore, if anl b, diverges, then anl a, diverges as well.
Theorem 5.12

Limit Comparison Test
Letay,, b, > Oforalln > 1.

i. If lima,/b, = L # 0, then anl a, and anl b, both converge or both diverge.

n— 0o

00 00
ii. If lima,/b, =0 and anl b, converges, then anl ay, converges.

n—oo

00 2]
iii. If lim a,/b, = ¢ and anl by, diverges, then anl ap diverges.

n— oo

00
Note that if a,/b, — 0 and anl b, diverges, the limit comparison test gives no information. Similarly, if a,/b, —

00

00
and _, b, converges, the test also provides no information. For example, consider the two series 1/4/n and
n=1 g p p
n=1

00 00

2 1/n% . These series are both p-series with p = 1/2 and p = 2, respectively. Since p = 1/2 < 1, the series Z l/\/ﬁ
n=1 n=1

o0

diverges. On the other hand, since p =2 > 1, the series Z 1/n? converges. However, suppose we attempted to apply
n=1

00

the limit comparison test, using the convergent p — series Z 1/n? as our comparison series. First, we see that
n=1

”\/Z _ n’ 5/2

— =n — 0 asn — 00,

1/n3 \/ﬁ

Similarly, we see that

1/n?
1/n3

=n—>00asn — 0,

00

Therefore, if ay/b, — % when Z b, converges, we do not gain any information on the convergence or divergence of

n=1

00
Sa
n=1

EXAMPLE 5.18

Using the Limit Comparison Test
For each of the following series, use the limit comparison test to determine whether the series converges or diverges. If
the test does not apply, say so.

® 1
o
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00
2141
b. Zn=l 31

00

In(n)
c Zn:l n2
Solution
a. Compare this series to Z L\/_ Calculate
1/(y/n+1) Vi
lim \/_— = lim yn+l = lim ————

n—o llﬁ n—o n— 00 l + 1/\/—

By the limit comparison test, since Z diverges, then 2 diverges.

n=1 \/—
oo
b. Compare this series to anl (%)n We see that

. @+ 13" o241 37 o241 i 1\"
lim 73 = lim T -z—n:hmz—n:hm 1+ 5 =1.

n— o n—o n—o n— o

L
n=1\/n+1

Therefore,
lim 2"+ 1)/3" _
e 23"
2 ® o oonyg
Since Z § converges, we conclude that anl 3I
o
c. Sincelnn < n, compare with an] 5 - We see that
lnn/n? . Inn n . Inn
lim = 1m—2-—=11m—.
n—o l/n n—oo n 1 n—oo n

In order to evaluate lim Inn/n, evaluate the limit as x — o of the real-valued function In(x)/x. These two limits are

n—o

equal, and making this change allows us to use L'Hdpital's rule. We obtain

. In 1
hm—x = lim—=0.
xX—00 x xX—00
Therefore, lim Inn/n = 0, and, consequently,
n—oo
. Inn/n?
li =
100 1/n

00
Since the limit is O but Zn=1 % diverges, the limit comparison test does not provide any information.

00
Compare with E n=l1 Lz instead. In this case,
- n

In n/n? . Inn n .
lim = lim — - — = limIlnn = o,
1/n? n2 1

n— 0o n— 0o n—o
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Since the limit is © but Z

So now we try a series between the two we already tried. Choosing the series Z
3/2

Inn/n? . Inn

m—— - = lim
2
1/n3! nooo

n—o

5.4 « Comparison Tests

—5 converges, the test still does not provide any information.

1
n=1 372 we see that

lmln—n

o

As above, in order to evaluate lim Inn/4/n, evaluate the limit as x — o of the real-valued function lnx/\/;. Using

n— o

L'Hbpital's rule,

00
Since the limitis 0 and Zn:

lim — = lim

X—00 \/_

X—00

Inx 2\/;
x

31/2 converges, we can conclude that Z

1m—=0.

X—00 \/_

Inn

converges.
n2

[v] 517

L

00
Use the limit comparison test to determine whether the series 2

SECTION 5.4 EXERCISES

n

n=1 343 converges or diverges.

Use the comparison test to determine whether the following series converge.

o0
194. anl an where
2

n = LoD

197. Y72 =2 2(n )

00
1
200. anl €

sin(1/n)

()3

206. Zn | s 4+

oo
203. ¥,

. S

oo
195. anl a, where
1

an = Lerin)

00
1
198. ), T

00

201, Z sin (1/n)

2
n=1 h
o0 1.2
n“—1
204. Zn:l 2341

n

00
1
196. Zn:l 2(n+1)

199, 3, iy

00
;2
sin“n
202.
20
n=1
o n+1—\/ﬁ
205 Y

Use the limit comparison test to determine whether each of the following series converges or diverges.

00

207. ¥, (%)

210. 2::1 In (1

00

1
213. anl e(1.Dn_3n

00

-1
216. Zn=1 21+1/n,1+1/n

208. Zn X < Inn )
00
1
21, Y

00
1
214. Zn=1 o(1.0Dn _3n

217. Y (L —sin (L))

1
o)
n2

200. Y @
212, 2:21 e ——
215. 2:;1 ,,1++/n

218 Y, (1-cos (

=|»—
~
~
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00 00 00
219. ) | %(% —tan_ln> 220. ) _ (1-1)"" 221. ) (1—e7m)
(Hint:(1 = 1)" = 1/e.) (Hint:1/e ~ (1 — 1/n)", so
1—e "~ 1/n.)

00 24 V4
222. Does anz m 223. Does anl (OI;") ) 224. For which p does the
converge if pis Iarge. converge if pis large series Zw_l opn 3
enough? If so, for which enough? If so, for which =
9 converge?
& p?
225. For which p > 0 does the 226. For which r > 0 does the 227. For which r > 0 does the
) o D ) 0 n2 ) o0 on
n r
series Zn=1 o series anl S series Zn=1 ,n_2
? ?
converge? converge? converge?
ind all values of p and ©  sin2m2) lain why, for each n, at |
228. Find all values of pand g 229. Does anl —_— 230. Explain why, for each n, at least
o i 2 one of
WP converge or diverge? : _ ‘
such that Zn:l nha Explain. {|sinn|,|sin (n + 1)| ..., |[sinn + 6]}
converges. is larger than 1/2. Use this relation
to test convergence of
00 .
|sinn|
Zn:l \/Z .
00 00
231. Supposethata, > 0and b, >0 232. Does Z p~Inlnn 233. Does Z (Inn)~n7
o0 o0 n=1 n=1
2 2 converge? (Hint: Write converge? (Hint: Use
h
and that 21 @ and Zl b%n 2Ininn 59 3 power of Inn. ) n = e to compare to a
"= "= p — series.)
00
converge. Prove that Z anby
n=1
converges and
00 00 [+
Zanbn S% 2“%+2b3
n=1 n=1 n=1
00
234. Does Y (Inp)~ninn 235. Show thatifa, > 0and 236. Suppose that a, > 0 for
n=2 oo oo
converge? (Hint: Compare
ay to 1/n.) Z a, converges, then all n and that Z a,
n=1 n=1
) converges. Suppose that
Z azn converges. If b, is an arbitrary
= sequence of zeros and
0 00
Z a®, converges, does ones. Does Z anbn
=l n=1

- necessarily converge?

z ay necessarily
n=1
converge?
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237.

240.

243.

Suppose that a, > 0 for

00

all n and that 2 a,

n=1
diverges. Suppose that b,
is an arbitrary sequence
of zeros and ones with
infinitely many terms
equal to one. Does

00
Z an by, necessarily

n=1
diverge?

Suppose that a, /b, — 0
in the comparison test,
where a, > 0and b, > 0.
Prove that if Z by,
converges, then Z an
converges.

Explain why, if x > 1/2, then x
cannot be written
00
by
X = 2—n(b,,=00r1,b1=0).
n=2

238.

241.

Complete the details of
the following argument: If

00

1
Z — converges to a
n
n=1
finite sum s, then
lo_ 1, 1,1 .
FS=5+g+te+t
and

g1

— 1.1, ..
7S = 1+ 3+s 4+
Why does this lead to a
contradiction?

Let b, be an infinite
sequence of zeros and
ones. What is the largest
possible value of

00
x = Z b, /2"?
n=1

244. [T] Evelyn has a perfect
balancing scale, an
unlimited number of 1 -kg
weights, and one each of
1/2 -kg, 1/4 -kg, 1/8 -kg,
and so on weights. She
wishes to weigh a
meteorite of unspecified
origin to arbitrary
precision. Assuming the
scale is big enough, can
she do it? What does this
have to do with infinite
series?

239.

242.

5.4 « Comparison Tests

Show that if a,, > 0 and
00
a2n converges, then
n=1

00

Z sin? (ap) converges.

n=1

Let dj, be an infinite
sequence of digits,
meaning d, takes values
in {0, 1,...,9}. What is
the largest possible value

00

dn/10" that
n=1
converges?

of x =

245. [T] Robert wants to know
his body mass to arbitrary
precision. He has a big
balancing scale that
works perfectly, an
unlimited collection of
1 -kg weights, and nine
each of 0.1 -kg,

0.01 -kg, 0.001 -kg, and
so on weights. Assuming
the scale is big enough,
can he do this? What does
this have to do with
infinite series?
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oo

1
246. The series — is half
2n

n=1
the harmonic series and
hence diverges. It is
obtained from the
harmonic series by
deleting all terms in
which nis odd. Let m > 1
be fixed. Show, more
generally, that deleting all
terms 1/n where n = mk
for some integer k also
results in a divergent
series.

247.

property thata; = land a1 =

In view of the previous
exercise, it may be
surprising that a
subseries of the harmonic
series in which about one
in every five terms is
deleted might converge.
A depleted harmonic
series is a series obtained

00

from l by removing
n=1 n
any term 1/n if a given
digit, say 9, appears in the
decimal expansion of n.
Argue that this depleted
harmonic series
converges by answering
the following questions.
a. How many whole
numbers n have d
digits?
b. How many d-digit

whole numbers h (d) .

do not contain 9 as
one or more of their
digits?

¢. What is the smallest

d-digit number m (d) ?

d. Explain why the
deleted harmonic
series is bounded by

i h(d)
smd

h(d)

00
e. Show that
Z‘l m(d)

converges.

249. Suppose that a sequence of numbers a, > 0 has the

1

WS,,, where

00

S, = a; + -+ + a,. Can you determine whether Z ap

converges? (Hint:

n=1

Sr=amtai=a+Si=ar+1=1+1/4=1+1/4)5,
S3 = 3%52 +8 =(1+1/9)8, =1 +1/9) (1 +1/4) S},

etc. Look atIn(S,),anduseln(1+1) <t,t>0.)
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248. Suppose that a sequence

of numbers a, > 0 has
the property thata; =1
and a4 = H%Sn,
where S, = a; + -+ + ay.
Can you determine

00

whether Z a,

n=1
converges? (Hint: Sy is
monotone.)



5.5 + Alternating Series

5.5 Alternating Series

Learning Objectives
5.5.1 Use the alternating series test to test an alternating series for convergence.
5.5.2 Estimate the sum of an alternating series.
5.5.3 Explain the meaning of absolute convergence and conditional convergence.

So far in this chapter, we have primarily discussed series with positive terms. In this section we introduce alternating
series—those series whose terms alternate in sign. We will show in a later chapter that these series often arise when
studying power series. After defining alternating series, we introduce the alternating series test to determine whether
such a series converges.

The Alternating Series Test

A series whose terms alternate between positive and negative values is an alternating series. For example, the series

° 1\" 1 1 1 1 (5.11)
n;(‘z) =-3*t1 8t
and
v _1n+1 1 1 1 (5.12)
27( ) =l 4= —— 4
Z  n 273 4

are both alternating series.
Definition

Any series whose terms alternate between positive and negative values is called an alternating series. An alternating
series can be written in the form

2 (5.13)
D (=)™ by = by — by + b3 — by + -
n=1
or
00
(5.14)
Y (=1)"by = —by + by — b3 + by — -
n=1
Where b, > 0 for all positive integers n.
Series (1), shown in Equation 5.11, is a geometric series. Since |r| = |—1/2| < 1, the series converges. Series (2), shown in

Equation 5.12, is called the alternating harmonic series. We will show that whereas the harmonic series diverges, the
alternating harmonic series converges.

To prove this, we look at the sequence of partial sums {S} } (Figure 5.17).

Proof
Consider the odd terms Sy for k > 0. Since 1/2k + 1) < 1/2k,
1 1
S =S 1 —-—+—— < Su_i-
2k+1 2k—1 2k+2k+1 2k—1

Therefore, {.S>x+1 } is a decreasing sequence. Also,
S =11 : + L 1 + -+ ! 1 + ! >0
et = 2 374 2k—1 2k) 7 2k+17

Therefore, { S+ } is bounded below. Since {.S>,41 } is a decreasing sequence that is bounded below, by the Monotone
Convergence Theorem, {.Sy,+1 } converges. Similarly, the even terms {.S» } form an increasing sequence that is
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bounded above because

1
- > Su2

S = Sopn + =1 2%

and

S =1+ 1+1++ 1+1 L
k= 273 2%—-2 " 2%k-1) 2k
Therefore, by the Monotone Convergence Theorem, the sequence {S, } also converges. Since
S =Sy +—1,
2k+1 2%kt 5T
we know that

1
lim Sy = lim Sy, + lim ———.
k— 00 k— 00 k—o00 2k +1

Letting S = lim S»x+1 and using the fact that 1/ (2k + 1) — 0, we conclude that lim .S, = S. Since the odd terms and

k—o0 k— 00

the even terms in the sequence of partial sums converge to the same limit .S, it can be shown that the sequence of
partial sums converges to .S, and therefore the alternating harmonic series converges to .S.

It can also be shown that .S = In2, and we can write

(-1l 1 1 1
2 -4+ 4+..=1n().
2, 3zt =h@

n=1

Yi 1

I
I
1
1
1
r— 1
I
1
1
1

0 S,5,S S, 5, X
Figure 5.17 For the alternating harmonic series, the odd terms 55441 in the sequence of partial sums are decreasing
and bounded below. The even terms .Sy are increasing and bounded above.

d

More generally, any alternating series of form (3) (Equation 5.13) or (4) (Equation 5.14) converges as long as
by > by > b3 > +-- and b, — 0 (Figure 5.18). The proof is similar to the proof for the alternating harmonic series.

Yi by
—b, ;
—
| b i
—_— I
1 b 1 I
| 4 1 1
1 ] 1
P P
1 1 1 1
——
B $,5,S S35, X
Figure 5.18 For an alternating series by — by + b3 — -+ in which by > by > b3 > .-+, the odd terms Sy in the

sequence of partial sums are decreasing and bounded below. The even terms S are increasing and bounded above.
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Theorem 5.13

Alternating Series Test
An alternating series of the form

Y (=)™ by or Y (=1)"by
n=1 n=1

converges if

i. 0<by41 <byforalln>1and
ii. limb, =0.

n— oo

This is known as the alternating series test.

We remark that this theorem is true more generally as long as there exists some integer N such that0 < b, < b, for
alln > N.

EXAMPLE 5.19

Convergence of Alternating Series
For each of the following alternating series, determine whether the series converges or diverges.

oo
a. Y (=)

b. Z:;l (—1"*n/(n + 1)

) Solution
a. Since
Il _ L and i—)O,
(D2 " n2 n2

the series converges.
b. Sincen/(n+ 1) » 0asn — %, we cannot apply the alternating series test. Instead, we use the nth term test for

divergence. Since

. (_1)n+1 n
lim n+l1 ’
n— 0o

the series diverges.

00
5.18 Determine whether the series z”:l (=1)Y"*1n/2" converges or diverges.

Remainder of an Alternating Series

It is difficult to explicitly calculate the sum of most alternating series, so typically the sum is approximated by using a
partial sum. When doing so, we are interested in the amount of error in our approximation. Consider an alternating
series

Z (_1)n+1 bn
n=1

satisfying the hypotheses of the alternating series test. Let .S denote the sum of this series and {5y } be the
corresponding sequence of partial sums. From Figure 5.18, we see that for any integer N > 1, the remainder Ry
satisfies
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IRN| =S = SN| < |SN41 = SNI = buy1-
Theorem 5.14

Remainders in Alternating Series
Consider an alternating series of the form

Y =) byor Y (—1)"b,
n=1 n=1

that satisfies the hypotheses of the alternating series test. Let .S denote the sum of the series and .Sy denote the Nth
partial sum. For any integer N > 1, the remainder Ry = 5 — Sy satisfies

[Rn| < bnyi-

In other words, if the conditions of the alternating series test apply, then the error in approximating the infinite series by
the N'th partial sum Sy is in magnitude at most the size of the next term b4 1.

EXAMPLE 5.20

Estimating the Remainder of an Alternating Series
Consider the alternating series

)n+1

o0 (_1
2
n=1

Use the remainder estimate to determine a bound on the error Ry if we approximate the sum of the series by the
partial sum Sig.

() Solution

From the theorem stated above,

_ 1
[Rio| < b1y = T 0.008265.

5.19 Find a bound for R,y when approximating 2”21 (=11 /n by Sy.

Absolute and Conditional Convergence
00 00
Consider a series Z a, and the related series Z |a, |. Here we discuss possibilities for the relationship between the
n=1 n=1
00
convergence of these two series. For example, consider the alternating harmonic series Z (—1)"+1/n. The series whose
n=1
00 00
terms are the absolute value of these terms is the harmonic series, since Z |(—1)"+1 /n| = Z 1/n. Since the alternating
n=1 n=1
harmonic series converges, but the harmonic series diverges, we say the alternating harmonic series exhibits conditional
convergence.

00

By comparison, consider the series Z (—1)thl /n? . The series whose terms are the absolute values of the terms of this

n=1
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00 00

series is the series 2 1/n?. Since both of these series converge, we say the series 2 (=1)"1/n? exhibits absolute
n=1 n=1
convergence.

Definition

oo 24 00
A series znzl a, exhibits absolute convergence if anl |an| converges. A series anl ay exhibits conditional

00 00
convergence if anl ay, converges but Zn=1 |a, | diverges.

00 00
As shown by the alternating harmonic series, a series anl a, may converge, but anl |a, | may diverge. In the

00 00
following theorem, however, we show that if anl |a, | converges, then anl ay converges.
Theorem 5.15

Absolute Convergence Implies Convergence

00 00
If anl |a, | converges, then anl a, converges.

Proof

00

Suppose that Z |a, | converges. We show this by using the fact that a,, = |a,| or a, = —|a,| and therefore
n=1
|a,| + an =2 |ay,| or |a,| + a, = 0. Therefore, 0 < |a,| + a, < 2|a,|. Consequently, by the comparison test, since

00
2 Zn=1 |a, | converges, the series

D lanl +an)
n=1

converges. By using the algebraic properties for convergent series, we conclude that

00 00 00

2 ap = Z(|an| +an)— Z lan|

n=1 n=1 n=1
converges.

d

EXAMPLE 5.21

Absolute versus Conditional Convergence
For each of the following series, determine whether the series converges absolutely, converges conditionally, or
diverges.

a. 220:1 (=D"@n+ 1)

b. anl cos (n) /n?

Solution
a. We can see that
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00

(_1)n+l
3n+1

n=1

diverges by using the limit comparison test with the harmonic series.
. 1/@n+1) 1

lim ———= = —

1/n 3

n—o0

Thus, applying Theorem 5.13, the series cannot converge absolutely. Moreover, because of the alternating series
test, we can see that the series converges.
1 1 1

< d 0,
3+ D+l Bn+l 31 T

00
We can conclude that anl (—l)"+1/(3n + 1) converges conditionally.
b. Noting that |[cosn| < 1, to determine whether the series converges absolutely, compare

00

)

n=1

cosn
2

n

00 00 00
with the series an] 1/n?. Since an] 1/n* converges, by the comparison test, Zn=] |cosn/n?| converges, and

00
therefore an] cosn/n? converges absolutely.

00
5.20 Determine whether the series z”:] (-1 )”Jrl n/(2n” + 1) converges absolutely, converges conditionally,
or diverges.

To see the difference between absolute and conditional convergence, look at what happens when we rearrange the

00
terms of the alternating harmonic series anl (—1)”+1/n. We show that we can rearrange the terms so that the new

series diverges. Certainly if we rearrange the terms of a finite sum, the sum does not change. When we work with an
infinite sum, however, interesting things can happen.

Begin by adding enough of the positive terms to produce a sum that is larger than some real number M > 0. For
example, let M = 10, and find an integer k such that

11 1
1+ =+=++=——>10.
+3+5+ +2k—1>0

00
(We can do this because the series anl 1/(2n — 1) diverges to infinity.) Then subtract 1/2. Then add more positive
terms until the sum reaches 100. That is, find another integer j > k such that

1++11+1++1>100
3 2k—1 2 2k+1 2j+1 ’

1+

Then subtract 1/4. Continuing in this way, we have found a way of rearranging the terms in the alternating harmonic
series so that the sequence of partial sums for the rearranged series is unbounded and therefore diverges.

The terms in the alternating harmonic series can also be rearranged so that the new series converges to a different
value. In Example 5.22, we show how to rearrange the terms to create a new series that converges to 31n (2) /2. We point
out that the alternating harmonic series can be rearranged to create a series that converges to any real number r;
however, the proof of that fact is beyond the scope of this text.
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(2]
In general, any series anl a, that converges conditionally can be rearranged so that the new series diverges or
converges to a different real number. A series that converges absolutely does not have this property. For any series

00 00
anl a, that converges absolutely, the value of anl ay is the same for any rearrangement of the terms. This result is
known as the Riemann Rearrangement Theorem, which is beyond the scope of this book.

EXAMPLE 5.22

Rearranging Series
Use the fact that

1 1 1 1
l-g3+3-g*5- =2

to rearrange the terms in the alternating harmonic series so the sum of the rearranged series is 31n (2) /2.

Solution
Let

00
‘Ela — 1__l_+_1__ 1_+.1._ 1_+_1__ l.+.“
"TT 273 45 6 7 8

n=1
00

Since Z an = In(2), by the algebraic properties of convergent series,

n=1

00

1 1 1 1 1 1 In2
— == — —4 — — — 4 ve = — = —.
n;z“" 2 47673 220” 2

00

Now introduce the series Z b, such that foralln > 1, by,_1 = 0 and by, = a,/2. Then
n=1

00

1 1 1 1 In2
Y by =04 =+0=— 5 +0+ = +0— —+ = —
P +3H0- g H0+ = +0- o+ 5

00 00 00

Then using the algebraic limit properties of convergent series, since Z a, and Z b, converge, the series Z (an + by)
n=1 n=1 n=1
converges and

00 00 (o}

In2  3In2
Z(an+bn)=2an+’;1bn=1n2+7= >

n=1 n=1
Now adding the corresponding terms, a, and b,, we see that

o0

Dan+b) =0+0+ (-2 +1)+(F+0)+ (- -1)+($+0)+ (-1 +1)

n=1

oo|—

4l
=1+1-1+

We notice that the series on the right side of the equal sign is a rearrangement of the alternating harmonic series. Since
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00
Z (an + by) = 31n(2)/2, we conclude that
n=1
1 1 1 1 1 3In(2)

e R T A _
ty3Tptsts ot 2

Therefore, we have found a rearrangement of the alternating harmonic series having the desired property.

L
SECTION 5.5 EXERCISES
State whether each of the following series converges absolutely, conditionally, or not at all.
250 ® 1 n+l _n 251 ® 1 n+l1 \/;+1 252 ® 1 n+1 1
: Zn=1 D™ s ' Zn=l =D \/n+3 : Zn=1 =D i3
00 +3 00 00 n
253. ) (-m A 254, ) (-t 255. ) (-mi

256. Z:;l (—1y(2=1)" 257. Z:;l (—1y! (21" 258. 220:1 (=1)y"*1sin2n

00 00 00
259. anl (=1)"1cos?n 260. anl (=D lsin? (1/n)  261. anl (=1 cos? (1/n)
m n+1 ® n+1 1 ® n+1 n?
262. anl (=)™ n (1/n) 263. anl D" (1+1) 264 anl (=1 e
265 ® ln+l n® 266 ® 1n+121/n 267 ® 1I’l+l 1/n
D GO SDINRYC - Dt G
00 00 00
268 Y, (-1 (1=nl) 260 ¥ (~*la(1-cos (L)) 270 Y, (< (Vir 1= /n)
(Hint: '™ ~ 1 + In(n)/n (Hint: cos(1/n) ~ 1 — 1/n® for (Hint: Rationalize the
for large n.) large n.) numerator,)
* nel 1 1 ® n+l
271. anl (-1 <W_ n+1> 272. anl (- (In(n+ 1) — Inn)

(Hint: Find common
denominator then rationalize
numerator.)

°° 1 1 1 '” 1 2_ 2
273. anl (-1"*'n(tan~! (n+ 1) —tan~'n) 274 anl D™ ((n+ 1)? = n?)
(Hint: Use Mean Value Theorem.)

® +1 (1 1 ®  cos(nr) @ cos(nr)
275. Y, D™ (G- ) 28 X 277. Xt i
© . © .
278. an] - sin (4F) 279. 211:1 sin (n/2) sin (1/n)

In each of the following problems, use the estimate | Ry | < by to find a value of N that guarantees that the sum of

00
the first N terms of the alternating series anl (—1)”Jrl b, differs from the infinite sum by at most the given error.
Calculate the partial sum S'n for this N.

280. [T]b, = 1/n, error < 1075 281. [T1b, = 1/In(n),n > 2, 282. [T] b, = 1/4/n, error
error < 107! <1073

283. [T]b, = 1/2", error 284. [T1b, =In(1+ %) ,error  285. [T1b, = 1/n?, error
<107° <1073 <107°
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For the following exercises, indicate whether each of the following statements is true or false. If the statement is false,
provide an example in which it is false.

286. If b, > 0 is decreasing
and lim b, = 0, then

n— oo

00

Z (ban—1 = ban)

n=1
converges absolutely.

289. If b, > 0 is decreasing
and

00

Z (b3p—2 + b3u—1 = b3p)
n=1

00

converges then Z b3p—2
n=1
converges.

292. Suppose thatay is a
sequence of positive real

00

numbers and that Z a,
n=1

converges.

Suppose that b, is an

arbitrary sequence of

ones and minus ones.

00
Does Z anby, necessarily

n=1
converge?

287. If b, > 0 is decreasing,

00

then Z (bZn—l - b2n)

n=1
converges absolutely.

290. If b, > O is decreasing

00

and ) (=1)""'b,

n=1
converges conditionally
but not absolutely, then
b, does not tend to zero.

293. Suppose thatay is a
sequence such that

00

Z apb, converges for
n=1

every possible sequence
b, of zeros and ones.

o0

Does Z a, converge
n=1
absolutely?

288. If b, > 0and limb, =0

n—o

then

o0
1
2 (5(B3u2 + b3u_1)=b3s)
n=1
converges.

291. Leta) =a, ifa, >0and

a, = —ay ifa, <0. (Also,
at =0ifa, <0and
a, =0ifa, 20.)If

00

Z ay, converges

n=1

conditionally but not
absolutely, then neither

00 00
Z a nor Z aj,
n=1 n=1

converge.

The following series do not satisfy the hypotheses of the alternating series test as stated.

In each case, state which hypothesis is not satisfied. State whether the series converges absolutely.

00

2
Sin~n
294, 2 2
Z =D -
n=1
1 1 1 1 1 1
207 1+4 14241141

00

2
295, Y (-1 220

n=1 n

1 1
+§_§+...

298. Show that the alternating series

1 1 1 1 1 1 1
l-g+3-3+3-6+t3-5+t~

does

not converge. What hypothesis of the
alternating series test is not met?

445



446 5+ Sequences and Series

299. Suppose that Z ay 300. Show that the alternating 301. The formula
converges absolutely. 529”953 i s cosf=1-— 92_2' + Z_‘t - %_6' + o
Show that the serles 3-5t7-9t will be derived in the next
consisting of the positive does not converge. What chapter. Use the remainder
terms a, also converges. hypothesis of the IRN| < by tofind a bound
alternating series test is for the error in estimating cos 6
not met? by the fifth partial sum
1 - 6%/2! + 6*/41-65/6! + 63/8!
for0=1,0=r/6,and 0 = x.
302. The formula 303. How many terms in
. 3 S 7 2 6
s1n6’=9—93—,+95—!—97—,+ cos@zl—g—,+%—%—,+
will be derived in the next are needed to approximate
chapter. Use the remainder cos 1 accurate to an error of at
|RN| < by to find a bound most 0.00001?
for the error in estimating sin @
by the fifth partial sum
0—6°/3!+6/51-07/7! + 6°/9!
for0=1,0 = r/6,and 0 = 7.
304. How many terms in 305. Sometimes the alternating
0 0 _ 4 w
S1H9=9—?+?—7+

are needed to approximate
sin 1 accurate to an error of at
most 0.00001?
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series Z -1""1p,
n=1

converges to a certain

fraction of an absolutely

00
convergent series Z by ata

n=1
faster rate. Given that

00
1 2 .
Z n_2 = 6 find
= 1 1 1
00
. . 1
Which of the series 6 Z n_2
n=1
© 1
=n
nd § 2 " gives a
n=1
better estimation of 72 using
1000 terms?
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The following alternating series converge to given multiples of z. Find the value of N predicted by the remainder
estimate such that the Nth partial sum of the series accurately approximates the left-hand side to within the given error.
Find the minimum N for which the error bound holds, and give the desired approximate value in each case. Up to 15
decimals places, # = 3.141592653589793....

p )" (=3) .
T
306. [T] £ = nz 1,error 307. [T] _\/1— = E LT 308. [T] The series

00

< 0.0001 error < 0.0001 Z sin (x + zn)
X+ zn

plays an
n=0

important role in signal
processing. Show that

00

Z sin (x + zn)

=0 X+ rn

converges whenever

0 < x < z. (Hint: Use the
formula for the sine of a
sum of angles.)

N
1
309. [T]If Z (=" 1= S 1n2, what is 310. [T] Plot the series
n
n=1 100
1 1 1 1 1 1 1 1 1 1
ts—7 7 st7tstu- s w1t 2{
n=
0 < x < 1. Explain why
100

Z cos (2znx)
n

cos (2znx)
—— for
n

diverges
n=1

when x = 0, 1. How does
the series behave for
other x?
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311. [T] Plot the series 312. [T] Plot the series 313. [T] The alternating
100 (27nx) 100 cos(2znx) harmonic series
2 " for Z 2 f converges because of
n=1 n=1

0 < x < 1and comment
on its behavior

00

1
314. [T] Estimates of Z — can be
~ n

accelerated by writing its partial sums
as

1
Z Zn(n+1) Z n2(n+1)

and recalling that
N

1
2 =T

oneas N — . Compare the estimate
1000 1
2 i b
of #7/6 using the sums Z 3 with

n=1
1000

the estimate using 1 + Z

1
N+l converges to

_r
n?(n+1)
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0 < x < 1 and describe
its graph.

cancellation among its
terms. Its sum is known
because the cancellation
can be described
explicitly. A random
harmonic series is one of

00

the form 2 —, where
=1
sy is a randomly
generated sequence of
+1's in which the values
+1 are equally likely to
occur. Use a random
number generator to
produce 1000 random
+1s and plot the partial
N

sums Sy = n of
your random harmonic
sequence for N = 1to
1000. Compare to a plot
of the first 1000 partial
sums of the harmonic
series.

315. [T] The Euler transform rewrites

(o2}

S = Z (=1)"by, as
n=0

s=Y (-2t 2 <" ) baem
n=0 m=0 m

For the alternating harmonic series,
it takes the form

oo e oo
- Z 5
n=1

n=1

[oo}

Compute partial sums of % o
until they approximate In(2) accurate
to within 0.0001. How many terms
are needed? Compare this answer to
the number of terms of the
alternating harmonic series are
needed to estimate In(2).



5.6 * Ratio and Root Tests

316. [T]In the text it was stated
that a conditionally
convergent series can be
rearranged to converge to
any number. Here is a
slightly simpler, but similar,
fact. If a,, > O is such that
a, - 0asn — o but

00

Z a, diverges, then, given
n=1

any number A thereis a
sequence s, of +1's such

2]

that Z a,s, — A.Show
n=1
this for A > 0 as follows.
a. Recursively define s, by
sp = 1if
n—1
Sp—1 = Z apsg < A
k=1
and s, = —1 otherwise.
b. Explain why eventually
Sy > A, and for any m
larger than this n,
A—ay < Sm < A+ay.
c. Explain why this implies

that S, - Aasn — o,

5.6 Ratio and Root Tests

Learning Objectives
5.6.1 Use the ratio test to determine absolute convergence of a series.
5.6.2 Use the root test to determine absolute convergence of a series.
5.6.3 Describe a strategy for testing the convergence of a given series.

In this section, we prove the last two series convergence tests: the ratio test and the root test. These tests are particularly
nice because they do not require us to find a comparable series. The ratio test will be especially useful in the discussion
of power series in the next chapter.

Throughout this chapter, we have seen that no single convergence test works for all series. Therefore, at the end of this
section we discuss a strategy for choosing which convergence test to use for a given series.

Ratio Test

00
Consider a series 2 ap. From our earlier discussion and examples, we know that lim a, = 0 is not a sufficient condition
n=1 n— o
for the series to converge. Not only do we need a, — 0, but we need a, — 0 quickly enough. For example, consider the
00 2] 00
series Z 1/n and the series Z 1/n%. We know that 1/n — 0 and 1/n% — 0. However, only the series 2 1/n* converges.
n=1 n=1 n=1
00
The series Z 1/n diverges because the terms in the sequence {1/n} do not approach zero fast enough as n — . Here

n=1
we introduce the ratio test, which provides a way of measuring how fast the terms of a series approach zero.
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Theorem 5.16

Ratio Test

00
Let an] a, be a series with nonzero terms. Let

00
i. fO<p<l1,then anl ay, converges absolutely.

00
i. Ifp>1orp= o, then anl ay diverges.

iii. If p =1, the test does not provide any information.

Proof

00

Let 2 a, be a series with nonzero terms.
n=1

We begin with the proof of part i. In this case, p = lim a’;—:l| < 1.Since 0 < p < 1, there exists R such that

n—o

0<p< R< 1. Lete = R— p > 0. By the definition of limit of a sequence, there exists some integer N such that

a
ntl —p‘ <eforalln > N.
an
Therefore,
a
il <p+e=Rforalln> N
an
and, thus,

lan+1] < Rlan|
|(1N+2| < R|(1N+1| < R2|aN|
|¢1N+3| < R|aN+2| < R2|aN+1| < R3|GN|

lan+4] < Rlans3| < R*|anz| < RPlany1| < RYan]

Since R < 1, the geometric series
R{aN| + R2|aN| + R3|aN| + -
converges. Given the inequalities above, we can apply the comparison test and conclude that the series
lan+1l+lan+al + lan+s| + lanal + -+

converges. Therefore, since

00 N 00
Dlanl = Ylanl+ Y, lanl
n=1 n=1

n=N+1
N 24 00
where Z |ay| is a finite sum and Z |a, | converges, we conclude that Z |a, | converges.
n=1 n=N+1 n=1
For part ii.
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An+1
an

p = lim > 1.

n—o

Since p > 1, there exists Rsuch that p > R > 1. Let € = p — R > 0. By the definition of the limit of a sequence, there
exists an integer N such that

a
ntl —p’ <eforalln > N.
an
Therefore,
a
R=p-€< Zntl | foralln > N,
an

and, thus,

lan+1]> Rlan|
lan+2| > Rlans1| > R*|an]
|0N+3| > R|aN+2| > R2|0N+1| > R3|¢1N|
laysa] > Rlanss| > R:fansa| > Rlans1] > R¥an|
Since R > 1, the geometric series
Rlay|+ R*|ay|+ R|an|+ -
diverges. Applying the comparison test, we conclude that the series
lan+1]+lan+2| +lans]+ -
P

diverges, and therefore the series Z |a, | diverges.

n=1

00
For part iii. we show that the test does not provide any information if p = 1 by considering the p — series Zn:l 1/nP. For
any real number p,
Un+1)P nwo

RV R )T

n—o

[ 00
However, we know that if p < 1, the p — series anl 1/nP diverges, whereas Zn=l 1/nP convergesifp > 1.

d

The ratio test is particularly useful for series whose terms contain factorials or exponentials, where the ratio of terms
simplifies the expression. The ratio test is convenient because it does not require us to find a comparative series. The
drawback is that the test sometimes does not provide any information regarding convergence.

EXAMPLE 5.23

Using the Ratio Test
For each of the following series, use the ratio test to determine whether the series converges or diverges.

00

2)1

a. Zn:l rn
o n

n

b. Zn:l I

o ()2
¢ n; 2n)!
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Solution
a. From the ratio test, we can see that
lim 27+ (n 4 1)! lim 2+l g
p = _— = —_—
00 2"/n! 00 n+1! 2"
Since(n+ D)!=m+1)-nl,
. 2
p=lim —— =
P 1

Since p < 1, the series converges.
b. We can see that
- lim (n+ )" L (nt 1)1

p = n"/n!
n—o
e
= lim ==
n—oo
= lim (Z1)" = lim (1+ 1)" =e.
n—oo n— 00
Since p > 1, the series diverges.
¢. Since
L@ D)2 eEe+D)! | D! @)
(=) (n)2/(2n)! - (2n+2)! n'n!
(n+1)(n+1)
= Qnt2)2n+l)
we see that
g 2 DeAD
P s ) &

n—00

Since p < 1, the series converges.

© 3
5.21 Use the ratio test to determine whether the series Zn:l ’;7 converges or diverges.

Root Test

00
The approach of the root test is similar to that of the ratio test. Consider a series anl ay such that lim {/|a,| = p for

n—00
00
some real number p. Then for N sufficiently large, |aN| ~ pV. Therefore, we can approximate Z |a, | by writing
n=N

N+2

N N+1
lan |+ |ansi| +|ansa| + - & N + oM 40
00
The expression on the right-hand side is a geometric series. As in the ratio test, the series anl a, converges
absolutely if 0 < p < 1 and the series diverges if p > 1. If p = 1, the test does not provide any information. For example,

00

for any p-series, Z 1/n? , we see that

n=1
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. 1 . 1
p= lim ! —|= hmﬁ.
n—o h n— o nP
To evaluate this limit, we use the natural logarithm function. Doing so, we see that

1 1\?" 1 In(1/
Inp=1n| lim —|= limln<—> = lim£-1n<—> _ fim 20U/

n
n—0o nb n— 0o n n— 00 n n n— 0o n

Using L'Hopital's rule, it follows that Inp = 0, and therefore p = 1 for all p. However, we know that the p-series only
converges if p > 1 and divergesif p < 1.

Theorem 5.17

Root Test

o0
Consider the series an] ay. Let

p = lim {/|a,]|.
n— 0o

00
i. f0<p<1,then Zn=1 ay, converges absolutely.

00

i. Ifp>1lorp=o,then an] ay diverges.

iii. If p =1, the test does not provide any information.

The root test is useful for series whose terms involve exponentials. In particular, for a series whose terms a,, satisfy
|ay| = bf, then {/|a,| = b, and we need only evaluate lim b,,.

n—oo
EXAMPLE 5.24

Using the Root Test
For each of the following series, use the root test to determine whether the series converges or diverges.

o0 (n2+3n)n

2 Z"Zl (4n245)"
© n
b. Z"=2 (ln?n))”
Solution

a. To apply the root test, we compute

. ot +3n 1
p= nlln;\’y(nz + 3]’!)n/(4l’l2 +5)n = lll’Tolom = Z

n—

Since p < 1, the series converges absolutely.
b. We have

p= lim {7 (Inny" = lim —— = o by L'Hopital’s rule.

n— 00 n— 00 hll’l

Since p = ®, the series diverges.
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00
5.22 Use the root test to determine whether the series Zn=l 1/n" converges or diverges.

Choosing a Convergence Test

At this point, we have a long list of convergence tests. However, not all tests can be used for all series. When given a
series, we must determine which test is the best to use. Here is a strategy for finding the best test to apply.

Problem-Solving Strategy

Choosing a Convergence Test for a Series

00

Consider a series Z ay. In the steps below, we outline a strategy for determining whether the series converges.
n=1

00

1. Is 2 ap a familiar series? For example, is it the harmonic series (which diverges) or the alternating harmonic
n=1
series (which converges)? Is it a p — series or geometric series? If so, check the power p or the ratio r to
determine if the series converges.
2. Isitan alternating series? Are we interested in absolute convergence or just convergence? If we are just
interested in whether the series converges, apply the alternating series test. If we are interested in absolute

oo

convergence, proceed to step 3, considering the series of absolute values Z |an|.
n=1
3. Isthe series similar to a p — series or geometric series? If so, try the comparison test or limit comparison test.
4. Do the terms in the series contain a factorial or power? If the terms are powers such that a, = b}}, try the root
test first. Otherwise, try the ratio test first.
5. Use the divergence test. If this test does not provide any information, try the integral test.

[»] MEDIA

Visit this website (http://www.openstax.org/l/20_series2) for more information on testing series for convergence,
plus general information on sequences and series.

EXAMPLE 5.25

Using Convergence Tests

For each of the following series, determine which convergence test is the best to use and explain why. Then determine if
the series converges or diverges. If the series is an alternating series, determine whether it converges absolutely,
converges conditionally, or diverges.

® n2+2n
a. =1 3 32
=1 pd +3n2+1

00
(=" GBrt1)
b. anl S Ontl)

n!
® n

e
C. Zn=1 n_3

00
3}'1
d. zn=1 (n+1)"

() Solution
a. Step 1. The series is not a p—series or geometric series.
Step 2. The series is not alternating.
Step 3. For large values of n, we approximate the series by the expression
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n* +2n n
n3 +3n2 + 1 n3

00

Therefore, it seems reasonable to apply the comparison test or limit comparison test using the series Z 1/n. Using

n=1
the limit comparison test, we see that
2 4302+ ) w +2n?
lim I = 3 ) =
00 In noo 10+ 307 + 1

o0

Since the series Z 1/n diverges, this series diverges as well.
n=1
b. Step 1.The series is not a familiar series.
Step 2. The series is alternating. Since we are interested in absolute convergence, consider the series
00
Z 3n
(n+ 1D

n=1

Step 3. The series is not similar to a p-series or geometric series.
Step 4. Since each term contains a factorial, apply the ratio test. We see that
. Bm+D)/(n+1)! . 3n+3 n! . 3n+3
D - G Sl M G DG D)
n—o n—o n—o

Therefore, this series converges, and we conclude that the original series converges absolutely, and thus converges.
c. Step 1. The series is not a familiar series.

Step 2. It is not an alternating series.

Step 3. There is no obvious series with which to compare this series.

Step 4. There is no factorial. There is a power, but it is not an ideal situation for the root test.

Step 5. To apply the divergence test, we calculate that

n
lim — = o,

3
n—oo n

Therefore, by the divergence test, the series diverges.
d. Step 1.This series is not a familiar series.
Step 2. Itis not an alternating series.
Step 3. There is no obvious series with which to compare this series.
Step 4. Since each term is a power of n, we can apply the root test. Since

n
lim {4 <i> = limi =0,
- n+1 ,,_,oo”+1

by the root test, we conclude that the series converges.

o n
5.23 For the series ZH:] 3,2,—+” determine which convergence test is the best to use and explain why.

In Table 5.3, we summarize the convergence tests and when each can be applied. Note that while the comparison test,
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00

00

limit comparison test, and integral test require the series Z ay to have nonnegative terms, if 2 ay, has negative terms,

00

n=1

these tests can be applied to Z |a, | to test for absolute convergence.

n=1
Series or Test

Divergence Test

00
For any series anl ay, evaluate
lim a,,.

n—o

Conclusions

If lim a, = 0, the test is

n— oo

inconclusive.

If lim a, # 0, the series

n—o

diverges.

n=1

Comments

This test cannot prove convergence of a
series.

Geometric Series

00

n—1
Zn=l ar

If |[r| < 1, the series
converges to
al(1-r).

If |[r| > 1, the series diverges.

Any geometric series can be reindexed to
be written in the form a + ar + ar® + ---,
where a is the initial term and r is the
ratio.

p-Series

00

ot
n=1 np

If p > 1, the series converges.

If p < 1, the series diverges.

For p = 1, we have the harmonic series

(2]

>y Ui,

Comparison Test

00
For anl a, with nonnegative terms,
compare with a known series

00

anl bu.

Ifa, < b, foralln > N and

2]

anl by converges, then

oo

Zn:l ay converges.

If ay, > b, foralln > N and

o]
Zm b, diverges, then

oo

anl a, diverges.

Typically used for a series similar to a
geometric or p-series. It can sometimes
be difficult to find an appropriate series.

Limit Comparison Test
o0
For anl a with positive terms,

24
compare with a series anl b, by

evaluating
L= lim 3%
n
n—o0

Table 5.3 Summary of Convergence Tests
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If L is a real number and
(o]
L#0,then )" _ a, and

24
Zn=1 by both converge or
both diverge.

o0
IfL=0and )’ _ b,

o0
converges, then anl an
converges.

Typically used for a series similar to a
geometric or p-series. Often easier to
apply than the comparison test.




Series or Test

Conclusions

0
If L = o and Zn:l by

o0
diverges, then anl an
diverges.

5.6 * Ratio and Root Tests

Comments

Integral Test

If there exists a positive, continuous,
decreasing function f such that

a, = f(n)foralln > N, evaluate

/ f(x)dx.
N

/N f(x)dx and anl an

both converge or both
diverge.

Limited to those series for which the
corresponding function f can be easily
integrated.

Alternating Series

Dot (C1 by or Y (=1)"b,

Ifb,e1 <b,foralln>1and
b, — 0, then the series
converges.

Only applies to alternating series.

Ratio Test

oo
For any series anl a, with nonzero

If 0 < p < 1, the series
converges absolutely.

Often used for series involving factorials
or exponentials.

00
For any series anl ay, let

p = lim {|a,|.
n—oo

t let .
er_mi, € Apg1 | If p> 1orp= o, the series
el 7 diverges
n— 00 .
If p =1, the testis
inconclusive.
Root Test If0 < p < 1, the series Often used for series where |a,| = b};.

converges absolutely.

If p> 1orp= o, the series

diverges.

If p =1, the testis
inconclusive.

Table 5.3 Summary of Convergence Tests

STUDENT PROJECT

Series Converging to 7 and 1/x

Dozens of series exist that converge to z or an algebraic expression containing z. Here we look at several examples
and compare their rates of convergence. By rate of convergence, we mean the number of terms necessary for a
partial sum to be within a certain amount of the actual value. The series representations of x in the first two
examples can be explained using Maclaurin series, which are discussed in the next chapter. The third example relies
on material beyond the scope of this text.

1. The series
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was discovered by Gregory and Leibniz in the late 1600s. This result follows from the Maclaurin series for

f(x)= tan~! x. We will discuss this series in the next chapter.
a. Prove that this series converges.
b. Evaluate the partial sums .S, for n = 10, 20, 50, 100.
c. Use the remainder estimate for alternating series to get a bound on the error R,,.
d. What is the smallest value of N that guarantees |Ry | < 0.01? Evaluate Sy .
2. The series

_ em
2+ (112 2041y

3L 5
)+ (3) 4

b4 —6Zn -0

3. 7
=6(4+55(5 2255+

has been attributed to Newton in the late 1600s. The proof of this result uses the Maclaurin series for
f(x) =sin"'x.

a. Prove that the series converges.
b. Evaluate the partial sums .S, for n = 5, 10, 20.
c. Compare S, to z for n = 5, 10,20 and discuss the number of correct decimal places.

3. The series

(4n) /(1103 + 26390n)
(n)*396%"

T

~ 9801 Z

was discovered by Ramanujan in the early 1900s. William Gosper, Jr,, used this series to calculate x to an accuracy
of more than 17 million digits in the mid-1980s. At the time, that was a world record. Since that time, this series
and others by Ramanujan have led mathematicians to find many other series representations for z and 1/z.
a. Prove that this series converges.
b. Evaluate the first term in this series. Compare this number with the value of z from a calculating utility. To
how many decimal places do these two numbers agree? What if we add the first two terms in the series?
c. Investigate the life of Srinivasa Ramanujan (1887-1920) and write a brief summary. Ramanujan is one of
the most fascinating stories in the history of mathematics. He was basically self-taught, with no formal
training in mathematics, yet he contributed in highly original ways to many advanced areas of mathematics.

L

SECTION 5.6 EXERCISES

2]

Use the ratio test to determine whether anl a, converges, where ay, is given in the following problems. State if the

ratio test is inconclusive.

317. a, = 1/n! 318. a, = 10"/n! 319. a, = n%/2"
(n")? 231 (p1)3
320. q, = n!0/2" 321. 322,
an =1 ) Gn)! ) Gn)!
n=1 n=1
(2n) 2n)! !
323. 324. 325.
r; n? ,; 2n)" r; (n/e)"
2 21 p1)?
326. ) (")2 327. Y ¢ "2)
=1 (nle)™ = ™
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5.6 * Ratio and Root Tests

Use the root test to determine whether Z a, converges, where ay, is as follows.

n=1

k 2n
_ ([ k=1\k _ (2k2-1 _ (nn
328. a; = (55) 329. aq; = ( P ) 330. a, = 5
331. a, = n/2" 332, a, = nle" 333. ;= &
e
334, q = & 335. a, = (L +1)" 336. a = —L—
© kT T T e Ton C T ek

For this exercise, let n start at 2.

(In(1+1In n))"
(In n)"

337. a, =

(2]

In the following exercises, use either the ratio test or the root test as appropriate to determine whether the series Z ay

k=1
with given terms a). converges, or state if the test is inconclusive.
_ k! _ 24:6--2k _ 147--Gk=2)
338. @ = 1333 339. ax = T 340. a = — 7
341. a —(1—l)"2 342. a —(L+L+---+l)k 343. g = (A + 5 + -+L)k
- an = n kT ST T k2 2k Yk Tt T k2 3k

(Hint: Compare a,lc/k to

det)
koot

(2]

344. a, = (0" - 1)"

Use the ratio test to determine whether Z a, converges, or state if the ratio test is inconclusive.

n=1

345, Z 3 346. Z s

n12n

(2]

Use the root and limit comparison tests to determine whether Z a, converges.

n=1
347. a, = 1/x}} where
Xn+1 = %xn + ﬁ,
x1 = 1 (Hint: Find limit of
{xn}.)

In the following exercises, use an appropriate test to determine whether the series converges.

00

1 -1 n+1 1 1 2
348, Z ("+ ) 349, Z _EDT @+ D) 350 3 2 tD”
n+n+n+1 n +3n2 +3n+1 &+ (1)
00
(n—=1)" T\ 2k
351. m 352. a, = (1 + —2) (Hint: 353. ajp = 1/250
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354. g = 2—sin(/k) 355, g, =1/ (" +
n _ n!
k)~ Kn—h
3k
357. ay = 2K/ 358. a; = (Hint:
k k
a (1 k ) (k/lnk)lnk
k =

—lnk )

The following series converge by the ratio test. Use summation by parts,

n

Z ar (b1 — bi) =

k=1 k=1

00
k
360. Z -
k=1

and by =217k

00

2 k,wherec>1
k=1

(Hint: Take ay, = k and
by = A Kie=1).)

(Hint: Take ay, = k

2
363. Z (n+ 1)

n=1

The kth term of each of the following series has a factor x
series converges.

00 [
Xk x2k
364. kzl = 365. 1;1 =

X
2

367. 368. Does there exist a
number p such that
00
2n
Z — converges?
npP
n=1
370. Suppose that 371. Suppose that
lim "'H = p. For which lim a';—:l = p. For which
n—o n— oo
00 00
values of p must ZZ”an values of r > Q'is Zr"an
n=1 n=1
converge? guaranteed to converge?
373. Forwhichvaluesofr >0,  374. Suppose that
o (l'Zz—+2~§r<lf0ralln.
n
if any, does Z r\/z Can you conclude that
n=1 00
converge? (Hint:
ge? Z a, converges?
o 2
(k+1)7—1 n=1

o
Law=2 2 )
n=1 k=1 p—i2
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366.

369.

372.

375.

2> where 356. a; =1/ (Zk)
n k

359. a; = (4 k)Zk

[u—

akz( +lnT

[H”+1 by+1 — ay bl] — 2 biet1 ((lk+1 — ak) , to find the sum of the given series.

k. Find the range of x for which the ratio test implies that the

“ ok
X
2

Let 0 < r < 1. For which
real numbers p does

00

Z nP " converge?

n=1

Suppose that

L] < (n+ 1P for all
n=1,2,...wherepisa
fixed real number. For
which values of p is

00

Z n! a, guaranteed to
n=1
converge?

Let a, = 271721 where [x]
is the greatest integer
less than or equal to x.
Determine whether

00

Z ay converges and
n=1
justify your answer.

X )—(k/ln k)Ink2



5.6 * Ratio and Root Tests

The following advanced exercises use a generalized ratio test to determine convergence of some series that arise in

particular applications when tests in this chapter, including the ratio and root test, are not powerful enough to determine
. a L. a

their convergence. The test states that if lim %n” < 1/2, then Z ay, converges, while if lim % > 1/2, then Z a,

diverges.

376.

378.

Let

a, = 1 2n—1 _ 1.3:5---(2n—1)

=135, =
"= 468 " mr2 27 (n+1)!
Explain why the ratio test cannot

00

determine convergence of 2 an.
n=1
Use the fact that 1 — 1/(4k) is

. . . . a
Increasing k to estimate lim %nn.
n—00

pnn
Leta, = W Show

a
that% —0asn— o,
n

n—oo

12 . n 1 _ (n=D)!
I+x 24x n+x n = (14+x)2+x)-(n+x) "

Show that ay,,/a, < e~*2/2. For which
x > 0 does the generalized ratio test imply

ap =

00

convergence of Z a,? (Hint: Write 2ay,/a,
n=1

as a product of n factors each smaller than

1/(1 4+ x/(2n)).)
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Chapter Review
Key Terms

00 00
absolute convergence if the series anl |a, | converges, the series an] ay is said to converge absolutely

o0 [+

alternating series a series of the form anl (—1)”+1 b, or anl (=1)"by,, where b, > 0, is called an alternating
series

alternating series test for an alternating series of either form, if b,;1 < b, for all integersn > 1 and b, — 0, then an
alternating series converges

arithmetic sequence a sequence in which the difference between every pair of consecutive terms is the same is called
an arithmetic sequence

bounded above a sequence {a,} is bounded above if there exists a constant M such that a, < M for all positive

integers n

bounded below a sequence {a,} is bounded below if there exists a constant M such that M < a, for all positive
integers n

bounded sequence a sequence {a,} is bounded if there exists a constant M such that |a,| < M for all positive
integers n

00 00
comparison test if0 <a, < b, foralln> N and anl b, converges, then anl ay converges; if a, > b, > 0 for all
00 00
n> N and Zn=1 by diverges, then anl ay diverges

00 00 00
conditional convergence if the series anl ay converges, but the series anl |an| diverges, the series anl ay is
said to converge conditionally
convergence of a series a series converges if the sequence of partial sums for that series converges
convergent sequence a convergent sequence is a sequence {ay } for which there exists a real number L such that a,
is arbitrarily close to L as long as n is sufficiently large
divergence of a series a series diverges if the sequence of partial sums for that series diverges
00
divergence test if lim a, # 0, then the series anl ay diverges
n— 00
divergent sequence a sequence that is not convergent is divergent
explicit formula a sequence may be defined by an explicit formula such that a, = f (n)
geometric sequence a sequence {a,} in which the ratio a,/a, is the same for all positive integers n is called a
geometric sequence
geometric series a geometric series is a series that can be written in the form

00
§ ar" ' =a+ar+ar® +ar + -
n=1

harmonic series the harmonic series takes the form

[o ]
21—1+1+1+
n_ 2 3

n=1

index variable the subscript used to define the terms in a sequence is called the index
infinite series an infinite series is an expression of the form

00
ay+ay+az+--= E ap
n=1

00

integral test for a series E e @n with positive terms a,, if there exists a continuous, decreasing function f such

that f (n) = a, for all positive integers n, then
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2 anand/ f(x)dx
n=1 1

either both converge or both diverge

o0 o
limit comparison test suppose a,, b, > Oforall n > 1.1f lim a,/b, — L #0,then )" _ @, and ). _ b, both

n— oo

00 00
converge or both diverge; if lim a,/b, — 0 and anl b, converges, then an] ay, converges. If lim a,/b, — ®,

n—o n— 00

00 00
and anl by, diverges, then anl a, diverges
limit of a sequence the real number L to which a sequence converges is called the limit of the sequence
monotone sequence an increasing or decreasing sequence

00

p-series a series of the form E =1 1/nP

00
partial sum the kth partial sum of the infinite series E ey 9n is the finite sum
k
Sk = § ap=ay+ay+az+--+ag
n=1

00
ratio test for a series anl a, with nonzero terms, let p = lim |a,41/a,|; if 0 < p < 1, the series converges

n—o

absolutely; if p > 1, the series diverges; if p = 1, the test is inconclusive
recurrence relation a recurrence relation is a relationship in which a term a, in a sequence is defined in terms of
earlier terms in the sequence

00

remainder estimate for a series E ay, with positive terms a, and a continuous, decreasing function f such that

n=1

o0 N
f (n) = a, for all positive integers n, the remainder Ry = E ney 9n E ney 91 satisfies the following estimate:

00

f(x)dx<RN</ f(x)dx
N

N+1

00
root test for a series anl ay, let p = lim {/|a,|; if 0 < p < 1, the series converges absolutely; if p > 1, the series

n—o

diverges; if p = 1, the test is inconclusive
sequence an ordered list of numbers of the form a;, ap, as,... is a sequence
telescoping series a telescoping series is one in which most of the terms cancel in each of the partial sums
term the number a, in the sequence {a, } is called the nth term of the sequence
unbounded sequence a sequence that is not bounded is called unbounded

Key Equations
. . 1
Harmonic series = 1 1,1, .
> —=l4 gyt
n=1
Sum of a geometric series Z a1l = 4 for Ir] < 1
1-r

n=1
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(2]

Divergence test Ifa, » 0asn — o, Z a, diverges.
n=1
00
p-series Z 1 f convergesif p > 1
~ nP | divergesifp <1

00 00
Remainder estimate from the integral test / f(x)dx < Ry < / f(x)dx
N+1 N

oo

D (=)™ by = by = by + b3 — by + -+ or

Alternating series "~

2]

D (=1)"by = =by + by — by + by — -+

n=1

Key Concepts
5.1 Sequences

+ To determine the convergence of a sequence given by an explicit formula a,, = f(n), we use the properties of limits
for functions.

« If{a,}and {b,} are convergent sequences that converge to A and B, respectively, and c is any real number, then
the sequence {ca, } converges to c - A, the sequences {a, + b, } converge to A + B, the sequence {a, - b, }
converges to A - B, and the sequence {a,/b, } converges to A/B, provided B # 0.

+ If a sequence is bounded and monotone, then it converges, but not all convergent sequences are monotone.

+ If a sequence is unbounded, it diverges, but not all divergent sequences are unbounded.

» The geometric sequence {r"} converges if and only if |[r] < 1 or r = 1.

5.2 Infinite Series

* Given the infinite series

o0

Zan:a1+a2 +a3+...

n=1
and the corresponding sequence of partial sums {.Sj } where
k

Sk = E ap =ay +ay +az + - +ag,

n=1

the series converges if and only if the sequence {.S} } converges.
00
+ The geometric series Zn—l a1 converges if |[r|] < 1 and divergesiif |[r| > 1. For |r| < 1,

00
n—1 a
ar = .
Z 1—r

n=1

* The harmonic series
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5« Chapter Review 465

00
21—1+1+1+
n_ 2 3

n=1

diverges.

00

» Aseries of the form Z [by —byy1]1=1by — bl +1[by —b3]+[b3 — bg]l+ -+ [by —byy1]+ -
n=1
is a telescoping series. The kth partial sum of this series is given by Sy = by — by . The series will converge if and
only if lim by exists. In that case,

k—o00

00

D by = bugr]= by = lim (beyr).

n=1 k— o0

5.3 The Divergence and Integral Tests

o0

« If lim a, # 0, then the series Z

e @n diverges.
n—oo -
00
« If lima, = 0, the series E ,—1 @n May converge or diverge.
n—oo

00
o If E e @n is a series with positive terms a, and f is a continuous, decreasing function such that f (n) = a, for all
positive integers n, then

o0

Z anand/ f(x)dx
1

n=1

00

either both converge or both diverge. Furthermore, if Z ap converges, then the Nth partial sum

n=1

00

00
approximation Sy is accurate up to an error Ry where f(x)dx < Ry < / f(x)dx.
N+1 N

00

+ The p-series anl 1/nP converges if p > 1 and divergesif p < 1.

5.4 Comparison Tests

+ The comparison tests are used to determine convergence or divergence of series with positive terms.
00
* When using the comparison tests, a series an] ay is often compared to a geometric or p-series.

5.5 Alternating Series

00
« For an alternating series anl (=D)*1p,, if br+1 < by forall k and by — 0 as k — o, the alternating series

converges.
2] (oo}
. If anl |a, | converges, then anl ap converges.

5.6 Ratio and Root Tests

* For the ratio test, we consider
anpy1

p = lim

n— o

an
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o]

If p < 1, the series Z a, converges absolutely. If p > 1, the series diverges. If p = 1, the test does not provide any
n=1
information. This test is useful for series whose terms involve factorials.

* For the root test, we consider
p = lim {/|a,|.
n—o

oo

If p < 1, the series 2 ay, converges absolutely. If p > 1, the series diverges. If p = 1, the test does not provide any
n=1
information. The root test is useful for series whose terms involve powers.
+ For a series that is similar to a geometric series or p — series, consider one of the comparison tests.

Review Exercises

True or False? Justify your answer with a proof or a counterexample.

00 00 00
379. If lima, =0, then Z ap 380. If lim a, # 0, then Z an 381. If Z |a,| converges,
n— 00 n=1 n—oo n=1 n=1
converges. diverges. ©

then Z a, converges.

n=1

00

382. If Z 2"a, converges,
n=1

00
then E (=2)"ay,
n=1

converges.

Is the sequence bounded, monotone, and convergent or divergent? If it is convergent, find the limit.

_ 34n? —1n (1 _ In(m+D
383. ap = - 384. a, =1In(5) 385. g, = o
n+1 1
386. a, = 2 387. a, = o)
Is the series convergent or divergent?
00 00 00
1 n+1 n
388. . B 389. In 390. —
r;n2+5n+4 ,Z{ < h > ,;’ﬁ
00 00
n
301, Y & 392, Y p 01
n!
n=1 n=1
Is the series convergent or divergent? If convergent, is it absolutely convergent?
[e} 00 00
(=1 (=1)"n! (=1)"n!
393. ) 394, ) —— 395 ) ——
n=1 \/E n=1 3 n=1 n
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00
nr
396. i (— )
Z sin 2
n=1
Evaluate

2n+4
398. T

n=1

n

397. cos (zn)e™

n=1

00

1
39 Z{ (n+ D(n+2)

400.

5 « Chapter Review

A legend from India tells
that a mathematician
invented chess for a king.
The king enjoyed the
game so much he allowed
the mathematician to
demand any payment.
The mathematician asked
for one grain of rice for
the first square on the
chessboard, two grains of
rice for the second square
on the chessboard, four
grains of rice for the third
square on the
chessboard, and so on.
Find an exact expression
for the total payment (in
grains of rice) requested
by the mathematician.
Assuming there are
30,000 grains of rice in 1
pound, and 2000 pounds
in 1 ton, how many tons
of rice did the
mathematician attempt to
receive?

The following problems consider a simple population model of the housefly, which can be exhibited by the recursive
formula x,1 = bx,, where x, is the population of houseflies at generation n, and b is the average number of offspring
per housefly who survive to the next generation. Assume a starting population x.

401. Find lim x, ifb> 1,

n—o

b<1l,andb=1.

404. For what values of b will
the series converge and
diverge? What does the
series converge to?

402. Find an expression for

n
Sy = Z x; interms of b
i=0
and xg. What does it
physically represent?

403.

If b= 3 and xo = 100,
find S19 and lim S,

n—oo

467
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"~

RIES

Figure 6.1 If you win a lottery, do you get more money by taking a lump-sum payment or by accepting fixed payments
over time? (credit: modification of work by Robert Huffstutter, Flickr)

Chapter Outline

6.1 Power Series and Functions
6.2 Properties of Power Series
6.3 Taylor and Maclaurin Series
6.4 Working with Taylor Series

-/ Introduction

When winning a lottery, sometimes an individual has an option of receiving winnings in one lump-sum payment or
receiving smaller payments over fixed time intervals. For example, you might have the option of receiving 20 million
dollars today or receiving 1.5 million dollars each year for the next 20 years. Which is the better deal? Certainly 1.5
million dollars over 20 years is equivalent to 30 million dollars. However, receiving the 20 million dollars today would
allow you to invest the money.

Alternatively, what if you were guaranteed to receive 1 million dollars every year indefinitely (extending to your heirs) or
receive 20 million dollars today. Which would be the better deal? To answer these questions, you need to know how to
use infinite series to calculate the value of periodic payments over time in terms of today’s dollars (see Example 6.7).

00

An infinite series of the form Z ¢, x" is known as a power series. Since the terms contain the variable x, power series
n=0

can be used to define functions. They can be used to represent given functions, but they are also important because they

allow us to write functions that cannot be expressed any other way than as “infinite polynomials.” In addition, power

series can be easily differentiated and integrated, thus being useful in solving differential equations and integrating

complicated functions. An infinite series can also be truncated, resulting in a finite polynomial that we can use to

469
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approximate functional values. Power series have applications in a variety of fields, including physics, chemistry, biology,
and economics. As we will see in this chapter, representing functions using power series allows us to solve mathematical
problems that cannot be solved with other techniques.

6.1 Power Series and Functions

Learning Objectives
6.1.1 Identify a power series and provide examples of them.
6.1.2 Determine the radius of convergence and interval of convergence of a power series.
6.1.3 Use a power series to represent a function.

A power series is a type of series with terms involving a variable. More specifically, if the variable is x, then all the terms
of the series involve powers of x. As a result, a power series can be thought of as an infinite polynomial. Power series are
used to represent common functions and also to define new functions. In this section we define power series and show
how to determine when a power series converges and when it diverges. We also show how to represent certain
functions using power series.

Form of a Power Series
A series of the form

00

Z enx =co +c1x + cpx? + e,
n=0

where x is a variable and the coefficients ¢, are constants, is known as a power series. The series

00
1+x+x2+~--=2x"
=0

is an example of a power series. Since this series is a geometric series with ratio r = x, we know that it converges if
|x] < 1 and divergesiif |x| > 1.

Definition

A series of the form

z ) (6.1)
Z enx" =coptepx+oaxt + -
n=0
is a power series centered at x = 0. A series of the form
00
; (6.2)
ch(x—a)" =cygtc(x—a)+c(x—a) + -
n=0

is a power series centered at x = a.

To make this definition precise, we stipulate that x¥ =1land (x —a)? = 1 evenwhen x =0 and x = q, respectively.

The series
00
x" 2 X3
LTI T
n=0
and
00
Dol =1+ x 4207 + 307 + o
n=0
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6.1 - Power Series and Functions

are both power series centered at x = 0. The series

Z(x—z)" x—2+(x—2)2 (x=2)°
S 230 3.32 4.33

is a power series centered at x = 2.

Convergence of a Power Series

Since the terms in a power series involve a variable x, the series may converge for certain values of x and diverge for
other values of x. For a power series centered at x = a, the value of the series at x = a is given by ¢y. Therefore, a power
series always converges at its center. Some power series converge only at that value of x. Most power series, however,
converge for more than one value of x. In that case, the power series either converges for all real numbers x or

00
converges for all xin a finite interval. For example, the geometric series Z x" converges for all xin the interval (-1, 1),
n=0
but diverges for all x outside that interval. We now summarize these three possibilities for a general power series.

Theorem 6.1

Convergence of a Power Series
00
Consider the power series Z cn(x — a)". The series satisfies exactly one of the following properties:
n=0

i. The series converges at x = a and diverges for all x # a.

ii. The series converges for all real numbers x.

iii. There exists a real number R > 0 such that the series converges if |x — a| < R and diverges if |[x — a| > R. At

the values xwhere |x — a| = R, the series may converge or diverge.

Proof
Suppose that the power series is centered at a = 0. (For a series centered at a value of a other than zero, the result

]

follows by letting y = x — a and considering the series z cny".) We must first prove the following fact:
n=1

00 00

If there exists a real number d # 0 such that Z cnd” converges, then the series Z ¢y x" converges absolutely for all x
n=0 n=0
such that |x| < |d].

00

Since Z cnd" converges, the nth term ¢,d" — 0 as n — . Therefore, there exists an integer N such that |c,d"| < 1 for
n=0
alln > N. Writing

lenx"| = lend"|

x|n
E”

X n
ot <[3

we conclude that, foralln > N,

The series

n

o0
X
Z 3
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o

is a geometric series that converges if ’%’ < 1. Therefore, by the comparison test, we conclude that Z cnx" also
n=N

00

converges for |x| < |d| . Since we can add a finite number of terms to a convergent series, we conclude that z cnx"
n=0
converges for |x| < |d| .

With this result, we can now prove the theorem. Consider the series

00

3 o

n=0

and let S be the set of real numbers for which the series converges. Suppose that the set S = {0} . Then the series falls
under case i. Suppose that the set Sis the set of all real numbers. Then the series falls under case ii. Suppose that

S # {0} and Sis not the set of real numbers. Then there exists a real number x* # 0 such that the series does not
converge. Thus, the series cannot converge for any x such that |x| > |x*| . Therefore, the set Smust be a bounded set,
which means that it must have a smallest upper bound. (This fact follows from the Least Upper Bound Property for the
real numbers, which is beyond the scope of this text and is covered in real analysis courses.) Call that smallest upper
bound R. Since S # {0}, the number R > 0. Therefore, the series converges for all x such that |x| < R, and the series
falls into case iii.

d

00

If a series Z cn(x — a)" falls into case iii. of Convergence of a Power Series, then the series converges for all x such that
n=0
|x — a| < Rforsome R > 0, and diverges for all x such that |x — a| > R. The series may converge or diverge at the

00

values x where |x — a| = R. The set of values x for which the series Z cn(x — a)" converges is known as the interval of
n=0
convergence. Since the series diverges for all values x where |x — a| > R, the length of the interval is 2R, and therefore,

00

the radius of the interval is R. The value Ris called the radius of convergence. For example, since the series Z x"
n=0

converges for all values xin the interval (—1, 1) and diverges for all values x such that |x| > 1, the interval of

convergence of this series is (—1, 1) . Since the length of the interval is 2, the radius of convergence is 1.

Definition

00

Consider the power series Z ¢y (x —a)". The set of real numbers x where the series converges is the interval of
n=0

convergence. If there exists a real number R > 0 such that the series converges for |x — a| < R and diverges for

|x —a| > R, then Ris the radius of convergence. If the series converges only at x = a, we say the radius of

convergence is R = 0. If the series converges for all real numbers x, we say the radius of convergenceis R = ®

(Figure 6.2).
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Diverges Converges Diverges
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Diverges Converges Diverges
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-
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Figure 6.2 For a series Z cn(x — a)"" graph (a) shows a radius of convergence at R = 0, graph (b) shows a radius of
n=0

convergence at R = @, and graph (c) shows a radius of convergence at R. For graph (c) we note that the series may or

may not converge at the endpointsx =a+ Randx =a— R.

To determine the interval of convergence for a power series, we typically apply the ratio test. In Example 6.1, we show
the three different possibilities illustrated in Figure 6.2.

EXAMPLE 6.1

Finding the Interval and Radius of Convergence
For each of the following series, find the interval and radius of convergence.

00
n

x
.
n!

n=0
00
b. z nlx"
n=0
00
x—=2)"
< 2 (Ez n 1))3"
n=0
) Solution

a. To check for convergence, apply the ratio test. We have
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xhtl

(n+1)!
xn
!

p = lim

n— oo

xl’l+1 n!

= lim m'xn

n—00

xn+1 n!

= lim |\ 2o o

n—oo

= lim|

n—o

il
n+1

= im -
= |x| lim |
n— 00

=0<1

for all values of x. Therefore, the series converges for all real numbers x. The interval of convergence is (—00, 00)

and the radius of convergenceis R = .

b. Apply the ratio test. For x # 0, we see that

(n+D1x"+]
nlx"

p = lim

n— o0

lim |(n+ 1) x|

n— o0

|x] lim (n+ 1)

n—oo

Therefore, the series diverges for all x # 0. Since the series is centered at x = 0, it must converge there, so the
series converges only for x = 0. The interval of convergence is the single value x = 0 and the radius of convergence
is R=0.
c. Inorder to apply the ratio test, consider
(x—2)"+1
(n+2)3n+1
(x=2)"
(n+1)3"

p = lim

n—o

=2 @rn3”
(n+2)3"+1 (x=2)"

n— oo

(x=2)(n+1)
3(n+2)

lim
n—oo

|x—2|
-

The ratio p < 1if |[x — 2| < 3. Since |[x — 2| < 3 implies that —3 < x — 2 < 3, the series converges absolutely if
—1 < x < 5.Theratio p > 1 if |x — 2| > 3. Therefore, the series diverges if x < —1 or x > 5. The ratio test is

inconclusive if p = 1. The ratio p = 1 if and only if x = —1 or x = 5. We need to test these values of x separately. For
x = —1, the series is given by
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6.1 - Power Series and Functions

Since this is the alternating harmonic series, it converges. Thus, the series converges at x = —1. For x = 5, the
series is given by

This is the harmonic series, which is divergent. Therefore, the power series diverges at x = 5. We conclude that the
interval of convergence is [—1, 5) and the radius of convergenceis R = 3.

2]

X”
6.1 Find the interval and radius of convergence for the series Z —.
n

n=1
Representing Functions as Power Series

Being able to represent a function by an “infinite polynomial” is a powerful tool. Polynomial functions are the easiest
functions to analyze, since they only involve the basic arithmetic operations of addition, subtraction, multiplication, and
division. If we can represent a complicated function by an infinite polynomial, we can use the polynomial representation
to differentiate or integrate it. In addition, we can use a truncated version of the polynomial expression to approximate
values of the function. So, the question is, when can we represent a function by a power series?

Consider again the geometric series
i (6.3)
1+x+x2+x3+---=2x”. .
n=0
Recall that the geometric series

a+ar+ar® +ar’ + -

converges if and only if |r| < 1.In that case, it converges to ﬁ Therefore, if |x| < 1, the series in Example 6.3
converges to % and we write

1
1+x+x2+x3+---=1 for |x| < 1.

- X

As a result, we are able to represent the function f (x) = 1T1x by the power series

1+x+x>+x>+ - when |x| < 1.

We now show graphically how this series provides a representation for the function f (x) = ﬁ by comparing the graph
of fwith the graphs of several of the partial sums of this infinite series.

EXAMPLE 6.2

Graphing a Function and Partial Sums of its Power Series

N

Sketch a graph of f(x) = ﬁ and the graphs of the corresponding partial sums Sy (x) = Z x" for N = 2,4,6 on the
n=0

interval (—1, 1) . Comment on the approximation .S as Nincreases.

Solution
From the graph in Figure 6.3 you see that as N increases, .Sy becomes a better approximation for f (x) = % for xin
the interval (-1, 1).
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S

-1 -05 05 1 X
Figure 6.3 The graph shows a function and three approximations of it by partial sums of a power series.

N
6.2 Sketch a graph of f(x) = L and the corresponding partial sums Sy (x) = Z x> for N = 2,4,6 on

1—x2
g n=0

the interval (—1,1).

Next we consider functions involving an expression similar to the sum of a geometric series and show how to represent
these functions using power series.

EXAMPLE 6.3

Representing a Function with a Power Series
Use a power series to represent each of the following functions f. Find the interval of convergence.

a.

b.

fx)=—5
fx)==

Solution

You should recognize this function fas the sum of a geometric series, because
1 1

1+x3 11— (=x3)

Using the fact that, for |r| < 1, ﬁ is the sum of the geometric series

00

Zar" =a+ar+ar’ + -,
n=0

we see that, for |—x3| <1,

1+x3 1—(—x3)

Il
M
—

Y
W
~
=

=1-x3+x0-x" 4.

Since this series converges if and only if |—x3| < 1, the interval of convergence is (—1, 1), and we have

=1-x>+x%=x% + - for |x| < 1.

1+x3
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6.1 - Power Series and Functions

b. This function is not in the exact form of a sum of a geometric series. However, with a little algebraic manipulation,
we can relate fto a geometric series. By factoring 4 out of the two terms in the denominator, we obtain

X2 — X2
4—X2 x2
(-2
x2

Therefore, we have

|
M
N
—
| =
SN———
S

The series converges as long as

(%)2| < 1 (note that when

(%)2) = 1 the series does not converge). Solving this

inequality, we conclude that the interval of convergence is (-2, 2) and

00
) x2n+2

2 n+1
4—x n=04

4 6
X X X
=X X 4 X 4.
4 42 4
for |x| < 2.
: . X3 . ) ) )
6.3 Represent the function f (x) = -5 Using a power series and find the interval of convergence.

In the remaining sections of this chapter, we will show ways of deriving power series representations for many other
functions, and how we can make use of these representations to evaluate, differentiate, and integrate various functions.

L

SECTION 6.1 EXERCISES
In the following exercises, state whether each statement is true, or give an example to show that it is false.
(o} 00
1. If Z a,x" converges, then 2. Z a,x" convergesatx =0 3. Given any sequence ay,
n=1 n=1 there is always some R > 0,
apx" = 0asn — o, for any real numbers ay,. possibly very small, such

00

that Z a,x" converges on
n=1

(-R.R).

477



478 6« Power Series

4. If
n=1
convergence R > 0 and if
|bn| < |ay| forall n, then
the radius of convergence of

a,x" has radius of

00

Z bpx" is greater than or
n=1
equal to R.

00

5. Suppose that Z an(x —3)"
n=0

converges at x = 6. At
which of the following
points might the series
diverge? Use the fact that if
2 ay(x — ¢)"* converges at
X, then it converges at any
point closer to cthan x.

a. x=1

b. x=2

¢ x=3

d x=0

e. x=599

f. x =0.000001

00

6. Suppose that Z an(x+1)"
n=0

converges at x = —2. At
which of the following
points must the series also
converge? Use the fact that
if Z an(x — ¢)"* converges
at x, then it converges at
any point closer to cthan x.

a. x=2

b. x=-1

c. x=-3

d x=0

e. x=0.99

f. x =0.000001

a
In the following exercises, suppose that )Z—:I| — 1 asn — . Find the radius of convergence for each series.

00
7. 2 a2 x"
=0

ap(=D)"x"
10. _

® n
8 Y a’;f

n=0

00

1. Z an(=1)"x2"

n=0

nxn

00
ap
25
el’l

n=0

2]

12. Z an(—4)"x"
n=0

In the following exercises, find the radius of convergence R and interval of convergence for 2 a,x" with the given

coefficients ay,.

(2x)"
13,

2]
nx"
16. Z i
n=1

19.

(2]
n n
22. Z =D ln)EZn)
n=1

00
17. Y o

00
20. Z%

xn
14. (—1)”—
200

(2]

nx"

15. ) >
n=1

* k

kéx

w3
k=1

10" x"

21.
n!

n=1

In the following exercises, find the radius of convergence of each series.

(k)2 xk

23. 7(2k) ]

k=1
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6.1 - Power Series and Functions

00 00
Z 2-4-6- kak 27. Z X Where 28. ZSinznx"

(2k)’ n=1 <2n> n=1
n
ny _ n!
k ~ k!(n—k)!

In the following exercises, use the ratio test to determine the radius of convergence of each series.

o0

00
n! 3 23n(n|)3 n!
x" 30. —x" 31 —x"

2 Z (3n)! nh

n=1 n=1

00

@2n)! ,

32. ) X

n=1
In the following exercises, given that +— z x"* with convergence in (—1, 1), find the power series for each function

n=0

with the given center a, and identify its interval of convergence.
33. f(x)=1;a=1(Hint: 34. f(x):l;z;azo 35 f(x)= a=0

1 _ 1 -

x = 1—(1—x))

1 .. _ _ x> =1 .,
36. f(x)—1+x2,a—0 37. f(x)—1+x2,a—0 38. f(x)—z_x,a—l
39, f(x):l_lﬁ;a:(), 40. f(x):ﬁ;a:o 41. f(x): a=0
42. f(x)= <2 =2
V= ST

Use the next exercise to find the radius of convergence of the given series in the subsequent exercises.

00

k

. . X k

43. Explain why, if 44. —_— 45,

P n 2(2k+3> *
la,|""" — r >0, then n=1

nll/n

|@nx - |x|r<1
whenever |x| < % and,
therefore, the radius of

00

convergence of Z a,x" is
n=1

(29
2k - 1\" Un _ )"
46. 2 =) «x 47. Z an = (n'" = 1)"x" 48. Suppose that
n=1 00
p(x) = Z a,x" such that
n=0
an = 0if nis even. Explain
why p(x) = —p(=x).
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49. Suppose that 50. Suppose that 51. Suppose that
00 00 00
p(x) = 2 a,x" such that p(x) = 2 a,x" converges p(x) = 2 a,x" converges

n=0
a, = 0if nis odd. Explain
why p(x) = p(=x).

n=0
on (—1,1]. Find the
interval of convergence of
p(Ax).

n=0
on (-1, 1]. Find the
interval of convergence of
pR2x—1).

oo

9n+1
an

In the following exercises, suppose that p (x) = Z a,x" satisfies lim
n=0

= 1 where a, > 0 for each n. State whether
n— 00

each series converges on the full interval (—1, 1), or if there is not enough information to draw a conclusion. Use the
comparison test when appropriate.

00 00 00
52. 2 apx>" 53. Z app x> 54, z az, x" (Hint: X = i\/x2>
n=0 n=0 n=0
2]
2
55. Z a, x"" (Hint: Let 56. Suppose that p(x)isa 57. [T]Plot the graphs of ﬁ

n=0
by =ay ifk = n? for some
n, otherwise b, = 0.)

58. [T] Plot the graphs of

59.

polynomial of degree N.
Find the radius and interval
of convergence of

Z p(n)x".
n=1

[T] Plot the graphs of the 60.

and of the partial sums
N

SN = Z x" for
=0

n = 10, 20, 30 on the
interval [—0.99,0.99].
Comment on the
approximation of ﬁ by
Sn near x = —1 and near
x =1 as Nincreases.

[T] Plot the graphs of the

—In (1 — x) and of the N n partial sums
N _n partial sums S, = z — N
. X n2 . n
partial sums Sy = Z — n=1 SN = 2 sinnx” for
=1 for n = 10, 50, 100 on the =1

for n = 10, 50, 100 on the
interval [—0.99,0.99].

interval [-0.99,0.99].
Comment on the behavior

n = 10,50, 100 on the
interval [—0.99,0.99].

Comment on the behavior of the sums near x = —1 Comment on the behavior
of the sums near x = —1 andnearx =1asN of the sums near x = —1
andnearx=1asN increases. andnearx=1asN
increases. increases.
61. [T] Plot the graphs of the 62. [T]Plot the graphs of the
partial sums partial sums
N x2n+1 N x2n
Sy = 1) — Sy = -1 for
N nz::f)( S G N ZB( ) am

forn =3,5,10 on the
interval [-2r,27].
Comment on how these
plots approximate sinx as
Nincreases.
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6.2 « Properties of Power Series

6.2 Properties of Power Series

Learning Objectives
6.2.1 Combine power series by addition or subtraction.
6.2.2 Create a new power series by multiplication by a power of the variable or a constant, or by substitution.
6.2.3 Multiply two power series together.
6.2.4 Differentiate and integrate power series term-by-term.

In the preceding section on power series and functions we showed how to represent certain functions using power
series. In this section we discuss how power series can be combined, differentiated, or integrated to create new power
series. This capability is particularly useful for a couple of reasons. First, it allows us to find power series representations
for certain elementary functions, by writing those fulnctions in terms of functions with known power series. For ex?mple,

given the power series representation for f (x) = T—x>Wecan find a power series representation for f/ (x) = 2
—X

Second, being able to create power series allows us to define new functions that cannot be written in terms of
elementary functions. This capability is particularly useful for solving differential equations for which there is no solution
in terms of elementary functions.

Combining Power Series

If we have two power series with the same interval of convergence, we can add or subtract the two series to create a
new power series, also with the same interval of convergence. Similarly, we can multiply a power series by a power of x
or evaluate a power series at x™ for a positive integer m to create a new power series. Being able to do this allows us to
find power series representations for certain functions by using power series representations of other functions. For
example, since we know the power series representation for f (x) = ﬁ, we can find power series representations for
related functions, such as

3x

- X

andy =

x-1Dx=-3)

In Combining Power Series we state results regarding addition or subtraction of power series, composition of a power
series, and multiplication of a power series by a power of the variable. For simplicity, we state the theorem for power
series centered at x = 0. Similar results hold for power series centered at x = a.

Theorem 6.2

Combining Power Series
00 00
Suppose that the two power series Z cyx" and Z d,x" converge to the functions fand g, respectively, on a
n=0 n=0
common interval L

00
i. The power series Z (enx" + dyx") convergesto f+ gon L.
n=0
00
ii. For anyinteger m > 0 and any real number b, the power series Z bx" ¢, x" converges to bx™ f (x) on L
n=0
00
iii. Foranyinteger m > 0 and any real number b, the series Z cn (bx’")" converges to f (bx™) for all x such that
n=0
bx™ isin L

Proof

00 00 00

We prove i. in the case of the series Z (enx" + dnx") . Suppose that Z cpx" and Z dyx" converge to the functions f
n=0 n=0 n=0
and g, respectively, on the interval L Let x be a pointin Iand let Sn (x) and Ty (x) denote the Nth partial sums of the
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00 00

series 2 cpx" and 2 d,x", respectively. Then the sequence {.Sn (x)} converges to f (x) and the sequence {Tn (x)}
n=0 n=0

00

converges to g (x) . Furthermore, the Nth partial sum of 2 (cnx" + d,,x") is

n=0
N N N
Z (enx" +dpx") = Z X" + Z dpx"
n=0 n=0 n=0

=SN(X)+TN(X).
Because

Iim (Sy (x)+Tn (x)) = lim Sy (x)+ lim Ty (x)

N—-ow N-ooo N—oo
=f(x)+gx),
00

we conclude that the series Z (c,, X" +dy x") convergesto f(x) + g(x).
n=0

d

We examine products of power series in a later theorem. First, we show several applications of Combining Power Series
and how to find the interval of convergence of a power series given the interval of convergence of a related power
series.

EXAMPLE 6.4

Combining Power Series
24 00
Suppose that Z ayx" is a power series whose interval of convergence is (—1, 1), and suppose that Z bpx" is a power
n=0 n=0
series whose interval of convergence is (-2,2).

(2%
a. Find the interval of convergence of the series Z (a,,x" + bnx") .
n=0
(29
b. Find the interval of convergence of the series 2 ap3"x".
n=0
Solution
00 00
a. Since theinterval (-1, 1) is a common interval of convergence of the series 2 a,x" and Z b,x", the interval of
n=0 n=0
00
convergence of the series 2 (anx" + byx") is (=1, 1).
n=0
00
b. Since Z a,x" is a power series centered at zero with radius of convergence 1, it converges for all x in the interval
n=0
(—1,1). By Combining Power Series, the series

2] 00

Z a,3"x" = Z an(3x)"

n=0 n=0
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6.2 « Properties of Power Series

converges if 3xis in the interval (—1, 1) . Therefore, the series converges for all xin the interval (—%, %) .

(2]

6.4 Suppose that Z a,x" has an interval of convergence of (—1, 1) . Find the interval of convergence of
n=0

In the next example, we show how to use Combining Power Series and the power series for a function fto construct
power series for functions related to f. Specifically, we consider functions related to the function f (x) = ﬁ and we use

the fact that

00

1
=2x"=l+x+x2+x3+---
1—-x =

for |x| < 1.

EXAMPLE 6.5

Constructing Power Series from Known Power Series

Use the power series representation for f(x) = 1l—x combined with Combining Power Series to construct a power series

for each of the following functions. Find the interval of convergence of the power series.

a f)=25
_ 1
b- /)= e

Solution
a. Firstwrite f(x) as

f(x)=3x m

Using the power series representation for f (x) = ﬁ and parts ii. and iii. of Combining Power Series, we find that

a power series representation for fis given by
00 00
Z 3x(—x2)n = Z 3(=1)"x2n+l
n=0 n=0

Since the interval of convergence of the series for ﬁ is (—1, 1), the interval of convergence for this new series is
the set of real numbers x such that |x2| < 1. Therefore, the interval of convergenceis (—1,1).

b. To find the power series representation, use partial fractions to write f (x) = as the sum of two fractions.

1
(x=1)(x=3)

We have
1 _ =2 an
(x—1)(x-3) x—1 x=-3
_ 12 _an
T 1—x 3—x
— 12 _ _1/6
1—x -2

First, using part ii. of Combining Power Series, we obtain
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172
1—x

00
1

D Sx" for |x| < 1.
2

n=0

Then, using parts ii. and iii. of Combining Power Series, we have

00

1/6 1/ x\n
Py (XY 3.
1—x3 ;6(3> or |x] <

Since we are combining these two power series, the interval of convergence of the difference must be the smaller of
these two intervals. Using this fact and part i. of Combining Power Series, we have

1 (1 1\,
x-D(x-3) =Z4<§_6~3">x

0

where the interval of convergenceis (—1,1).

6.5 Use the series for f(x) = ll—x on |x| < 1 to construct a series for m Determine the interval of

convergence.

In Example 6.5, we showed how to find power series for certain functions. In Example 6.6 we show how to do the
opposite: given a power series, determine which function it represents.

EXAMPLE 6.6

Finding the Function Represented by a Given Power Series

00
Consider the power series 2 2" x". Find the function frepresented by this series. Determine the interval of convergence
n=0
of the series.
() Solution
Writing the given series as

00 00
Y onxt = @2x)",
n=0 n=0
we can recognize this series as the power series for
x) = .
JO) =17

Since this is a geometric series, the series converges if and only if |2x| < 1. Therefore, the interval of convergence is
(-4.3)
2°2/"

o]

1
6.6 Find the function represented by the power series Z ?X”. Determine its interval of convergence.

n=0

Recall the questions posed in the chapter opener about which is the better way of receiving payouts from lottery
winnings. We now revisit those questions and show how to use series to compare values of payments over time with a
lump sum payment today. We will compute how much future payments are worth in terms of today’s dollars, assuming
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6.2 « Properties of Power Series

we have the ability to invest winnings and earn interest. The value of future payments in terms of today’s dollars is
known as the present value of those payments.

EXAMPLE 6.7

Chapter Opener: Present Value of Future Winnings

Yi
[ A A B S e i S S e B e Sy S S S
R 0.0 P R /Y N S S R e B B o
AR A B B T T N B S S B R B
e e e T B N S (o [ S S S B B B B
N e e e e S S e < AN A S S S S S B
A S R T T S B I o i o S S S B B B B
T B e e e e e S G A e B S S
R e e R T T N B s S S S S S B S B
S S T S T S A N B S S i S e S e B
S B S e o e B
VAR by Y NN F ot
R e T B S O B B e e A A Y
FE VNNV NNt
R B B S B B e e T3 R B B B A e
B A S B S B B B B e e
R S B S o S S o o
A R AR E
T T B AR I e S R N
A A R S R e S A A A B A A B B B B S

Figure 6.4 (credit: modification of work by Robert Huffstutter, Flickr)

Suppose you win the lottery and are given the following three options: (1) Receive 20 million dollars today; (2) receive 1.5
million dollars per year over the next 20 years; or (3) receive 1 million dollars per year indefinitely (being passed on to
your heirs). Which is the best deal, assuming that the annual interest rate is 5%? We answer this by working through the
following sequence of questions.

a.

How much is the 1.5 million dollars received annually over the course of 20 years worth in terms of today’s dollars,
assuming an annual interest rate of 5%?
Use the answer to part a. to find a general formula for the present value of payments of C dollars received each year
over the next nyears, assuming an average annual interest rate r.
Find a formula for the present value if annual payments of C dollars continue indefinitely, assuming an average
annual interest rate r.
Use the answer to part c. to determine the present value of 1 million dollars paid annually indefinitely.
Use your answers to parts a. and d. to determine which of the three options is best.

Solution
Consider the payment of 1.5 million dollars made at the end of the first year. If you were able to receive that

payment today instead of one year from now, you could invest that money and earn 5% interest. Therefore, the

present value of that money P, satisfies P; (1 + 0.05) = 1.5 million dollars. We conclude that

1.5 o
P = To05 = $1.429 million dollars.

Similarly, consider the payment of 1.5 million dollars made at the end of the second year. If you were able to receive
that payment today, you could invest that money for two years, earning 5% interest, compounded annually.
Therefore, the present value of that money P, satisfies P> (1 + 0.05)2 = 1.5 million dollars. We conclude that

= $1.361 million dollars.

=
27 1052

The value of the future payments today is the sum of the present values Pj, P, ..., P,g of each of those annual
payments. The present value Py satisfies
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486 6« Power Series

1.5
P, = —.
(1.05)
Therefore,
P =i+ 1.5 + e 4 L5
105~ (1.05)2 (1.05)20

$18.693 million dollars.

Using the result from part a. we see that the present value P of Cdollars paid annually over the course of nyears,

assuming an annual interest rate r, is given by
C C

= 4+ — 4 e+ —
L+r  (1+r)? 1+nr

Using the result from part b. we see that the present value of an annuity that continues indefinitely is given by the
infinite series

8

C
o a+ r)n+1 :

We can view the present value as a power series in r, which converges as long as |$| < 1. Since r > 0, this series

converges. Rewriting the series as

00

C 1\
P:(1+r)z<l+r> :

n=0

we recognize this series as the power series for
1 1 1+r
)= — = = :
1

-(w) ()7

We conclude that the present value of this annuity is
C 1+r C

T 1l+r r r

From the result to part c. we conclude that the present value P of C = 1 million dollars paid out every year
indefinitely, assuming an annual interest rate r = 0.05, is given by

1
P= 005 = 20 million dollars.

From part a. we see that receiving $1.5 million dollars over the course of 20 years is worth $18.693 million dollars in
today’s dollars. From part d. we see that receiving $1 million dollars per year indefinitely is worth $20 million dollars
in today's dollars. Therefore, either receiving a lump-sum payment of $20 million dollars today or receiving $1
million dollars indefinitely have the same present value.

Multiplication of Power Series

We can also create new power series by multiplying power series. Being able to multiply two power series provides
another way of finding power series representations for functions.

The way we multiply them is similar to how we multiply polynomials. For example, suppose we want to multiply

and

00

n o_ 2
chx =copt+cix+cpxt + -
n=0
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6.2 « Properties of Power Series

00

D dnx" =do +dyx +dpx* + .
n=0

It appears that the product should satisfy

00

Z cnx" Z dpx" | = (co + cix+cex? + ) - (do +dix+dryx* + )

n=0 n=—0

= C()d() + (¢ d() + C()d]) X+ (02d0 +cdy + Codz) xz + ---.

o0

In Multiplying Power Series, we state the main result regarding multiplying power series, showing that if Z ¢y x" and
n=0

00

Z dnx" converge on a common interval I, then we can multiply the series in this way, and the resulting series also
n=0
converges on the interval L.

Theorem 6.3

Multiplying Power Series

00 00

Suppose that the power series Z cpx" and Z d,x" converge to fand g, respectively, on a common interval I Let
n=0 n=0

en =codp+cidy—1 +cpdy—p + - +cy_1dy +cpdy

n
= Z den_k.
k=0

Then
) ) )
Z cpx" dyx" | = Z epx"
n=0 n=0 n=0
and
P
z e, x" converges to f (x) - g(x) onI.
n=0
P P o
The series Z enx" is known as the Cauchy product of the series Z cpx" and Z d,x".
n=0 n=0 n=0

We omit the proof of this theorem, as it is beyond the level of this text and is typically covered in a more advanced
course. We now provide an example of this theorem by finding the power series representation for

Fn= (1-x)(1-x2)

using the power series representations for

- andy = !
y_l—x y_l—x2'
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EXAMPLE 6.8

Multiplying Power Series
Multiply the power series representation

00
1 _ n
T —Zx
n=0
=l+x+x>+x> +

for |x| < 1 with the power series representation

00
l—lx2 = Z (X2)n

n=0
=1+x2+xt+x0+ ...

1

for |x| < 1 to construct a power series for f(x) = ————
(1-x)(1-x2)

ontheinterval (-1,1).

Solution
We need to multiply

(T+x+x2+x7 ) (1427 +x* +x0 +-).
Writing out the first several terms, we see that the product is given by
(T+x?+x*+x0+ )+ (x+ 3+ +x7 + )+ (P +x* +x0 428+ )+ (P + 0+ 27 +2% + )
=14+x+0+DX2+A+DX +A+1+Dx* +A+1+1D)x> + -

=14 x+2x2 +2x3 +3x* +3x° 4 .
1 1

Since the series for y = = andy = 5 both converge on the interval (—1, 1), the series for the product also
—X
converges on the interval (—1,1).
(2]
. . | n f i 1
6.7 Multiply the series — = z x" by itself to construct a series for SR
n=0

Differentiating and Integrating Power Series

Consider a power series 2 enx" =co+erx+ c2x2 + --- that converges on some interval I, and let f be the function
n=0
defined by this series. Here we address two questions about f.

« Is f differentiable, and if so, how do we determine the derivative f/?
+ How do we evaluate the indefinite integral /f(x) dx?
We know that, for a polynomial with a finite number of terms, we can evaluate the derivative by differentiating each term

separately. Similarly, we can evaluate the indefinite integral by integrating each term separately. Here we show that we
can do the same thing for convergent power series. That is, if

00

fx) = chx" =co+o1x+ x> + o

n=1
converges on some interval I, then

flx)=c| +2cx+ 3C3X2 + -
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and

2 X3

f(x)dx=C+c0x+clx7+02?+...

converges on L As noted below, behavior at the endpoints of the interval must be investigated individually.

Evaluating the derivative and indefinite integral in this way is called term-by-term differentiation of a power series
and term-by-term integration of a power series, respectively. The ability to differentiate and integrate power series
term-by-term also allows us to use known power series representations to find power series representations for other

functions. For example, given the power series for f (x) = ﬁ, we can differentiate term-by-term to find the power

1
—x)2 .

Similarly, using the power series for g (x) = we can integrate term-by-term to find the

i / = 1
series for [ (x) = a T
power series for G (x) = In (1 + x), an antiderivative of g. We show how to do this in Example 6.9 and Example 6.10.
First, we state Term-by-Term Differentiation and Integration for Power Series, which provides the main result regarding

differentiation and integration of power series.

Theorem 6.4

Term-by-Term Differentiation and Integration for Power Series

00

Suppose that the power series Z cn(x — a)"" converges on the interval (a — R, a + R) for some R > 0. Let fbe the
n=0
function defined by the series

00
f) =) enlx—a)"
n=0
=cpg+ci(x—a)+cr(x— a)2 + c3(x — a)3 + -
for |x — a| < R. Then fis differentiable on the interval (¢ — R, a + R) and we can find f’ by differentiating the series
term-by-term:

2]

Z nep(x — a1

n=1

1 +2¢y (x —a) +3c3(x — a)? + -

fM(x)

for |x — a| < R. Also, to find /f(x) dx, we can integrate the series term-by-term. The resulting series converges on

(a— R,a+ R), and we have

—a)2 —a)3
C P =

=C+e(x—a)+cj—F—+c

for |[x —a| < R.

The proof of this result is beyond the scope of the text and is omitted. Note that although Term-by-Term Differentiation
and Integration for Power Series guarantees the same radius of convergence when a power series is differentiated or
integrated term-by-term, it says nothing about what happens at the endpoints. It is possible that the differentiated and
integrated power series have different behavior at the endpoints than does the original series. We see this behavior in
the next examples.
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490 6+ Power Series

EXAMPLE 6.9

Differentiating Power Series
a. Use the power series representation

J ()

1
1-x

00
2
n=0

=l+x+x>+x>+

for |x| < 1 to find a power series representation for

gx) = 7(1_){)2

on the interval (—1, 1) . Determine whether the resulting series converges at the endpoints.

o0

+1

n=0

Solution
a. Since g(x) =

is the derivative of f(x) = , we can find a power series representation for g by
differentiating the power series for fterm-by-term. The result is

_ 1
g(x) - (1—x)2

= & (1)

;%w

=%(l+x+x2+x3+---)

=0+1+2x+3x2 +4x3 + -
00

=) (n+Dx"
n=0

for |x| < 1. Term-by-Term Differentiation and Integration for Power Series does not guarantee anything about the
behavior of this series at the endpoints. Testing the endpoints by using the divergence test, we find that the series
diverges at both endpoints x = +1. Note that this is the same result found in Example 6.8.

b. From part a. we know that

Z(n+ 1) x" =4 _x)2

Therefore,
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n+l 1\"

n=0 n=0

9
00
6.8 Differentiate the series % = z (n+ 1) x" term-by-term to find a power series representation for
(d=x) n=0
% on theinterval (—1,1).
(1=x)

EXAMPLE 6.10

Integrating Power Series
For each of the following functions f, find a power series representation for fby integrating the power series for f’ and
find its interval of convergence.

f(x)=In(1+x)

b. f(x)=tan"!x

Solution
For f (x) = In (1 + x) , the derivative is /' (x) = 71— We know that
1 _ 1
T+x ~— T-(—x

00

= ="
n=0

=1-x+x>-x>+

for |x| < 1. To find a power series for f(x) = In (1 + x), we integrate the series term-by-term.

/f/(x)dx =/(1—x+x2—x3+...)dx

1
T+x’
have C = 0. Therefore, a power series representation for f(x) =1In (1 + x) is

2 3 4
In (1+x) =x—x7+xT_X_+...

1
00
= Z (_I)VH-I ﬂ
n=1 n

Since f(x) =In (1 + x) is an antiderivative of it remains to solve for the constant C. Since In (1 + 0) = 0, we

for |x| < 1. Term-by-Term Differentiation and Integration for Power Series does not guarantee anything about the
behavior of this power series at the endpoints. However, checking the endpoints, we find that at x = 1 the series is
the alternating harmonic series, which converges. Also, at x = —1, the series is the harmonic series, which diverges.
It is important to note that, even though this series converges at x = 1, Term-by-Term Differentiation and
Integration for Power Series does not guarantee that the series actually converges to In (2) . In fact, the series does
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492 6+ Power Series

converge to In (2), but showing this fact requires more advanced techniques. (Abel's theorem, covered in more
advanced texts, deals with this more technical point.) The interval of convergence is (—1, 1].
b. The derivative of f(x) = tan~Lx is f(x)= 1 7 We know that
i |
1+x2 1—(—x2)

Il
M
—

Y
[\S)
~
=

=1-x2+x*—x0 4.

for |x| < 1. To find a power series for f (x) = tan~! x, we integrate this series term-by-term.
/f’(x)dx :/(1 —x? 4 x*—x0 +) dx

X X X
=4 = - + .-

=C+x-— =

Since tan~! (0) = 0, we have C = 0. Therefore, a power series representation for f(x) = tan~!x is
3 5 7
1

- =y — X X _ X
tan” "'x =x 3+5 7+

for |x| < 1. Again, Term-by-Term Differentiation and Integration for Power Series does not guarantee anything
about the convergence of this series at the endpoints. However, checking the endpoints and using the alternating
series test, we find that the series converges at x = 1 and x = —1. As discussed in part a., using Abel's theorem, it
can be shown that the series actually converges to tan~! (1) and tan~! (=1)atx = 1 and x = —1, respectively. Thus,
the interval of convergence is [-1, 1].

o0
XI’I
6.9 Integrate the power series In (1 + x) = Z (—1)”Jrl — term-by-term to evaluate /ln (1 + x) dx.
n

n=1

Up to this point, we have shown several techniques for finding power series representations for functions. However, how
do we know that these power series are unique? That is, given a function fand a power series for fat g, is it possible that
there is a different power series for fat a that we could have found if we had used a different technique? The answer to
this question is no. This fact should not seem surprising if we think of power series as polynomials with an infinite
number of terms. Intuitively, if

co+e1x+ex? 4+ =do +dyx + dyx® + -

for all values x in some open interval I about zero, then the coefficients c, should equal dj for n > 0. We now state this
result formally in Uniqueness of Power Series.

Theorem 6.5

Uniqueness of Power Series

00 00

Let Z cn(x —a)" and z d,(x — a)" be two convergent power series such that
n=0 n=0
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6.2 « Properties of Power Series

oo

D enx=a)f' = du(x— )
n=0

n=0

for all xin an open interval containing a. Then ¢, = d,, foralln > 0.

Proof
Let

fx) =co+cy (X—a)+cz(x—a)2 +c3(x—a)3 4.
=dy+d; (x—a)+dy(x —a)* +d3(x —a)® + .

Then f(a) = ¢y = dg. By Term-by-Term Differentiation and Integration for Power Series, we can differentiate both series
term-by-term. Therefore,

1) =ci+2e(x—a)+3c3(x—a)* + -
=dy +2dy (x — a) + 3d3(x — @)* + -,
and thus, f’ (a) = ¢; = dj. Similarly,
ff(x) =200 +3-2c3(x—a)+ -
=2dy +3-2d3 (x — a) + -

implies that f” (a) = 2¢cy = 2d,, and therefore, ¢; = d. More generally, for any integer n > 0, £ (a) = n'c, = n'd,,
and consequently, ¢, = dy, foralln > 0.

O

In this section we have shown how to find power series representations for certain functions using various algebraic
operations, differentiation, or integration. At this point, however, we are still limited as to the functions for which we can
find power series representations. Next, we show how to find power series representations for many more functions by
introducing Taylor series.

L

SECTION 6.2 EXERCISES
00 00
X" 2n
63. If f(x)= ) — and 64. I C(x)= ) Gl and
n=0 n=0
00
; X" x2n+l ]
g(x)= Z(_l) F,ﬂnd S(X)= Zm,flnd
n=0 n=0
the power series of the power series of
%(f(x) + g(x)) and of C(x)+ S (x)and of
F(f () —g(x). Cl)=S5&).
In the following exercises, use partial fractions to find the power series of each function.
4 3 -5
65. D 66. BHG-D 67. (x2+4) (x2-1)
68. 30

(x2+1 ) (x2 —9)

In the following exercises, express each series as a rational function.

1 o1 1
69. Zx—n 70. n;xh 71. Zm

n=1
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° 1 1
72. Z <(x _ 3)2n—1 - (x _2)2n—1 >

n=1

The following exercises explore applications of annuities.

73. Calculate the present
values P of an annuity in
which $10,000 is to be paid
out annually for a period of
20 years, assuming interest
rates of r = 0.03, r = 0.05,
and r = 0.07.

74. Calculate the present
values P of annuities in
which $9,000 is to be paid
out annually perpetually,
assuming interest rates of
r=10.03,r =0.05 and
r=0.07.

76. Calculate the annual 77.
payouts Cto be given
perpetually on annuities
having present value
$100,000 assuming
respective interest rates of
r=0.03,r =0.05, and
r=0.07.

Suppose that an annuity
has a present value

P = 1 million dollars. What
interest rate rwould allow
for perpetual annual
payouts of $50,000?

75.

78.

Calculate the annual
payouts Cto be given for
20 years on annuities
having present value
$100,000 assuming
respective interest rates of
r=0.03,r =0.05, and
r=0.07.

Suppose that an annuity
has a present value

P = 10 million dollars.
What interest rate r would
allow for perpetual annual
payouts of $100,000?

In the following exercises, express the sum of each power series in terms of geometric series, and then express the sum

as a rational function.

79. x+x2 -x3 +x4+x5 —x6+---
(Hint: Group powers x3k, x3k-1 s

80. x+x2 —x3—xt +x5 +x6
(Hint: Group powers x‘”‘, x4l , etc.)

5
+ X
32

andx3k—2.)
2_ 3, . 4_.5_.6,.7 x o x2_ X
81 x—x" =X+ X" =x" =x"+x" =+ 82 5+4 -+
(Hint: Group powers x3k x3k=1 and (Hint: Group powers
3k-2
X )

RN S

6

X cee
=+

(5).(3)"and (5)7)

In the following exercises, find the power series of f (x) g (x) given f and g as defined.

o oo o]

83. f(x)=22x",g(x)= an" 84. f(x)= Zx",g(x)=
n=1

n=0 n=0

Express the coefficients of

f(x) g(x)interms of
n
1
H, = Z'l T

e}

8. f(x)=g(x) = Z nx"

n=1

00

3 %xn, 85. f()=g(x) =) G)n

n=1

In the following exercises, differentiate the given series expansion of f term-by-term to obtain the corresponding series

expansion for the derivative of f.

88. f(x)= —1 —sz"
=0

87. f(x) =1L = Z (-=1)"x" =5 =
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In the following exercises, integrate the given series expansion of f term-by-term from zero to x to obtain the
corresponding series expansion for the indefinite integral of f.

00 00

89. f(x):(ﬁz)z=n§i(—1)"(2n)x2”—l 90. f(x)= & —22(—1)’%2'”1

> =
1+x =0

In the following exercises, evaluate each infinite series by identifying it as the value of a derivative or integral of
geometric series.

(2] 00 (2]
n r (1 n r (1 nn—1)
91. Evaluate > 3 f (5) 92. Evaluate 37 3 f (§) 93. Evaluate Z — s
n=1 n=1 n=2
® ® f" (%) where
where f (x) = 2 x"*. where f(x) = 2 x".
n=0 n=0

OEDED
n=0

="
2n+1

00
94. Evaluate Z as
n=0

1
/ f(¢) dt where
0

S =Y D=

1+x2
=0 +Xx

00

In the following exercises, given that ll_r = z x", use term-by-term differentiation or integration to find power series
n=0
for each function centered at the given point.

95. f(x) = Inx centered at 96. In(1-x)atx=0 97. In (1-x?)atx=0

x = 1 (Hint:
x=1-(1-x)
98. f(x)=—2—atx=0 99. f(x)=tan"! (x?) at 100. f(x)=1In (1+x?)at
1—x2) x=0 x=0

102. [T] Evaluate the power 103. [T] Subtract the infinite

X
101. f(x)=/ Intdt where
0

In (x) = Z(-l)”*@

n=1

series expansion

00

n
ml+x)=Y (=112
at x = 1 to show thatIn (2)
is the sum of the
alternating harmonic
series. Use the alternating
series test to determine
how many terms of the
sum are needed to
estimate In (2) accurate to
within 0.001, and find such
an approximation.

series of In (1 — x) from
In (1 + x) to get a power
1+x

series for In (ﬁ) .

Evaluate at x = % What
is the smallest N such that
the Nth partial sum of this
series approximates In (2)
with an error less than
0.001?
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In the following exercises, using a substitution if indicated, express each series in terms of elementary functions and find

the radius of convergence of the sum.

00 [+ 00
3k
k 2k+1 x -k
104, ) (x* —x*T) 105. 26—k 106. ) (1+x*) " using
k=0 k=1 k=1 .
r= 1+x2
00
107. Z 2kx usingy =27% 108. Show that, up to powers 109. Differentiate the series
k=1 00
x" x"
X3 and y3 E(x)= Z — E(x)= Z — term-by-
n! n!
n=0 n=0
satisfies term to show that E(x) is
Ex+y)=EMX E(). equal to its derivative.
110. Show that if 111. [T] Suppose that the 112. [T] Suppose that the
P coefficients ap, of the coefficients a, of the
f(x) = Zanx" is a sum @ ®
. n . n
n=0 series Z apx" are series Z apx’ are
of even powers, that is, n=0 n=0
ap = 0if nis odd, then defined by the recurrence defined by the recurrence
pe . .
. relation relation
F = / f (@) dtisasum = ay_1 ay_n
0 an = “n_ I an = - .
of odd powers, while if fis — 0and "ﬁ’ 1 ) Vi van=1)
ap =Vanda =1, Forapg = landa; =0,
a sum of odd powers, compute and plot the d plot th
then Fis a sum of even N compute an ]80“ €
powers. sums Sy = Z anx" for sums Sy = Z apx" for
n=0
n=0
N=23.450n[-11]. N =2,3,4,50n[-1,1].
113. [T] Given the power series 114. [T] Given the power series 115. [T] Recall that
expansion expansion —1 1 e
tan — | =Z.
* * 2k+1 < \6) °
x" x ;
In(l+x) = 1 n—l_’ tan~! — 1)k , Assuming an exact value of
(1+x) g{( = (x) kzz‘a( T

determine how many terms
N of the sum evaluated at
x = —1/2 are needed to
approximate In (2) accurate
to within 1/1000. Evaluate
the corresponding partial

use the alternating series test

to determine how many

terms N of the sum evaluated

at x = 1 are needed to
approximate tan~! (1) = T
accurate to within 1/1000.

1 .
<$> , estimate % by

evaluating partial sums

o ()

series expansion

of the power

00
N n . X
n_1 X Evaluate the corresponding tan~! — _Dk
sum 3 (=" = N 2] (=2 D 5
n=1 partial sum 2 (=¥ X ) 1 k=0
2k +1 atx = —. What is the
k=0 \/3

smallest number N such that
65 L) approximates 1
N < «3) PP

accurately to within 0.001?
How many terms are needed
for accuracy to within
0.00001?
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6.3 * Taylor and Maclaurin Series

6.3 Taylor and Maclaurin Series

Learning Objectives
6.3.1 Describe the procedure for finding a Taylor polynomial of a given order for a function.
6.3.2 Explain the meaning and significance of Taylor's theorem with remainder.
6.3.3 Estimate the remainder for a Taylor series approximation of a given function.

In the previous two sections we discussed how to find power series representations for certain types of
functions--specifically, functions related to geometric series. Here we discuss power series representations for other
types of functions. In particular, we address the following questions: Which functions can be represented by power series
and how do we find such representations? If we can find a power series representation for a particular function f and
the series converges on some interval, how do we prove that the series actually converges to f?

Overview of Taylor/Maclaurin Series
Consider a function f that has a power series representation at x = a. Then the series has the form

oo

(6.4)
2 ch(x—a)' =cyg+ci(x—a)+cy(x— a)? + .
n=0

What should the coefficients be? For now, we ignore issues of convergence, but instead focus on what the series should
be, if one exists. We return to discuss convergence later in this section. If the series Equation 6.4 is a representation for f
at x = a, we certainly want the series to equal f (a) at x = a. Evaluating the series at x = a, we see that

00

Z ecn(x—a)" =co+ci(a—a)+cra—a) + -
n=0

=C-
Thus, the series equals f (a) if the coefficient cg = f (a) . In addition, we would like the first derivative of the power
series to equal f’ (a) at x = a. Differentiating Equation 6.4 term-by-term, we see that

00

d
Ix ZCn(x—a)" =c1+2c2(x—a)+SC3(x—a)2+---.
n=0

Therefore, at x = a, the derivative is

00

% ch(x—a)” =c¢; +2¢ (a—a) +3c3(a—a)* + -
n=0

=C1.

Therefore, the derivative of the series equals f' (a) if the coefficient ¢; = f’ (a). Continuing in this way, we look for
coefficients ¢ such that all the derivatives of the power series Equation 6.4 will agree with all the corresponding
derivatives of f at x = a. The second and third derivatives of Equation 6.4 are given by

&2
e ch(x—a)" =202+3~ZC3(x—a)+4~304(x—a)2+---
X =0
and
B | <
— Y enx—a)"|=3-2e3+4-3-2¢4 (x—a)+5-4-3es(x — @) + -+
X

n=0
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498 6« Power Series

Therefore, at x = a, the second and third derivatives

00

2
;7 ch(x_a)n :202+3'2C‘3(a—a)+4~3c4(a_a)2+

=2¢)
and
)
;i—i ch(x—a)” =3-2c3+4-3-2c4(a—a)+5-4-3¢cs5(a—a)’ +
n=0
=3.2c3
equal f” (a) and f” (a), respectively, if c; = f( 9 and c3 = f;(z) More generally, we see that if f has a power series
representation at x = a, then the coefficients should be given by ¢, = % That is, the series should be
)
> %(x— a)" = f(a)+ f (@) (x —a) + f”( )( - a)? +@(x—a)3 §o
n=0 ’ ’

This power series for f is known as the Taylor series for f at a. If a = 0, then this series is known as the Maclaurin series
for f.

Definition

If f has derivatives of all orders at x = a, then the Taylor series for the function f atais

) " (n) (6.5)
Z f nl(a)(x—a)" = f@+f @— fz(!a) o )Pt f n!(a)(x—a)” o

n=0

The Taylor series for f at 0 is known as the Maclaurin series for f.

Later in this section, we will show examples of finding Taylor series and discuss conditions under which the Taylor series
for a function will converge to that function. Here, we state an important result. Recall from Uniqueness of Power Series
that power series representations are unique. Therefore, if a function f has a power series at a, then it must be the
Taylor series for f at a.

Theorem 6.6
Uniqueness of Taylor Series

If a function f has a power series at a that converges to f on some open interval containing a, then that power series
is the Taylor series for f at a.

The proof follows directly from Uniqueness of Power Series.

To determine if a Taylor series converges, we need to look at its sequence of partial sums. These partial sums are finite
polynomials, known as Taylor polynomials.

[»] MEeDIA

Visit the MacTutor History of Mathematics archive to read brief biographies of Brook Taylor
(http://www.openstax.org/l/20_BTaylor) and Colin Maclaurin (http://www.openstax.org/lI/20_CMaclaurin) and how
they developed the concepts named after them.
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6.3 * Taylor and Maclaurin Series

Taylor Polynomials

The nth partial sum of the Taylor series for a function f at a is known as the nth Taylor polynomial. For example, the Oth,
1st, 2nd, and 3rd partial sums of the Taylor series are given by

o) = £ (@),
P@W=rf@+/ @x-a,

P =f@+f @c&-a+ 520 -a?,

P30 =f@+f @&x-a+ L2« -a + L2x-a,

respectively. These partial sums are known as the Oth, 1st, 2nd, and 3rd Taylor polynomials of f at a, respectively. If
a = 0, then these polynomials are known as Maclaurin polynomials for f. We now provide a formal definition of Taylor
and Maclaurin polynomials for a function f.

Definition

If f has nderivatives at x = a, then the nth Taylor polynomial for f atais

fz(!a) gt sl 3§a>

The nth Taylor polynomial for f at 0 is known as the nth Maclaurin polynomial for f.

™ (a)

n!

P ()= f@+f (@(x-a)+ (x—a) + -+ (x—a).

We now show how to use this definition to find several Taylor polynomials for f (x) = Inx at x = 1.

EXAMPLE 6.11

Finding Taylor Polynomials
Find the Taylor polynomials pg, p1, p2 and p3 for f(x) = Inx at x = 1. Use a graphing utility to compare the graph of f
with the graphs of pg, p1, p» and ps3.

Solution
To find these Taylor polynomials, we need to evaluate f and its first three derivatives at x = 1.
f(x) = Inx f =0
S = Sy =1
ff@ o= -5 M= -l
o= 5 M =2
Therefore,
po(x) = f()=0,
nx = fO+f/HEx-H=x-1,
P = fO+/ OE-D+ 2@ -1 =@-)-Tx-12%
@ = SO+ OE-D+ L - 1?2+ L0 - 1)

x=-1- %(x— D2 + %(x— 3.

The graphs of y = f (x) and the first three Taylor polynomials are shown in Figure 6.5.
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500 6 ¢ Power Series

Figure 6.5 The function y = Inx and the Taylor polynomials pg, p1, p>» and p3 at x = 1 are plotted on this graph.

6.10 Find the Taylor polynomials pg, p1, p2 and p3 for f(x) = % atx = 1.
2

We now show how to find Maclaurin polynomials for €, sinx, and cos x. As stated above, Maclaurin polynomials are
Taylor polynomials centered at zero.

EXAMPLE 6.12

Finding Maclaurin Polynomials
For each of the following functions, find formulas for the Maclaurin polynomials pg, p1, p» and p3. Find a formula for the
nth Maclaurin polynomial and write it using sigma notation. Use a graphing utilty to compare the graphs of pg, p1, p2

and p3 with f.

a. f(x)=¢e"

b. f(x)=sinx

c¢. f(x)=cosx
) Solution

a. Since f (x) = e¥, we know that f(x) = f' (x) = f" (x) = - = f® (x) = * for all positive integers n. Therefore,

fO=f0=f0=-="0=1

for all positive integers n. Therefore, we have
po(x) = fO)=1,

pr(x) = fO+fO0)x=1+x,
P& = fO+7 Ox+L0x2 214 xt 12,
) = O+ Ox+ L0 L0,3

= l+x+2x% + 37,

" "0 ors
) = fO+f Ox+L0x24 L3y SO
2 3
= 1+x+’§—!+’§—!+---+%
- =
= k!

The function and the first three Maclaurin polynomials are shown in Figure 6.6.
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6.3 * Taylor and Maclaurin Series

Figure 6.6 The graph shows the function y = ¢* and the Maclaurin polynomials pg, p1, p» and p3.

For f (x) = sinx, the values of the function and its first four derivatives at x = 0 are given as follows:

f(x) = sinx f@O =0
f(x) = cosx o =1
() = —sinx 70 = 0

f"(x) = —cosx 70 = -1
Ao = o.

f®(x) = sinx

Since the fourth derivative is sinx, the pattern repeats. That is, f(z’") 0)=0and f(z"‘“) )= (=" form > 0.

Thus, we have
po (x) =0,
pr(xX)=04+x=x,
px)=0+x+0=x,
3
p3(x)=0+x+0—%x3 =x- %,

3
x— X

Pa()=0+x+0- x>+ %

0:
p5(x):0+x+0—%x3+0+ %xs =x— 3+

and form > 0,

P2m+1 (X) = pamsy2 (%)
3
=x— 3+ -+ (=D

—i(_l)k x2k+1
= Qk+1)!"

Graphs of the function and its Maclaurin polynomials are shown in Figure 6.7.

x2m+1
Cm+D)!
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502 6 ¢ Power Series

Room temperature
is 75 degrees

Pizza temperature
is 200 degrees

Figure 6.7 The graph shows the function y = sinx and the Maclaurin polynomials py, p3 and ps.

c. For f(x) = cosx, the values of the function and its first four derivatives at x = O are given as follows:

f(x) = cosx fO =1
f(x) = —sinx 0 =0
f"(x) = —cosx [0 = -1
f"(x) = sinx f"@0 =0

fP ) = cosx @0

Since the fourth derivative is cos x, the pattern repeats. In other words, f(z’") ©0)=(-D"and f(2m+1) =0 for
m > 0. Therefore,

po(x) =1,

) =1+0=1,

P =1+0- A2 =12

P =14+0-Ax240=1-%

P4(x)=1+O—2L!x2+0+4%x4=1—%+%,

ps () =1+0— 222 40+ Lxt+0=1-2 4 3

and forn >0,
Pam (X) = pam+1 (X)

=1—%+%_...+(_1)m%

m
- k x2k
- Z(_l) ék)!'
k=0

Graphs of the function and the Maclaurin polynomials appear in Figure 6.8.
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6.3 * Taylor and Maclaurin Series

P4(X)

,L),_\_I:X:l

N\ ALIN ). L
_\__3>{_1_10‘_ 1W5 6%

Figure 6.8 The function y = cosx and the Maclaurin polynomials pg, p» and p4 are plotted on this graph.

6.11 Find formulas for the Maclaurin polynomials pg, p1, p2 and p3 for f(x) =

] L Find a formula for the nth
+Xx

Maclaurin polynomial. Write your answer using sigma notation.

Taylor's Theorem with Remainder

Recall that the nth Taylor polynomial for a function f at a is the nth partial sum of the Taylor series for f at a. Therefore,
to determine if the Taylor series converges, we need to determine whether the sequence of Taylor polynomials {p, }
converges. However, not only do we want to know if the sequence of Taylor polynomials converges, we want to know if it
converges to f. To answer this question, we define the remainder R, (x) as

Ry (x) = f(x) = pn (x).

For the sequence of Taylor polynomials to converge to f, we need the remainder R, to converge to zero. To determine if
Rn converges to zero, we introduce Taylor’s theorem with remainder. Not only is this theorem useful in proving that a
Taylor series converges to its related function, but it will also allow us to quantify how well the nth Taylor polynomial
approximates the function.

Here we look for a bound on | R, | . Consider the simplest case: n = 0. Let pg be the 0th Taylor polynomial at a for a
function f. The remainder Ry satisfies

Ro(x) = f(x)—po (%)
=f()-f(a).
If f is differentiable on an interval I containing a and x, then by the Mean Value Theorem there exists a real number ¢
between a and x such that f(x) — f (a) = f’ (c) (x — a) . Therefore,
Ry(x)=f'(0)(x—a).

Using the Mean Value Theorem in a similar argument, we can show that if f is ntimes differentiable on an interval I
containing a and x, then the nth remainder R, satisfies

f(n+l) (C)
n+1!
for some real number c between a and x. It is important to note that the value cin the numerator above is not the center

a, but rather an unknown value c between a and x. This formula allows us to get a bound on the remainder Ry, If we
happen to know that |f("+1) (x)| is bounded by some real number M on this interval I, then

Ry (x) = (x —a)"™!

M
Ry ()] £ m|x — a|"*!

for all xin the interval I.

We now state Taylor’s theorem, which provides the formal relationship between a function f and its nth degree Taylor
polynomial p, (x) . This theorem allows us to bound the error when using a Taylor polynomial to approximate a function
value, and will be important in proving that a Taylor series for f converges to f.
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504 6 ¢ Power Series

Theorem 6.7

Taylor’'s Theorem with Remainder
Let f be a function that can be differentiated n 4 1 times on an interval I containing the real number a. Let p, be the
nth Taylor polynomial of f at a and let

Ry (x) = f(x) = pn (%)
be the nth remainder. Then for each xin the interval I, there exists a real number c between a and x such that

(n+1)
R, (x) = _]E” n l_gc') (x — a)”“.

If there exists a real number M such that |f("+1) (x)| < M forall x € I, then

M
|Rn )] < Gyl —al™

+1)!
for all xin L
Proof
Fix a point x € I and introduce the function g such that
" (n) _ pan+l
gD=f)-fO-f OG-~ Q( cip e n O Ry X2
n! (x — a)n+

We claim that g satisfies the criteria of Rolle’s theorem. Since g is a polynomial function (in ¢t), it is a differentiable
function. Also, gis zero att = a and t = x because

@ = fO-f@-f @x-a)- L2 -a)? ++ f<';>!<a>(x_a)n R
= f(xX)=pn(x)— Ry (x)
= 0,
g(x) = f(x)—f(x)—=0—--=0
0.

Therefore, g satisfies Rolle's theorem, and consequently, there exists c between a and x such that g’ (¢) = 0. We now
calculate g’. Using the product rule, we note that

d[ ARIUPN )] SO SO

_ n
ar | n! ICESE P

Consequently,
O ==L O+ O OG-0]+ [/ O6-0- LGP0

(n) (n+1) PN
[f (f)( t)n—l _f — o (x — t)n] +m+ 1R, (x) ( (x—1)
: X

(n—1)! —a)"+1 :

Notice that there is a telescoping effect. Therefore,

) f(n+1) @ n (x ="
g )=—"———(=0"+ @+ DRy (x) Gt

By Rolle’s theorem, we conclude that there exists a number ¢ between a and x such that g’ (¢) = 0. Since

(n+1) _ a1
do=-""" c)"+(n+1)Rn<)%
we conclude that
f(n+1) (C) " (x _ C)n
—T(x—c) +(n+l)Rn(x)m=
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6.3 * Taylor and Maclaurin Series

Adding the first term on the left-hand side to both sides of the equation and dividing both sides of the equation by
(n+1)(x—o)"

a1 we conclude that
X—a

f(n+1) (C) il
D ST

as desired. From this fact, it follows that if there exists M such that |f("+1) (x)l < M for all xin I, then

Ry, (x) =

M
Ry ()] £ mPC —a|™*!,

O

Not only does Taylor’s theorem allow us to prove that a Taylor series converges to a function, but it also allows us to
estimate the accuracy of Taylor polynomials in approximating function values. We begin by looking at linear and
quadratic approximations of f(x) = \3/§ at x = 8 and determine how accurate these approximations are at estimating

Y11

EXAMPLE 6.13

Using Linear and Quadratic Approximations to Estimate Function Values
Consider the function £ (x) = {/x.

a. Find the first and second Taylor polynomials for f at x = 8. Use a graphing utility to compare these polynomials
with f near x = 8.

b. Use these two polynomials to estimate \3/ 11.
Use Taylor’s theorem to bound the error.

Solution
a. For f(x)= \3/;, the values of the function and its first two derivatives at x = 8 are as follows:

fx) = x f®)
o =35 e =4
'@ o= Se f®) = S

Il
S}

Thus, the first and second Taylor polynomials at x = 8 are given by

P = f@+f (§)(x=8)
= 2+ 5(x-8)
P = f®+ @) -8+ -8

24 L (x = 8) = gz (x = 8)%.

The function and the Taylor polynomials are shown in Figure 6.9.
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20 2 4 6 8 10 12 14 16 18%

Figure 6.9 The graphs of f (x) = \3/§ and the linear and quadratic approximations p; (x) and p, (x).

b. Using the first Taylor polynomial at x = 8, we can estimate
1
S ~p (1) =2+ (11 -8)=225.

Using the second Taylor polynomial at x = 8, we obtain

1 1
3 ~ f— — —_— —_—— —_— 2=
Vilzp (11)=2+ 12(11 8) 288(11 8)° =2.21875.

c. By Taylor's Theorem with Remainder, there exists a cin the interval (8, 11) such that the remainder when

approximating \3/ 11 by the first Taylor polynomial satisfies

Ry =109

(11 — 8)%.

We do not know the exact value of ¢, so we find an upper bound on R (11) by determining the maximum value of

f” ontheinterval (8,11). Since f" (x) = —#, the largest value for | f” (x)| on that interval occurs at x = 8.
X
Using the fact that f” (8) = —ﬁ, we obtain
1
[R; (1D < (11 — 8)> = 0.03125.

= 14421

Similarly, to estimate R; (11), we use the fact that

R, (11) = f3fc)(11 -8y,
Since f"” (x) = 27;%, the maximum value of f” on the interval (8, 11) is /" (8) ~ 0.0014468. Therefore, we have
0.0011468
IRy (1D)] £ T(ll - 8)3 ~ 0.0065104.

6.12 Find the first and second Taylor polynomials for f (x) = \/§ at x = 4. Use these polynomials to estimate
\/6. Use Taylor’s theorem to bound the error.

EXAMPLE 6.14

Approximating sin x Using Maclaurin Polynomials
From Example 6.12b., the Maclaurin polynomials for sinx are given by

Access for free at openstax.org
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P2ms1 (X) = pamyn (%)
35

7
=x-—Frt+5 -G+ =D

x2m+1
2m+1)!

form=0,1,2,....

a. Use the fifth Maclaurin polynomial for sinx to approximate sin (1—’%) and bound the error.

b. For what values of x does the fifth Maclaurin polynomial approximate sinx to within 0.0001?
Solution
a. The fifth Maclaurin polynomial is

X

p5(x)=x—¥+§.

Using this polynomial, we can estimate as follows:
in(Z) ~ z
sin (&) =~ ps (%)

To estimate the error, use the fact that the sixth Maclaurin polynomial is pg (x) = p5 (x) and calculate a bound on
Rg (%) . By Uniqueness of Taylor Series, the remainder is

™
% (75) =52 ()

for some ¢ between 0 and %. Using the fact that |f(7) (x)| < 1 for all x, we find that the magnitude of the error is at
most

m\7 ~10
——) <98 x 107'".
(18) -

b. We need to find the values of x such that

L. 7
—71x1" < 0.0001.

Solving this inequality for x, we have that the fifth Maclaurin polynomial gives an estimate to within 0.0001 as long
as |x| < 0.907.

6.13 Use the fourth Maclaurin polynomial for cos x to approximate cos (]L?) .

Now that we are able to bound the remainder R, (x), we can use this bound to prove that a Taylor series for f at a
converges to f.

Representing Functions with Taylor and Maclaurin Series

We now discuss issues of convergence for Taylor series. We begin by showing how to find a Taylor series for a function,
and how to find its interval of convergence.

EXAMPLE 6.15

Finding a Taylor Series
Find the Taylor series for f (x) = % at x = 1. Determine the interval of convergence.

Solution
For f(x) = % the values of the function and its first four derivatives at x = 1 are
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fx = 1 f =1

fle = -5 fray = -1
o= 5 fray =2

[ o= =32 [y = =3
P = 4'{'2 s = 4

X

That is, we have f(”) (1) = (—=1)"n! for all n > 0. Therefore, the Taylor series for f at x = 1 is given by

00 (n) 1 00
YL Qe 1y = Y e
n=0 n=0

n!

To find the interval of convergence, we use the ratio test. We find that

|(_1)n+l(x _ 1)n+1| B

a
|n+1'_ =|x—1].

las] — |(=D"(x = 1)

Thus, the series converges if |[x — 1| < 1. That is, the series converges for 0 < x < 2. Next, we need to check the
endpoints. At x = 2, we see that

Y-t =Y (=1
n=0 n=0

diverges by the divergence test. Similarly, at x = 0,

2 EDO-D" =Y (DT =1
n=0 n=0 n=0

diverges. Therefore, the interval of convergence is (0,2).

6.14 Find the Taylor series for f (x) = % at x = 2 and determine its interval of convergence.

We know that the Taylor series found in this example converges on the interval (0, 2) , but how do we know it actually
converges to f? We consider this question in more generality in a moment, but for this example, we can answer this
question by writing

1 1
== 0y

00

That is, f can be represented by the geometric series Z (1 — x)". Since this is a geometric series, it converges to % as
n=0

long as |1 — x| < 1. Therefore, the Taylor series found in Example 6.15 does converge to f (x) = % on (0,2).
We now consider the more general question: if a Taylor series for a function f converges on some interval, how can we
determine if it actually converges to f? To answer this question, recall that a series converges to a particular value if and
only if its sequence of partial sums converges to that value. Given a Taylor series for f at a, the nth partial sum is given
by the nth Taylor polynomial p,. Therefore, to determine if the Taylor series converges to f, we need to determine
whether

lim py, (x) = £ (x).

n— 0o

Since the remainder R, (x) = f(x) — p, (x), the Taylor series converges to f if and only if
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lim R, (x) = 0.

n—o

We now state this theorem formally.

Theorem 6.8

Convergence of Taylor Series
Suppose that f has derivatives of all orders on an interval I containing a. Then the Taylor series

)
Z f '(a) (x— )"
=0 ni

converges to f (x) for all xin Iif and only if

lim R, (x)=0

n— oo

forall xin L

With this theorem, we can prove that a Taylor series for f at a converges to f if we can prove that the remainder
R, (x) = 0. To prove that R, (x) — 0, we typically use the bound

|n+1

M
Ry ()] £ (n+—|x—a

!
from Taylor’s theorem with remainder.

In the next example, we find the Maclaurin series for ¥ and sinx and show that these series converge to the
corresponding functions for all real numbers by proving that the remainders R, (x) — O for all real numbers x.

EXAMPLE 6.16

Finding Maclaurin Series

For each of the following functions, find the Maclaurin series and its interval of convergence. Use Taylor's Theorem with
Remainder to prove that the Maclaurin series for f converges to f on that interval.

a. e
b. sinx
Solution

a. Using the nth Maclaurin polynomial for €* found in Example 6.12a., we find that the Maclaurin series for X is given
by

To determine the interval of convergence, we use the ratio test. Since

1
janer| _ 1" m x|
lan| m+D! x| n+1°
we have
. a . X
llml n+1|=1lm | | _
00 |an| n_>wn+1

for all x. Therefore, the series converges absolutely for all x, and thus, the interval of convergence is <—00, 00) .To
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show that the series converges to e* for all x, we use the fact that f(") (x) = ¢* for all n > 0 and €*is an increasing
function on (—00, 00) . Therefore, for any real number b, the maximum value of e*for all |[x| < bis eb. Thus,

b
e
Ry, (x)| < mlxl"“-

Since we just showed that

00
|x|"
Z n!

n=0

converges for all x, by the divergence test, we know that
|x _
(m+ 1!~

|n+1
lim

n—o

for any real number x. By combining this fact with the squeeze theorem, the resultis lim R, (x) = 0.
n— 0o
b. Using the nth Maclaurin polynomial for sinx found in Example 6.12b., we find that the Maclaurin series for sinx is
given by

00
2n+1

n X
2 G

In order to apply the ratio test, consider
layet| xS @n+ D! x|
lan]l — @n+3)!  |x2tl T 2n+3)2n+2)

Since
|x|?
m —— —=
2n+3)2n+2)

n— 0o

for all x, we obtain the interval of convergence as (—00, 00) . To show that the Maclaurin series converges to sinx,

look at R, (x) . For each xthere exists a real number ¢ between 0 and x such that
f(n+l) (C) et

Ra )= 7

Since |f("+1) (c)| < 1 for all integers n and all real numbers ¢, we have

|x|n+l
IR, (x)| < m

for all real numbers x. Using the same idea as in part a., the resultis lim R, (x) = 0 for all x, and therefore, the

n—oo

Maclaurin series for sinx converges to sinx for all real x.

6.15 Find the Maclaurin series for f'(x) = cosx. Use the ratio test to show that the interval of convergence is

(—00. 00) . Show that the Maclaurin series converges to cos x for all real numbers x.
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STUDENT PROJECT

Proving that e is Irrational

In this project, we use the Maclaurin polynomials for ¥ to prove that eiis irrational. The proof relies on supposing
that e is rational and arriving at a contradiction. Therefore, in the following steps, we suppose e = r/s for some
integers rand s where s # 0.

1. Write the Maclaurin polynomials py (x), p1 (x), p2 (x), p3 (x), p4 (x) for €*. Evaluate
po (D), py (1), p2 (1), p3 (1), p4 (1) to estimate e.
2. Let R, (x) denote the remainder when using p, (x) to estimate €. Therefore, R, (x) = ¢* — p, (x), and
R, (1) =e—p, (1).Assuming that e = § for integers rand s, evaluate Ry (1), R; (1), Ry (1), R3 (1), R4 (1).
3. Using the results from part 2, show that for each remainder Ry (1), Ry (1), Ry (1), R3 (1), R4 (1), we can find
an integer ksuch that kR, (1) is an integer forn =0, 1,2, 3,4.
4. Write down the formula for the nth Maclaurin polynomial p,, (x) for e¥and the corresponding remainder R, (x).
Show that sn! R, (1) is an integer.
5. Use Taylor's theorem to write down an explicit formula for R, (1) . Conclude that R, (1) # 0, and therefore,

sn!R, (1) #0.
6. Use Taylor's theorem to find an estimate on R, (1) . Use this estimate combined with the result from part 5 to
show that |sn!R, (1)] <T . Conclude that if nis large enough, then |sn!R, (1)| < 1. Therefore, sn!R, (1) is an

integer with magnitude Iess than 1. Thus, sn! R, (1) = 0. But from part 5, we know that sn!R,, (1) # 0. We have
arrived at a contradiction, and consequently, the original supposition that e is rational must be false.

L

SECTION 6.3 EXERCISES

In the following exercises, find the Taylor polynomials of degree two approximating the given function centered at the
given point.

16. f(x)=1+x+x%at 1M7. f(x)=1+x+x%at 118. f(x)=cos(2x)ata=r
a=1 a=-1

19. f(x)=sin(2x)ata=% 120. f(x)=+y/xata=4 121. f(x)=Inxata=1

122 f(x)=Llata=1 123. f(x)=e"ata=1

In the following exercises, verify that the given choice of n in the remainder estimate |R,| < — (n+] T (x— a)”+1 where M

is the maximum value of|f(”+l) (z)l on the interval between a and the indicated point, yields | R, | < 1000 Find the

value of the Taylor polynomial p,, of f at the indicated point. If | Rn| is not less than 1/1000, determine what it is.

124. M/10;a=9,n=3 125. TI(28)B3.a=27,n=1 126. [T]sin(6);a=2m,n=5
127. [TMe%a=0,n=9 128. [T] cos (g) ca=0,n=4  129. [T]In(2);a=1,n= 1000
130. Integrate the 131. Integrate the approximation

approximation p p &~ l+x+ % + ot %

sint ®t— -+ 130 ~ 3040 evaluated at -x° to

evaluated at mtto
sin ¢

1
approximate / dt.
0 it

In the following exercises, find the smallest value of n such that the remainder estimate |R,,| <

. b 2
approximate e dx.
0

#(X — )"t where
M is the maximum value of|f("+1) (z)| on the interval between a and the indicated point, yields |R,| < 1000 on the
indicated interval.

132. f(x) =sinxon 133. f(x)—cosxon 134. f(x)=e *on
[-7,7],a=0 -%.%].a=0 [-1,1]1,a=0
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135. f(x)=e ¥ on
[-3,3],a=0

In the following exercises, the maximum of the right-hand side of the remainder estimate |R;| < MRZ on

[a — R,a+ R] occurs at a or a + R. Estimate the maximum value of R such that sz <0.1on[a— R,a+ R] by
plotting this maximum as a function of R.

136. [T] €¥ approximated by 137. [T]sinx approximated by 138. [T]Inx approximated by
1+x,a=0 x,a=0 x—1,a=1

139. [T] cosx approximated by
1,a=0

In the following exercises, find the Taylor series of the given function centered at the indicated point.

140. x*ata= -1 141, 1+ x+x2+x3at 142. sinxata=nx
a=-1

143. cosxata =27 144. sinx atx = % 145. cosx atx = %

146. ¢* ata=—1 147. ¢ ata=1 148. —L— ata =0 (Hint:
(x=1)
Differentiate %.)

—-X
1 X
149. ata=0 150. F(x) = cos dt; f (1) = 1
5 ) /0 (Vi) desf @) = Z( >(2),

at a = 0 (Note: f is the Taylor series of

cos(\/;) D)

In the following exercises, compute the Taylor series of each function around x = 1.

151 f(x)=2-x 152, f(x)=x> 153. f(x) = (x—2)?
154, f(x) =Inx 155. f(x)=1 156, f(x) = 5 —
157. f(x) = ﬁ 158. f(x)=e7* 159. f(x) = ¥

oo

[T] In the following exercises, identify the value of x such that the given series Z ay is the value of the Maclaurin series

n=0
10
of f(x) at x. Approximate the value of f (x) using Sy = Z an.

n=0

) 00 )

2" (=D"2en™

160. — 161. — 162. —_—

r§) n; n! é 2n)!

(- 1)"(27[)2n+1
163. 2 n+ )1
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3
The following exercises make use of the functions S5 (x) = x — ‘7 +

164. [T] Plot sin®x — (S5 (x))2
on [—x, z]. Compare the
maximum difference with
the square of the Taylor
remainder estimate for
sinx.

S5(x)

Cy(x)

[—1, 1] to tanx. Compare

this with the Taylor

remainder estimate for

the approximation of

3 5
X 2x
tanx by x + T+ 5

167. [T] Compare on

165. [T] Plot cos®x — (Cy (x))?
on [—x, x]. Compare the
maximum difference with
the square of the Taylor
remainder estimate for
COSX.

168. [T]Plot e* — e4(x) where

on [0, 2]. Compare the

6.4 « Working with Taylor Series

XS — 1 )('2 X4
755 and Cs (x) =1 - 5 + 57 on[—z, 7).
166. [T]Plot
285 (x) C4 (x) — sin (2x)]
on|[—x, ).

169. (Taylor approximations
and root finding.) Recall
that Newton's method

maximum error with the Taylor

remainder estimate.

2]

Xn+l = Xn

_ S&n)
S'(Gen)

approximates solutions of
f(x) =0 near the input

XQ-
a.

If f and g are inverse
functions, explain why
a solution of g(x) = a
is the value f (a) of f.
Let py (x) be the Nth
degree Maclaurin
polynomial of e*. Use
Newton’s method to
approximate solutions
of py (x) —2 =0 for
N =4,5,6.

Explain why the
approximate roots of
pN (x)—2=0are
approximate values of
In (2).

In the following exercises, use the fact that if g (x) = Z a,(x — ¢)"" converges in an interval containing c, then

n=1

limg (x) = ag to evaluate each limit using Taylor series.
X—=C

lim cosx—1
x—=0 x
lim cos(y/x)-1

x—0t 2x

170.

173.

1n(1—x2)

171. 3

lim
x—0 X

6.4 Working with Taylor Series

Learning Objectives
6.4.1

Write the terms of the binomial series.

2

2
172. lim & =x"=1

x—0

6.4.2 Recognize the Taylor series expansions of common functions.

6.4.3 Recognize and apply techniques to find the Taylor series for a function.

6.4.4 Use Taylor series to solve differential equations.
6.4.5 Use Taylor series to evaluate nonelementary integrals.

In the preceding section, we defined Taylor series and showed how to find the Taylor series for several common
functions by explicitly calculating the coefficients of the Taylor polynomials. In this section we show how to use those
Taylor series to derive Taylor series for other functions. We then present two common applications of power series. First,
we show how power series can be used to solve differential equations. Second, we show how power series can be used
to evaluate integrals when the antiderivative of the integrand cannot be expressed in terms of elementary functions. In
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514 6 Power Series

2
one example, we consider /e_x dx, an integral that arises frequently in probability theory.

The Binomial Series

Our first goal in this section is to determine the Maclaurin series for the function f (x) = (1 + x)" for all real numbers r.
The Maclaurin series for this function is known as the binomial series. We begin by considering the simplest case: ris a
nonnegative integer. We recall that, for r = 0, 1,2, 3,4, f (x) = (1 + x)" can be written as

f=0+x°=1,
fO=0+x)!=1+x,
f)=(1+x)?=1+2x+x%
F)=0+x)3 =1+3x+3x2+x3,

F) =0 +x)% =1+4x+6x% +4x3 + x4

The expressions on the right-hand side are known as binomial expansions and the coefficients are known as binomial
coefficients. More generally, for any nonnegative integer r, the binomial coefficient of x" in the binomial expansion of

(1 + x)" is given by
ry r! (6.6)
n) nl(r—n)!

and

f@) = +x

()1 () ()2 () s () (0) 67)

=§<Dﬂ.

For example, using this formula for r = 5, we see that

fx) =1+x)>

> 1+ > x+ > x2 + > X3+ > x* + > x?
0 1 2 3 4 5
=il+ix+ix2+ix3+ix4+5_!x5

0!5! 14! 213! 312! 411! 510!
14 5x + 10x2 + 10x3 + 5x* + x°.

We now consider the case when the exponent r is any real number, not necessarily a nonnegative integer. If r is not a
nonnegative integer, then f (x) = (1 + x)" cannot be written as a finite polynomial. However, we can find a power series
for f. Specifically, we look for the Maclaurin series for f. To do this, we find the derivatives of f and evaluate them at
x=0.

f) = (L+x) fO =1

f1x) = r(+x)! [ =r

frx) = rr=1D(+x)2 O = rir=1
1) = rr=Dr-21+x"3 1O = rr=1@r-2)

D% = rr=D@E=2)—-—n+1A+x)" fMO = rr=D@Er=2)F-n+1)
We conclude that the coefficients in the binomial series are given by

MO rr=D@E=2)F-n+l) (6.8)
nl n! '

We note that if r is a nonnegative integer, then the (r + 1) st derivative f("H) is the zero function, and the series
terminates. In addition, if  is a nonnegative integer, then Equation 6.8 for the coefficients agrees with Equation 6.6 for
the coefficients, and the formula for the binomial series agrees with Equation 6.7 for the finite binomial expansion. More
generally, to denote the binomial coefficients for any real number r, we define

Access for free at openstax.org
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<r) _r(r=D@r =2 (r—n+1)

n n!

With this notation, we can write the binomial series for (1 + x)" as

[o]
-1 —1)eee (r = 1 (6.9)
Z " x”=1+rx+Mx2+---+r(r ) ront )x"+---.
=\n 2! n!

We now need to determine the interval of convergence for the binomial series Equation 6.9. We apply the ratio test.
Consequently, we consider

lan1]  _ Ire=De=2=m x|t n!
lan| (n+1)! |r(r=1)(r=2)--(r—n+1)||x|"
_ lr=nllx|
|n+1]
Since
. a
lim m =|x| <1
s 00 lan|

if and only if | x| < 1, we conclude that the interval of convergence for the binomial series is (—1, 1) . The behavior at the
endpoints depends on r. It can be shown that for r > 0 the series converges at both endpoints; for —1 < r < 0, the
series converges at x = 1 and diverges at x = —1; and for r < —1, the series diverges at both endpoints. The binomial
series does converge to (1 + x)" in (=1, 1) for all real numbers r, but proving this fact by showing that the remainder
R, (x) — 0is difficult.

Definition

For any real number r, the Maclaurin series for f (x) = (1 + x)" is the binomial series. It converges to f for |x| < 1,
and we write

1+x) = 2 <r>x"
n=0 =
r(r—

=1+FX+TDX2+"'+MX’1+"'

n!

for |x| < 1.

We can use this definition to find the binomial series for f(x) = 4/1 4+ x and use the series to approximate y/1.5.

EXAMPLE 6.17

Finding Binomial Series
a. Find the binomial series for f (x) = 4/1 + x.

b. Use the third-order Maclaurin polynomial p3 (x) to estimate 4/1.5. Use Taylor's theorem to bound the error. Use a
graphing utility to compare the graphs of f and p3.

Solution
a. Herer= % Using the definition for the binomial series, we obtain

\/l-l——x 14 %)H_ (1/2);!—1/2))(2 + (1/2)(—13/!2)(—3/2)x3 4o

1
1133 D" 135-0nd)
3 3% R— X+

_ 1 1.2
=1+ 2!22x+

X —

00
(=DMl 1.3.5..2n=3) o

=1+Z n! 2"

n=1
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516 6 °Power Series

b. From the result in part a. the third-order Maclaurin polynomial is
1 I , 1 3
=l+=-x—— — 3,
p3 (x) +2x 8x +16x

Therefore,

V15 =4/1+05

N 1 1 2, 1 3
~ 1+ 105 - 20572 + (0.5

~ 1.2266.
From Taylor's theorem, the error satisfies
@
R3 (0.5) =~ 0.5)*
for some ¢ between 0 and 0.5. Since f(4) (x) = —W, and the maximum value of |f(4) (x)| on the interval
X

(0,0.5) occurs at x = 0, we have
15 4
R3 (0.5)] < —(0.5)" =~ 0.00244.
| 3(05)I_4!24(05) 0.00

The function and the Maclaurin polynomial p3 are graphed in Figure 6.10.

0/ o5 1 15 2 25 3 35%

Figure 6.10 The third-order Maclaurin polynomial p3 (x) provides a good approximation for f (x) = 4/1 + x for x
near zero.

6.16 Find the binomial series for f (x) = a ] 7
+x)“

Common Functions Expressed as Taylor Series

At this point, we have derived Maclaurin series for exponential, trigonometric, and logarithmic functions, as well as
functions of the form f (x) = (1 + x)". In Table 6.1, we summarize the results of these series. We remark that the
convergence of the Maclaurin series for f (x) = In (1 + x) at the endpoint x = 1 and the Maclaurin series for

f(x)= tan~! x at the endpoints x = 1 and x = —1 relies on a more advanced theorem than we present here. (Refer to
Abel’s theorem for a discussion of this more technical point.)

Function Maclaurin Series Interval of Convergence

[0 == -1<x<1

00
2.
n=0

fx)y=e" [ —00 < x < 00
xn

n!
n=0

Table 6.1 Maclaurin Series for Common Functions

Access for free at openstax.org
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Function Maclaurin Series Interval of Convergence
f(x)=sinx sl —0 < x <00
Z( (2n +1)!
f(x)=cosx 00 n —_0 < x <0
(="
sz) 2n)!
fO=II+x | « -1<x<1
z (_1)n+l ﬂ
n=1 n
= tan™! “1<x<1
f(x)=tan"'x 0 ntl <x<
PRGIE
= 2n+1
f)=0+x)" o -l<x<l1
(1)~
n=0 \ 1

Table 6.1 Maclaurin Series for Common Functions

Earlier in the chapter, we showed how you could combine power series to create new power series. Here we use these

properties, combined with the Maclaurin series in Table 6.1, to create Maclaurin series for other functions.

EXAMPLE 6.18

Deriving Maclaurin Series from Known Series
Find the Maclaurin series of each of the following functions by using one of the series listed in Table 6.1.

a. f(x)=cosy/x
b. f(x)=sinhx

() Solution
a. Using the Maclaurin series for cos x we find that the Maclaurin series for cos\/)_c is given by
Z (=D"(/x Z (=1)"x"
! !
= (2n) 2n)!
2 3 4
BRRE R

This series converges to cos\/; for all x in the domain of cos\/;; that is, for all x > 0.

b. To find the Maclaurin series for sinh x, we use the fact that

X —X

—e

e
inhx =
sinn x 3

Using the Maclaurin series for e*, we see that the nth term in the Maclaurin series for sinh x is given by
X" (_x)n

n! n!

For n even, this term is zero. For n odd, this term is 22— Therefore, the Maclaurin series for sinhx has only odd-
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order terms and is given by

x2n+l x3 x5

Znrn Ittt

6.17 Find the Maclaurin series for sin (x2) .

We also showed previously in this chapter how power series can be differentiated term by term to create a new power
series. In Example 6.19, we differentiate the binomial series for 4/1 + x term by term to find the binomial series for
L Note that we could construct the binomial series for — directly from the definition, but differentiating the

V1+x V1+x

binomial series for /1 + x is an easier calculation.

EXAMPLE 6.19

Differentiating a Series to Find a New Series
Use the binomial series for 4/1 + x to find the binomial series for 1

V1+x ’

Solution
The two functions are related by

1

so the binomial series for is given b
Vi ovendy
1 d
=254/1+
V1+x dx x
2]
-D" 1-3-5---2n-1)
=1 .
+n§1 n! 2" X
<] 618 Find the binomial series for f (x) = —L—
in e binomial series for f (x) T3

In this example, we differentiated a known Taylor series to construct a Taylor series for another function. The ability to

differentiate power series term by term makes them a powerful tool for solving differential equations. We now show how

this is accomplished.

Solving Differential Equations with Power Series

Consider the differential equation

/
y (x)=y.
Recall that this is a first-order separable equation and its solution is y = Ce*. This equation is easily solved using
techniques discussed earlier in the text. For most differential equations, however, we do not yet have analytical tools to
solve them. Power series are an extremely useful tool for solving many types of differential equations. In this technique,

2]

we look for a solution of the form y = Z ¢, x"" and determine what the coefficients would need to be. In the next
n=0
example, we consider an initial-value problem involving y' = y to illustrate the technique.
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6.4 « Working with Taylor Series

EXAMPLE 6.20

Power Series Solution of a Differential Equation
Use power series to solve the initial-value problem

Y =y, y0)=3.
Solution
Suppose that there exists a power series solution

00

3

Y(X) = chxn =C0 +clx+czx2 +c3x +C4x4 + ...,

n=0
Differentiating this series term by term, we obtain
y =c; +2cx + 3C3x2 + 404x3 + -
If y satisfies the differential equation, then
co+cepx+ 02x2 + 63x3 + o =c1+2cx+ 303x2 +4C3x3 + -

Using Uniqueness of Power Series on the uniqueness of power series representations, we know that these series can
only be equal if their coefficients are equal. Therefore,

¢ =<1,
] = 2C2,
) = 303,
c3 = 4dey,

Using the initial condition y (0) = 3 combined with the power series representation

3

y(x)=co +clx+c2x2 +c3x” 4 e,

we find that ¢y = 3. We are now ready to solve for the rest of the coefficients. Using the fact that ¢y = 3, we have

— _2_23
CI—CO—S’_F’
‘Tt _3_3
Q=72 =22
-2 _3 _3
=73 37730
C. —C—3=—3 =i
4= 4 T332 T 4
Therefore,
1 1.2, 1 1.4
y —3[1+Fx+ﬁx +3,x3ﬂx + ]
00
n
x
_3ZF'
n=0
You might recognize
00
e
]
n=0n'

as the Taylor series for ¢*. Therefore, the solution is y = 3e*.

6.19 Use power series to solve y/ =2y, y(0) = 5.
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We now consider an example involving a differential equation that we cannot solve using previously discussed methods.
This differential equation

y —xy=0

is known as Airy’s equation. It has many applications in mathematical physics, such as modeling the diffraction of light.
Here we show how to solve it using power series.

EXAMPLE 6.21

Power Series Solution of Airy’s Equation
Use power series to solve

y'=xy=0
with the initial conditions y (0) = a and y’ (0) = b.

Solution
We look for a solution of the form

[o]
y= Z enx =co + 1 x + eax? +e3%° 4+ eaxt 4 e
n=0

Differentiating this function term by term, we obtain

! 1 +2c2x+303x2 +4C4x3 + -

y” 2-1cp +3-2e3x +4 - 3eax? + -

If y satisfies the equation y” = xy, then
2-1ley +3-203x+4~364x2 + = x(co +clx+c2x2 +03x3 + )

Using Uniqueness of Power Series on the uniqueness of power series representations, we know that coefficients of the
same degree must be equal. Therefore,

More generally, for n > 3, we have n - (n — 1) ¢, = ¢,—3. In fact, all coefficients can be written in terms of cg and ¢;. To

see this, first note that ¢; = 0. Then

2-1¢cp =0,
3'263 =Cp,
4-364 =C1,

=c,

5'4C5

€0
=137,
3l
4 =73
For cs, cg, c7, We see that
)
5 = ﬂ = 0,

_ 93 _ _“
€% =65 = 6532°
_ %4 _ A
7= 76 T 7643

Therefore, the series solution of the differential equation is given by

€0

6

‘1

7

€ 3 €1 4 5
—x" +——=x"+0-x" +
3.2

=cy+cix+0-x%+
y=cotcy 13

6532 7643 T
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The initial condition y (0) = a implies cq = a. Differentiating this series term by term and using the fact that y’ (0) = b,
we conclude that ¢; = b. Therefore, the solution of this initial-value problem is

x3 x6 x4 x7
—al1+e 2 L) 1p 2o L)
y “< 32t es32” >+ <x+4-3+7-6-4~3+ )

6.20 Use power series to solve y” + xzy = 0 with the initial condition y (0) = a and y’ (0) = b.

Evaluating Nonelementary Integrals

Solving differential equations is one common application of power series. We now turn to a second application. We show
how power series can be used to evaluate integrals involving functions whose antiderivatives cannot be expressed using
elementary functions.

2
One integral that arises often in applications in probability theory is /e_x dx. Unfortunately, the antiderivative of the

2
integrand e~ is not an elementary function. By elementary function, we mean a function that can be written using a
finite number of algebraic combinations or compositions of exponential, logarithmic, trigonometric, or power functions.
We remark that the term “elementary function” is not synonymous with noncomplicated function. For example, the

3 . . . . . .
function £ (x) = Vx2 —3x +e* —sin(5x + 4) is an elementary function, although not a particularly simple-looking
function. Any integral of the form [ f (x) dx where the antiderivative of f cannot be written as an elementary function
is considered a nonelementary integral.

Nonelementary integrals cannot be evaluated using the basic integration techniques discussed earlier. One way to
evaluate such integrals is by expressing the integrand as a power series and integrating term by term. We demonstrate

2
this technique by considering /e‘x dx.

EXAMPLE 6.22

Using Taylor Series to Evaluate a Definite Integral

2
a. Express /e_x dx as an infinite series.
L
b. Evaluate / e~ dx to within an error of 0.01.
0

Solution

. . 2.
a. The Maclaurin series for e™" is given by

4 6 2n
==+ 5p = g e (D
°° 2
xn
=3 s
n=0
Therefore,
4 6 2n
2 X X X
_x - —_— 2 — — — cee —_— n_ cee
/e dx-[(l x+2! 3!+ +(=1) n!+ >dx
35 7 2n+1
- e x X x2
=Ctx—F gy gyt -+ gppat

b. Using the result from part a. we have

521



522 6 Power Series

1
2 o111
dx=l- g4 -t e
/Oe * 3710 216

The sum of the first four terms is approximately 0.74. By the alternating series test, this estimate is accurate to
within an error of less than 5= ~ 0.0046296 < 0.01.

1
6.21 Express /cos\/}dx as an infinite series. Evaluate / cos4/xdx to within an error of 0.01.
0

2
As mentioned above, the integral /e‘x dx arises often in probability theory. Specifically, it is used when studying data

sets that are normally distributed, meaning the data values lie under a bell-shaped curve. For example, if a set of data
values is normally distributed with mean u and standard deviation o, then the probability that a randomly chosen value
lies between x = a and x = b is given by

_ 2
S 20’ ) i (6.10)
o\ 2x
(See Figure 6.11.)
yi
—x — pp
_ 1—9 247
o 27
a n b x

Figure 6.11 If data values are normally distributed with mean u and standard deviation o, the probability that a

{ e—(x—ﬂ)z/(20'2>

randomly selected data value is between a and b is the area under the curve y = between x = a

o\ 27
and x = b.
To simplify this integral, we typically let z = —=. This quantity z is known as the z score of a data value. With this
simplification, integral Equation 6.10 becomes
b—p)/
Cle _2p (6.11)

@ (a—p)lo

In Example 6.23, we show how we can use this integral in calculating probabilities.

EXAMPLE 6.23

Using Maclaurin Series to Approximate a Probability
Suppose a set of standardized test scores are normally distributed with mean y = 100 and standard deviation o = 50.

2
Use Equation 6.11 and the first six terms in the Maclaurin series for e™* 2 to approximate the probability that a
randomly selected test score is between x = 100 and x = 200. Use the alternating series test to determine how accurate
your approximation is.

Solution
Since 4 = 100, 0 = 50, and we are trying to determine the area under the curve from a = 100 to b = 200, integral
Equation 6.11 becomes
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6.4 « Working with Taylor Series

1 2
- e—Z /2dz
V2 Jo
2
The Maclaurin series for e™*"/2 is given by
- (%)
2 -7
—x“/2  _
¢ - Z n!
n=0
2 4 6 2n
e —_— X X —_— X cee —_— n X cee
=1 21 + 2201 23.3) Fo b CD g+

* 2n
X
_ _1\n
_,,Z()( b 2" . p!”

Therefore,

2 4 6 2n
1 —z2/2 1 Z Z Z n_ %
1 dz = —L— 1— — cee 4 (=1 . )d
vzn/e : er 21~1!+22-2z 23~3!+ +=D ol z

3 5 7 2n+1
- 1 __Z z __z e (=P 4L
- <C+Z 32111 + 5.02.21 7.23.31 to (=D (2n+1)2"-n! + >

2
2 11
1 -2 _ 1 8,32 128, 512 _ _2
\/271:/0 ¢ dz V2 (2 6740 3% T356  15s >
Using the first five terms, we estimate that the probability is approximately 0.4922. By the alternating series test, we see
that this estimate is accurate to within

213

L 27 000546,
2z 1320 .61

Analysis
If you are familiar with probability theory, you may know that the probability that a data value is within two standard
deviations of the mean is approximately 95%. Here we calculated the probability that a data value is between the mean
and two standard deviations above the mean, so the estimate should be around 47.5%. The estimate, combined with the
bound on the accuracy, falls within this range.

2
6.22 Use the first five terms of the Maclaurin series for e™*"/2 to estimate the probability that a randomly
selected test score is between 100 and 150. Use the alternating series test to determine the accuracy of
this estimate.

Another application in which a nonelementary integral arises involves the period of a pendulum. The integral is
/2
{ do
o V1-—k2sin?6

An integral of this form is known as an elliptic integral of the first kind. Elliptic integrals originally arose when trying to
calculate the arc length of an ellipse. We now show how to use power series to approximate this integral.

EXAMPLE 6.24

Period of a Pendulum
The period of a pendulum is the time it takes for a pendulum to make one complete back-and-forth swing. For a
pendulum with length L that makes a maximum angle 0,x with the vertical, its period T is given by

/2

L
_— /—_J o
8 )y VI1-k2sin?0
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524 6 Power Series

Omax

2
arises from a non-linearized model of a pendulum. In some cases, for simplification, a linearized model is used and sin8
is approximated by 6. ) Use the binomial series

where g is the acceleration due to gravity and k = sin ( ) (see Figure 6.12). (We note that this formula for the period

00

1 -HD" 1-3.5--2n—-1
/ :1+Z( v) 2 n(n )xn
1+x n=1 n: 2

to estimate the period of this pendulum. Specifically, approximate the period of the pendulum if

a. you use only the first term in the binomial series, and
b. you use the first two terms in the binomial series.

Equilibrium
position

Figure 6.12 This pendulum has length L and makes a maximum angle Onax with the vertical.

Solution
We use the binomial series, replacing x with —k?%sin?6. Then we can write the period as

/2
T 1 1-3
T=4,/= <1+—k2s1n29+—2k4sin49+--~> de.
g |, 2 212

a. Using just the first term in the integrand, the first-order estimate is
L /2 L
Tz4‘/—/ df =2m,|—.
g8 Jo g

0“;“" ) is small. We claim that when k is small, this is a good estimate. To justify this

If Omax is small, then k = sin (

claim, consider
/2 1 1.3
<1 + = k?sin®0 + — k*sin*0 + ) de.
0 2 2122
Since |sinx| < 1, this integral is bounded by

72
1 2 1.3 4 T 1 2 1-3 4
K+ =k 4 ) dO< S| kP =kt 4+ )
L <2 Tt T > 2 (2 Tt T

Furthermore, it can be shown that each coefficient on the right-hand side is less than 1 and, therefore, that this
expression is bounded by
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6.4 « Working with Taylor Series

wk? 5 .4 k> 1
 (1+k k ) =—_. -
2 (144K ) 21—k

which is small for k small.
b. For larger values of 8,3« , we can approximate T by using more terms in the integrand. By using the first two terms
in the integral, we arrive at the estimate

/2 1
T ~4, /% } (1 + Ekzsinz()) do
0
_ L K2

The applications of Taylor series in this section are intended to highlight their importance. In general, Taylor series are
useful because they allow us to represent known functions using polynomials, thus providing us a tool for approximating
function values and estimating complicated integrals. In addition, they allow us to define new functions as power series,
thus providing us with a powerful tool for solving differential equations.

L

SECTION 6.4 EXERCISES

In the following exercises, use appropriate substitutions to write down the Maclaurin series for the given binomial.

-1/3
)

174. (1-x)!3 175. (1 +x? 176. (1 —x)'01

177. (1 —2x)*3

In the following exercises, use the substitution (b + x)" = (b + a)" (l + 2 )r in the binomial expansion to find the

X—a
b+a
Taylor series of each function with the given center.

178. \/x+2ata=0 179. Vx2+2ata=0 180. \/x+2ata=1

181. V2x—x2ata=1(Hint:  182. (x—-8)3 ata=9 183. (/xata=4
2x—x2=1-(x=1)?)

184. x!3 ata =27 185. {/xatx=9

In the following exercises, use the binomial theorem to estimate each number, computing enough terms to obtain an
estimate accurate to an error of at most 1/1000.

186. [T] (15)/* using 187. [T1(1001)!3 using
(16 — x)1/4 (1000 + x)173

2 3 4 5
i i i i imation v/ Nl X X2 o xT  Sxt | Tx”
In the following exercises, use the binomial approximation \/1 — x = 1 5 g 6 5% ~ 356

approximate each number. Compare this value to the value given by a scientific calculator.

for|x| < 1 to

1 : 1. 1 . 3 X
188. [T] — using x = = in 189. [T]\/5=5 X —= usin 190. [T = —— usin
[T} —5 using x = 3 115 75 using M3 5 using
(1-x)12 x=%in(1-x)! x=2%in(l-x'"
191. [T] \/6 using x = % in 192. Integrate the binomial 193. [T] Recall that the graph
(1= x)l2 approximation of /1 — x of V1 —x2 is an upper
to find an approximation semicircle of radius 1.
X Integrate the binomial
of/ 1 —tdt. o
0 approximation of
V1 — x2 up to order 8
fromx=—-1tox=1to

estimate %
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526 6 Power Series

In the following exercises, use the expansion (1 + 0B =1+ %x - %xz + éi]x3 %x + -+ to write the first five
terms (not necessarily a quartic polynomial) of each expression.
194. (1+4x)'3;a=0 195. (1+4x)*3:a=0 196. 3+2x)3;a=-1
197. (x> +6x+10);a=—-3 198 Use
173 _ 1 1.2 5.3 10 .4
(1+x) —1+§X—§X +ﬁx —mx + .-
with x = 1 to approximate 21/3.
199. Use the approximation 200. Find the 25th derivative of
23 _ X2 _ 4 _ ot 14X _ 213

(1= = 1= 5 =5 - S0 - 55 - 555+ SG) = (1+4x7) 7 at

for |x| < 1 to approximate 213 = 22723 x=0.
201. Find the 99 th derivative

atx =0 of

4125

fo)=(1+x*)".
In the following exercises, find the Maclaurin series of each function.
202. f(x)= xe?* 203. f(x)=2% 204. f(x) = Sbx

. ' 3
205. f(x)= S‘“\(}/;) , (x>0), 206. f(x)=sin(x?) 207. f(x)=¢*
X

208. f(x)= cos?x using the 209. f(x)= sinx using the

identity identity

cos?x = + + 5 €OS 2x) sin?x = % — %cos 2x)

X
In the following exercises, find the Maclaurin series of F (x) = / f (t) dt by integrating the Maclaurin series of f term
0

by term. If f is not strictly defined at zero, you may substitute the value of the Maclaurin series at zero.

X o2 2 i 2n
210. F(x) = A f@ = =Y ()" 211 F t 1 "2
(x) /Oe fy=e Z(,)( e (x)=tan~'x; f(1)= Z( )

00

L\ 2k
-3
-2 S \k ) K

212. F(x)=tanh™!x; f(z)=ﬁ=2t2” 213. F(x)=sin"!x; f(1) =

12n

_ [ sint _t—m
214, F(x)—/0 dt; f(t) = —g (2n+1)'

00

215. F(x):/0 cos (/1) dt; f(l)—nz:( 1)"(2 ¥

2n

AR cost lcos, 3 t
216. F(x)—/0 — i f()= 2( Y G

217. F(x)=/x ln(I—th)dt; f@®= -
0 ! n=0

In the following exercises, compute at least the first three nonzero terms (not necessarily a quadratic polynomial) of the
Maclaurin series of f.

218. f(x)=sin (x + £) =sinxcos (£) +cosxsin (§) 219. f(x) =tanx
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220. f(x)=In (cosx)

223. f(x) = sec?x

221.

224.

f(x) =e*cosx

f(x) =tanhx

6.4 « Working with Taylor Series

222, f(x) = SinX

225. f(x) = M (see

\/_

expansion for tan x)

In the following exercises, find the radius of convergence of the Maclaurin series of each function.

226. In (1 +x)

229. In (1+x?)

232. Differentiate term by
term the Maclaurin series
of sinhx and compare the
result with the Maclaurin

series of cosh x.

00

235, Ify= Z apx", find the
n=0
power series expansions
of xy' and x*y".

227.

230.

233.

236.

1+1 5 228. tan~!x
X
Find the Maclaurin series 231. Find the Maclaurin series
of sinhx = ex_ze_x of coshx = €%
[T] Let 234. Use the identity
S X I x2k+1 2sinxcosx = sin (2x) to
n(x) = Z =D Qk+ 1)! find the power series
and k=0 expansion of sin®x at
n 2% x = 0. (Hint: Integrate the
C,(x) = Z (—l)k (;k) ’ Maclaurin series of

n=0
denote the respective
Maclaurin polynomials of
degree 2n + 1 of sinx and
degree 2n of cos x. Plot the
Sp(x)
Cn(x)
n=1,..,5and compare
them to
x+ % + % +

on (—%, Z) .

errors — tanx for

1

7
Ix" _
315 tanx

[T] Suppose that

00

y= Z akxk satisfies
k=0

y' = —2xyand y(0) = 0.

Show that apy+1 = 0 for

all k and that

aypyn = —a%. Plot the

partial sum .S of y on

the interval [—4,4].

237.

sin (2x) term by term.)

[T] Suppose that a set of
standardized test scores
is normally distributed
with mean x4 = 100 and
standard deviation

o = 10. Set up an integral
that represents the
probability that a test
score will be between 90
and 110 and use the
integral of the degree 10
Maclaurin polynomial of

2
—L_¢=x7/2 ¢ estimate

Vo

this probability.
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528 6 Power Series

238. [T] Suppose that a set of

241.

standardized test scores
is normally distributed
with mean y = 100 and
standard deviation

o = 10. Set up an integral
that represents the
probability that a test
score will be between 70
and 130 and use the
integral of the degree 50
Maclaurin polynomial of

2
—L_=x"/2 5 estimate

Vo

this probability.
o0

Suppose that Z apx"
n=0
converges to a function y
suchthaty” —y +y=0
where y(0) = 1 and
¥ (0) = 0. Find a formula
that relates a,42, 4,41,
and a, and compute

agp, ..., 4s.

239.

242

oo

[T] Suppose that Z apx"
n=0

converges to a function

f (x) such that

fO) =1, f (0)=0,and

f"(x)=—f(x).Finda

formula for a, and plot

the partial sum Sy for

N =20on[-5,5].

00

Suppose that Z anx"
n=0
converges to a function y
suchthaty” —y +y=0
where y(0) = 0 and
¥’ (0) = 1. Find a formula
that relates a,42, ay41,
and a, and compute
ay,...,as.

00

240. [T] Suppose that Z anpx"

n=0
converges to a function
f (x) such that
fO=0, f10)=1,
and f" (x) = —f(x). Find
a formula for a,, and plot
the partial sum Sy for
N =10o0on[-5,5].

b b
The error in approximating the integra// f(t) dt by that of a Taylor approximation / P, (t) dt is at most
a a

a|n+1

b
/ R, (t) dt. In the following exercises, the Taylor remainder estimate R, < (”+—Ml), |x — guarantees that the
; !

integral of the Taylor polynomial of the given order approximates the integral of f with an error less than %

Evaluate the integral of the appropriate Taylor polynomial and verify that it approximates the CAS value with an error

1
less than 455-
Compare the accuracy of the polynomial integral estimate with the remainder estimate.
243. [T] 244. [T]
T : 2
smft 2 4 6 8 .2 4 6 )
A R I Lt i Rt

(You may assume that the absolute value
of the ninth derivative of #' is bounded
by 0.1.)

(You may assume that the absolute value of the
2
23rd derivative of e is less than 2 x 1014, )
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The following exercises deal with Fresnel integrals.

245. The Fresnel integrals are

defined by
X
C(x) :/ cos (tz) dt
0
and

X

S(x) = / sin (1) dt.

0
Compute the power
series of C (x) and .S (x)
and plot the sums Cp (x)
and Sy (x) of the first
N = 50 nonzero terms on

246. [T] The Fresnel integrals
are used in design
applications for roadways
and railways and other
applications because of
the curvature properties
of the curve with
coordinates (C (1), S (t)).
Plot the curve (Csq, Ss0)
for0 <t < 2rx,the
coordinates of which were
computed in the previous
exercise.

6.4 « Working with Taylor Series

1/4
247. Estimate / Vx— x*dx by
0

approximating 4/1 — x using the
binomial approximation

1_1_x__x__ﬁ_ﬁ
278 T 16 T 2128 T 256

1

V3 d
7> 4 | corresponds

and base % and the

[0, 2x].

248. [T] Use Newton's approximation of the binomial y/1 — x2
to approximate z as follows. The circle centered at (%, O)
with radius % has upper semicircle y = \/; 1 —x.The
sector of this circle bounded by the x-axis between x = 0
and x = % and by the line joining <
to % of the circle and has area 2—’;. This sector is the union
of a right triangle with height #
region below the graph between x =0 and x = %. To find
the area of this region you can write
y= \/E\/l —-x= \/; X (binomial expansion ofy/1 — x)
and integrate term by term. Use this approach with the
binomial approximation from the previous exercise to
estimate .

250. Suppose that a pendulum

is to have a period of 2
seconds and a maximum

angle of Omax = %. Use

N [L K2
T~2rx E<1+T)to

approximate the desired
length of the pendulum.
What length is predicted
by the small angle

estimate T ~ 274 / %?

/2
0

249. Use the approximation

2
Tzer,/%(l+kT>to

approximate the period of
a pendulum having
length 10 meters and
maximum angle
Omax = % where

. [4
k = sin (%) .
Compare this with the
small angle estimate

~ /L
T~2r 7

/2
251. Evaluate/ sin*0do in the approximation
0

1 3
T =4, /% [ (1 + 5k2s1n20+ §k4sin40+ > do

to obtain an improved estimate for 7.
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530 6 Power Series

252. [T] An equivalent formula for the period of a

pendulum with amplitude Oy is
Omax

de
T (Omax) = 2V/24/ £
\/_\/; ] 1/cos 6 — cos (Omax )

0
where L is the pendulum length and g is the

gravitational acceleration constant. When
Omax = % we get
2 4 6
—L 5 2(1+’—+’—+18“)
y/cost—1/2 \/_ 2 3 720

Integrate this approximation to estimate T ()

in terms of L and g. Assuming g = 9.806 meters
per second squared, find an approximate length
L such that T (%) = 2 seconds.
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Chapter Review
Key Terms

binomial series the Maclaurin series for f (x) = (1 + x)"; itis given by

00

1+x) = Z <r>x" =1+rx+%x2+---+wx”+mhrlxl <1

Z\ n ! !

interval of convergence the set of real numbers x for which a power series converges

Maclaurin polynomial a Taylor polynomial centered at 0; the nth Taylor polynomial for f at 0 is the nth Maclaurin
polynomial for f

Maclaurin series a Taylor series for a function f at x = 0 is known as a Maclaurin series for f

nonelementary integral an integral for which the antiderivative of the integrand cannot be expressed as an
elementary function

00 00

power series a series of the form Z cyx" is a power series centered at x = 0; a series of the form Z ch(x—a)"isa
n=0 n=0
power series centered atx = a
radius of convergence if there exists a real number R > 0 such that a power series centered at x = a converges for
|x — a| < Rand diverges for |x — a| > R, then Ris the radius of convergence; if the power series only converges at
X = a, the radius of convergence is R = 0; if the power series converges for all real numbers x, the radius of

convergenceis R = @

Taylor polynomials the nth Taylor polynomial for f at x = a'is
% (n)
=@+ @)+ L2 -a)? + o+ L@ (x—ay
Taylor series a power series at a that converges to a function f on some open interval containing a
Taylor’s theorem with remainder for a function f and the nth Taylor polynomial for f at x = a, the remainder

(n+1)
Ry, (x) = f(x) = pn (x) satisfies R, (x) = %(X — gy
for some cbetween x and g; if there exists an interval I containing a and a real number M such that |f("+1) (x)| <M
for all xin I, then | R, (x)| < (n+—Ml),|x — a|™*!

term-by-term differentiation of a power series a technique for evaluating the derivative of a power series

00 00

Z cn(x — a)"* by evaluating the derivative of each term separately to create the new power series Z ne, (x — a)"_l
n=0 n=1

00

term-by-term integration of a power series a technique for integrating a power series Z cn(x — a)" by integrating
n=0
00
(x - a)n+l

each term separately to create the new power series C + z Cn 1
n

n=0
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Key Equations

o]

I
=)

Power series centered at x Z enx" =co +c1x + cax? +

n=0

2]

Power series centered atx = a Z en(x—a)" =cp+c¢; (x—a)+cr(x —a)® + -

n=0

Taylor series for the o

. . (n) " ()
function f at the point Z f '(a) (x—a) = f(a)+ f (a)(x —a) + f2('“) x—a? 44+ 1@ r;'(“) (x —a)" + -
X=a =0 n. . !

Key Concepts

6.1 Power Series and Functions

+ For a power series centered at x = a, one of the following three properties hold:
i. The power series converges only at x = a. In this case, we say that the radius of convergence is R = 0.

ii. The power series converges for all real numbers x. In this case, we say that the radius of convergence is R = .
iii. Thereis a real number R such that the series converges for |x — a| < R and diverges for |x — a| > R. In this
case, the radius of convergence is R.

+ If a power series converges on a finite interval, the series may or may not converge at the endpoints.
+ The ratio test may often be used to determine the radius of convergence.

00

+ The geometric series Z x" = ﬁ for |x| < 1 allows us to represent certain functions using geometric series.
n=0

6.2 Properties of Power Series

00 00

+ Given two power series Z ¢y, x" and Z d,x" that converge to functions fand g on a common interval I, the sum
n=0 n=0
and difference of the two series converge to f + g, respectively, on L In addition, for any real number b and integer

o0 00

m > 0, the series Z bx" ¢, x" converges to bx™ f (x) and the series z Cn (bxm)" converges to f (bx™) whenever
n=0 n=0
bx™Mis in the interval L.
+ Given two power series that converge on an interval (—R, R), the Cauchy product of the two power series
converges on the interval (—R, R).
+ Given a power series that converges to a function fon an interval (—R, R), the series can be differentiated term-by-
term and the resulting series converges to f’ on (=R, R) . The series can also be integrated term-by-term and the

resulting series convergesto [ f(x)dxon(—R,R).

6.3 Taylor and Maclaurin Series

+ Taylor polynomials are used to approximate functions near a value x = a. Maclaurin polynomials are Taylor
polynomials at x = 0.

+ The nth degree Taylor polynomials for a function f are the partial sums of the Taylor series for f.

« If afunction f has a power series representation at x = g, then it is given by its Taylor series at x = a.

+ ATaylor series for f converges to f if and only if lim R, (x) = 0 where R, (x) = f(x) — pn (x).

n— 00

+ The Taylor series for €, sinx, and cos x converge to the respective functions for all real x.
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6.4 Working with Taylor Series

+ The binomial series is the Maclaurin series for f (x) = (1 + x)". It converges for |x| < 1.

+ Taylor series for functions can often be derived by algebraic operations with a known Taylor series or by
differentiating or integrating a known Taylor series.

+ Power series can be used to solve differential equations.

+ Taylor series can be used to help approximate integrals that cannot be evaluated by other means.

Review Exercises

True or False? In the following exercises, justify your answer with a proof or a counterexample.

253. If the radius of 254. Power series can be used 255. For small values of
convergence for a power to show that the X,sinx & X.
o derivative of e* is e*.

series Z a,x" is 5, then (Hint: Recall that

n=0 ® 1
the radius of convergence X = —x",

o0 n=0 n!
for the series Z nayx""!
n=1

is also 5.

256. The radius of
convergence for the
Maclaurin series of
f(x)=3%is3.

In the following exercises, find the radius of convergence and the interval of convergence for the given series.

00

00 00

n 3 n

257. Y nl(x—1)" 258. Y, = 259. Y -
n=0 n=0 n=0

00 2n
260. Z = (x—e)
—0 ¢

In the following exercises, find the power series representation for the given function. Determine the radius of
convergence and the interval of convergence for that series.

2
261. = xZ 262. — _ 8x42
A x+3 A 2x2-3x+1

533

In the following exercises, find the power series for the given function using term-by-term differentiation or integration.

263. f(x)=tan"! 2x) 264. f(x)= 7(2;:2)2

In the following exercises, evaluate the Taylor series expansion of degree four for the given function at the specified
point. What is the error in the approximation?

265. f(x)=x> —2x%+4,a=-3 266. f(x)=e/*) g=4

In the following exercises, find the Maclaurin series for the given function.
267. f(x)=cos(3x) 268. f(x)=In(x+1)

In the following exercises, find the Taylor series at the given value.

269. f(x)=sinx,a=% 270. f(x)=2,a=1




534 6 Chapter Review

In the following exercises, find the Maclaurin series for the given function.

2
271. f(x)=e™ -1 272. f(x) =cosx — xsinx

X
In the following exercises, find the Maclaurin series for F (x) = / f () dt by integrating the Maclaurin series of f (x)
0
term by term.

273. f(x) = % 274. f(x)=1-¢* 275. Use power series to prove
Euler’s formula:

e = cosx + isinx

The following exercises consider problems of annuity payments.

276. For annuities with a 277. Alottery winner has an 278. Calculate the necessary
present value of $1 annuity that has a present present value of an
million, calculate the value of $10 million. What annuity in order to
annual payouts given interest rate would they support annual payouts
over 25 years assuming need to live on perpetual of $15,000 given over 25
interest rates of annual payments of years assuming interest
1%,5%, and 10%. $250,000? rates of 1%, 5%, and 10%.
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PARAMETRIC EQUATIONS AND POLAR
COORDINATES :

Figure 7.1 The chambered nautilus is a marine animal that lives in the tropical Pacific Ocean. Scientists think they have
existed mostly unchanged for about 500 million years.(credit: modification of work by Jitze Couperus, Flickr)

Chapter Outline

7.1 Parametric Equations

7.2 Calculus of Parametric Curves

7.3 Polar Coordinates

7.4 Area and Arc Length in Polar Coordinates
7.5 Conic Sections

Introduction

The chambered nautilus is a fascinating creature. This animal feeds on hermit crabs, fish, and other crustaceans. It has a
hard outer shell with many chambers connected in a spiral fashion, and it can retract into its shell to avoid predators.
When part of the shell is cut away, a perfect spiral is revealed, with chambers inside that are somewhat similar to growth



536 7 Parametric Equations and Polar Coordinates

rings in a tree.

The mathematical function that describes a spiral can be expressed using rectangular (or Cartesian) coordinates.
However, if we change our coordinate system to something that works a bit better with circular patterns, the function
becomes much simpler to describe. The polar coordinate system is well suited for describing curves of this type. How
can we use this coordinate system to describe spirals and other radial figures? (See Example 7.14.)

In this chapter we also study parametric equations, which give us a convenient way to describe curves, or to study the
position of a particle or object in two dimensions as a function of time. We will use parametric equations and polar
coordinates for describing many topics later in this text.

7.1 Parametric Equations

Learning Objectives
7.1.1 Plot a curve described by parametric equations.
7.1.2 Convert the parametric equations of a curve into the form y = f(x).
7.1.3 Recognize the parametric equations of basic curves, such as a line and a circle.
7.1.4 Recognize the parametric equations of a cycloid.

In this section we examine parametric equations and their graphs. In the two-dimensional coordinate system,
parametric equations are useful for describing curves that are not necessarily functions. The parameter is an
independent variable that both x and y depend on, and as the parameter increases, the values of x and y trace out a path
along a plane curve. For example, if the parameter is t (a common choice), then t might represent time. Then xand y are
defined as functions of time, and (x (t) , y (t)) can describe the position in the plane of a given object as it moves along a
curved path.

Parametric Equations and Their Graphs

Consider the orbit of Earth around the Sun. Our year lasts approximately 365.25 days, but for this discussion we will use
365 days. On January 1 of each year, the physical location of Earth with respect to the Sun is nearly the same, except for
leap years, when the lag introduced by the extra % day of orbiting time is built into the calendar. We call January 1 “day 1”

of the year. Then, for example, day 31 is January 31, day 59 is February 28, and so on.

The number of the day in a year can be considered a variable that determines Earth’s position in its orbit. As Earth
revolves around the Sun, its physical location changes relative to the Sun. After one full year, we are back where we
started, and a new year begins. According to Kepler's laws of planetary motion, the shape of the orbit is elliptical, with
the Sun at one focus of the ellipse. We study this idea in more detail in Conic Sections.

January 1
t=1)

April 2

October 1
(t=192) O

=274
F, Sun ( )

[ ]

Figure 7.2 Earth’s orbit around the Sun in one year.

Figure 7.2 depicts Earth's orbit around the Sun during one year. The point labeled F, is one of the foci of the ellipse; the
other focus is occupied by the Sun. If we superimpose coordinate axes over this graph, then we can assign ordered pairs
to each point on the ellipse (Figure 7.3). Then each x value on the graph is a value of position as a function of time, and
each yvalue is also a value of position as a function of time. Therefore, each point on the graph corresponds to a value
of Earth's position as a function of time.
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January 1
(t=1)

(x(0), ¥(1)

P
L 4
Sun

Figure 7.3 Coordinate axes superimposed on the orbit of Earth.

We can determine the functions for x () and y (¢) , thereby parameterizing the orbit of Earth around the Sun. The
variable ¢ is called an independent parameter and, in this context, represents time relative to the beginning of each year.

A curve in the (x, y) plane can be represented parametrically. The equations that are used to define the curve are called
parametric equations.

Definition

If xand y are continuous functions of t on an interval I, then the equations
x=x()andy = y(r)

are called parametric equations and tis called the parameter. The set of points (x, y) obtained as tvaries over the
interval I'is called the graph of the parametric equations. The graph of parametric equations is called a parametric
curve or plane curve, and is denoted by C.

Notice in this definition that x and y are used in two ways. The first is as functions of the independent variable t. As t
varies over the interval I, the functions x (f) and y (¢) generate a set of ordered pairs (x, y) . This set of ordered pairs
generates the graph of the parametric equations. In this second usage, to designate the ordered pairs, x and y are
variables. It is important to distinguish the variables x and y from the functions x (t) and y (¢) .

EXAMPLE 7.1

Graphing a Parametrically Defined Curve
Sketch the curves described by the following parametric equations:

a. x(=t-1, y@®)=2t+4, -3<t<2
b. x(h=r>-3, y®)=2r+1, -2<t<3
c. x(t)=4cost, y(@)=4sint, 0<t<2x

Solution
a. To create a graph of this curve, first set up a table of values. Since the independent variable in both x (t) and y (¢) is
t, let tappear in the first column. Then x () and y (t) will appear in the second and third columns of the table.
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t x@ y@®

3| 4| 2
21 31| o0
Al 2| 2
0| -1 4
11 0 6
2 | 1 8

The second and third columns in this table provide a set of points to be plotted. The graph of these points appears
in Figure 7.4. The arrows on the graph indicate the orientation of the graph, that is, the direction that a point
moves on the graph as tvaries from -3 to 2.

y
g +

xty=t—1
yit)y=2t+ 4
-3=t=2

Figure 7.4 Graph of the plane curve described by the parametric equations in part a.

b. To create a graph of this curve, again set up a table of values.

t x(® ¥

-2 1 -3
-1 -2 -1
0 -3 1

1 -2 3
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The second and third columns in this table give a set of points to be plotted (Figure 7.5). The first point on the graph
(corresponding to t = —2) has coordinates (1, —3), and the last point (corresponding to ¢t = 3) has coordinates
(6,7) . As tprogresses from -2 to 3, the point on the curve travels along a parabola. The direction the point moves is
again called the orientation and is indicated on the graph.

Yi
7

x(t)=t2-3 64
vty =2t +1
—2=t=3 51

Figure 7.5 Graph of the plane curve described by the parametric equations in part b.

In this case, use multiples of /6 for t and create another table of values:

Z | 2\3~35 2 i -2 -2¢/3%-35
z 2 243~ 35 ¥ 0 4

z 0 4 57” 2 —24/3~ =35
z 2 24/3~35 LZ | 2y/3x35 2

Z | 2/3x-35 2 2 4 0

V4 -4 0
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The graph of this plane curve appears in the following graph.

Yi
x(t) = 4cost St

y(t) = 4sint
O=t=2nw

Figure 7.6 Graph of the plane curve described by the parametric equations in part c.

This is the graph of a circle with radius 4 centered at the origin, with a counterclockwise orientation. The starting
point and ending points of the curve both have coordinates (4,0) .

71 Sketch the curve described by the parametric equations

x()=3t+2, yO=t>-1, -3<t<2.

Eliminating the Parameter

To better understand the graph of a curve represented parametrically, it is useful to rewrite the two equations as a single
equation relating the variables x and y. Then we can apply any previous knowledge of equations of curves in the plane to
identify the curve. For example, the equations describing the plane curve in Example 7.1b. are

x()=1* -3, y@)=2+1, -2<t1<3.

Solving the second equation for t gives

This can be substituted into the first equation:

<y—1>2_3=y2—2y+1_3=y2—2y—11

2 4 4

This equation describes x as a function of y. These steps give an example of eliminating the parameter. The graph of this
function is a parabola opening to the right. Recall that the plane curve started at (1, —3) and ended at (6, 7) . These
terminations were due to the restriction on the parameter t.

EXAMPLE 7.2

Eliminating the Parameter
Eliminate the parameter for each of the plane curves described by the following parametric equations and describe the
resulting graph.

a. x(t)=4/2t+4, y@®)=2t+1, -2<t<6
b. x(t)=4cost, y@)=3sint, 0<t<2x
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Solution
a. To eliminate the parameter, we can solve either of the equations for t. For example, solving the first equation for t

gives
= 2r+4
x> = 244
x2—4 = 2
x2—4
t = =

2
Note that when we square both sides it is important to observe that x > 0. Substituting t = < 2_4 thisinto y (¥)

yields
y@) = 2t+1

2
y = 2<x2_4)+1

This is the equation of a parabola opening upward. There is, however, a domain restriction because of the limits on
the parameter t. Whent = =2, x = 1/2(-2) +4 =0, and when t = 6, x = 4/2(6) + 4 = 4. The graph of this plane
curve follows.

y
141

27 xt)y=2t+ 4

101 yt)y=2t+1
—-2=t=6

Figure 7.7 Graph of the plane curve described by the parametric equations in part a.

b. Sometimes it is necessary to be a bit creative in eliminating the parameter. The parametric equations for this

example are .
x(t)=4costand y(¢) = 3sint.

Solving either equation for t directly is not advisable because sine and cosine are not one-to-one functions. However,
dividing the first equation by 4 and the second equation by 3 (and suppressing the t) gives us
X

cost = —andsint = =.
4

3

Now use the Pythagorean identity cos?t + sin’t = 1 and replace the expressions for sin ¢ and cos ¢ with the
equivalent expressions in terms of x and y. This gives

W<
—
[y}
Il
—
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This is the equation of a horizontal ellipse centered at the origin, with semimajor axis 4 and semiminor axis 3 as
shown in the following graph.

x(t) = 4cost
y(t) = 3sint
O0=t=27

Figure 7.8 Graph of the plane curve described by the parametric equations in part b.

As tprogresses from 0 to 2z, a point on the curve traverses the ellipse once, in a counterclockwise direction. Recall
from the section opener that the orbit of Earth around the Sun is also elliptical. This is a perfect example of using
parameterized curves to model a real-world phenomenon.

7.2 Eliminate the parameter for the plane curve defined by the following parametric equations and describe
the resulting graph.
3
x(r):2+7, y)=t—-1, 2<tr<L6

So far we have seen the method of eliminating the parameter, assuming we know a set of parametric equations that
describe a plane curve. What if we would like to start with the equation of a curve and determine a pair of parametric
equations for that curve? This is certainly possible, and in fact it is possible to do so in many different ways for a given
curve. The process is known as parameterization of a curve.

EXAMPLE 7.3

Parameterizing a Curve
Find two different pairs of parametric equations to represent the graph of y = 2x2 - 3.

Solution
First, it is always possible to parameterize a curve by defining x (t) = ¢, then replacing x with tin the equation for y (¢) .
This gives the parameterization

x@)=t, y@) =22-3.
Since there is no restriction on the domain in the original graph, there is no restriction on the values of t.

We have complete freedom in the choice for the second parameterization. For example, we can choose x (t) = 3¢ — 2.
The only thing we need to check is that there are no restrictions imposed on x; that is, the range of x (¢) is all real
numbers. This is the case for x (f) = 3t — 2. Now since y = 2x2 — 3, we can substitute x (f) = 3¢ — 2 for x. This gives
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y(@#) =23t—2)* -3
=2(92 - 12t+4)-3
=182 -24r+8-3
=182 — 241 + 5.

Therefore, a second parameterization of the curve can be written as

x(f) =3t —2and y(r) = 181> — 241 + 5.

7.3 Find two different sets of parametric equations to represent the graph of y = x% + 2x.

Cycloids and Other Parametric Curves

Imagine going on a bicycle ride through the country. The tires stay in contact with the road and rotate in a predictable
pattern. Now suppose a very determined ant is tired after a long day and wants to get home. So he hangs onto the side
of the tire and gets a free ride. The path that this ant travels down a straight road is called a cycloid (Figure 7.9). A cycloid
generated by a circle (or bicycle wheel) of radius a is given by the parametric equations

x(t)=a(t—sint), y@)=a(l—cost).

To see why this is true, consider the path that the center of the wheel takes. The center moves along the x-axis at a
constant height equal to the radius of the wheel. If the radius is a, then the coordinates of the center can be given by the
equations

x(t)=at, y(@t)=a

for any value of 7. Next, consider the ant, which rotates around the center along a circular path. If the bicycle is moving
from left to right then the wheels are rotating in a clockwise direction. A possible parameterization of the circular motion
of the ant (relative to the center of the wheel) is given by

x(t) = —asint, y(t)=—acost.

(The negative sign is needed to reverse the orientation of the curve. If the negative sign were not there, we would have
to imagine the wheel rotating counterclockwise.) Adding these equations together gives the equations for the cycloid.

x(t)=a(t—sint), y@)=a(l—cost).
Yy

[ X
Figure 7.9 A wheel traveling along a road without slipping; the point on the edge of the wheel traces out a cycloid.
Now suppose that the bicycle wheel doesn't travel along a straight road but instead moves along the inside of a larger

wheel, as in Figure 7.10. In this graph, the green circle is traveling around the blue circle in a counterclockwise direction.
A point on the edge of the green circle traces out the red graph, which is called a hypocycloid.
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x(t) = 3cos t + cos 3t
y(t) = 3sint — sin 3t

Figure 7.10 Graph of the hypocycloid described by the parametric equations shown.

The general parametric equations for a hypocycloid are

x()=(a—b) cost+bcos(”%bb) t
y(®) =(a—b)sint —bsin (42) 1.

These equations are a bit more complicated, but the derivation is somewhat similar to the equations for the cycloid. In
this case we assume the radius of the larger circle is a and the radius of the smaller circle is b. Then the center of the
wheel travels along a circle of radius a — b. This fact explains the first term in each equation above. The period of the
second trigonometric function in both x (¢) and y (¢) is equal to %.

The ratio % is related to the number of cusps on the graph (cusps are the corners or pointed ends of the graph), as

illustrated in Figure 7.11. This ratio can lead to some very interesting graphs, depending on whether or not the ratio is
rational. Figure 7.10 corresponds to @ = 4 and b = 1. The result is a hypocycloid with four cusps. Figure 7.11 shows some
other possibilities. The last two hypocycloids have irrational values for %. In these cases the hypocycloids have an infinite

number of cusps, so they never return to their starting point. These are examples of what are known as space-filling
curves.
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Figure 7.11 Graph of various hypocycloids corresponding to different values of a/b.

STUDENT PROJECT

The Witch of Agnesi

Many plane curves in mathematics are named after the people who first investigated them, like the folium of
Descartes or the spiral of Archimedes. However, perhaps the strangest name for a curve is the witch of Agnesi. Why a
witch?

Maria Gaetana Agnesi (1718-1799) was one of the few recognized women mathematicians of eighteenth-century
Italy. She wrote a popular book on analytic geometry, published in 1748, which included an interesting curve that had
been studied by Fermat in 1630. The mathematician Guido Grandi showed in 1703 how to construct this curve, which
he later called the “versoria,” a Latin term for a rope used in sailing. Agnesi used the Italian term for this rope,
“versiera,” but in Latin, this same word means a “female goblin.” When Agnesi's book was translated into English in
1801, the translator used the term “witch” for the curve, instead of rope. The name “witch of Agnesi” has stuck ever
since.

The witch of Agnesi is a curve defined as follows: Start with a circle of radius a so that the points (0, 0) and (0, 2a) are
points on the circle (Figure 7.12). Let O denote the origin. Choose any other point A on the circle, and draw the secant
line OA. Let B denote the point at which the line OA intersects the horizontal line through (0, 2a). The vertical line
through Bintersects the horizontal line through A at the point P. As the point A varies, the path that the point P
travels is the witch of Agnesi curve for the given circle.

Witch of Agnesi curves have applications in physics, including modeling water waves and distributions of spectral
lines. In probability theory, the curve describes the probability density function of the Cauchy distribution. In this
project you will parameterize these curves.
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Yi
(0, 2a) B

x¥

(0]

Figure 7.12 As the point A moves around the circle, the point P traces out the witch of Agnesi curve for the given
circle.

1. Onthe figure, label the following points, lengths, and angle:

Cis the point on the x-axis with the same x-coordinate as A.

X is the x-coordinate of P, and y is the y-coordinate of P.

Eis the point (0, a).

Fis the point on the line segment OA such that the line segment EFis perpendicular to the line segment OA.
b is the distance from Oto F.

cis the distance from Fto A.

dis the distance from O to B.

0 is the measure of angle ZCOA.

SQ - 2 n T o

The goal of this project is to parameterize the witch using € as a parameter. To do this, write equations for x and
yinterms of only 6.

Show that d = Sizn"e.

Note that x = d cos #. Show that x = 2a cot . When you do this, you will have parameterized the x-coordinate of
the curve with respect to 6. If you can get a similar equation for y, you will have parameterized the curve.

In terms of @, what is the angle zEOA?

Show that b + ¢ = 2acos (5 - 0) .

Show that y = 2a cos (5 — 0) sin .

Show that y = 2a sin?6. You have now parameterized the y-coordinate of the curve with respect to 6.

Conclude that a parameterization of the given witch curve is

w

© N o un A

x=2acot6’,y=2asin20,—°0 <0< oo,

8a3

9. Use your parameterization to show that the given witch curve is the graph of the function f(x) = Dl
x“+4a

STUDENT PROJECT

Travels with My Ant: The Curtate and Prolate Cycloids

Earlier in this section, we looked at the parametric equations for a cycloid, which is the path a point on the edge of a
wheel traces as the wheel rolls along a straight path. In this project we look at two different variations of the cycloid,
called the curtate and prolate cycloids.

First, let's revisit the derivation of the parametric equations for a cycloid. Recall that we considered a tenacious ant
trying to get home by hanging onto the edge of a bicycle tire. We have assumed the ant climbed onto the tire at the
very edge, where the tire touches the ground. As the wheel rolls, the ant moves with the edge of the tire (Figure 7.13).

As we have discussed, we have a lot of flexibility when parameterizing a curve. In this case we let our parameter t
represent the angle the tire has rotated through. Looking at Figure 7.13, we see that after the tire has rotated
through an angle of ¢, the position of the center of the wheel, C = (x¢, y¢), is given by
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xc =atand yc = a.
Furthermore, letting A = (x4, y4) denote the position of the ant, we note that
xXc —x4 =asintand yo — y4 = acost.
Then
X4 =Xc —asint=at—asint = a(t —sint)
YA =Yc —acost=a—acost=a(l —cost).

Yi Y

Ya

¥

(@ (b)
Figure 7.13 (a) The ant clings to the edge of the bicycle tire as the tire rolls along the ground. (b) Using geometry to
determine the position of the ant after the tire has rotated through an angle of t.

Note that these are the same parametric representations we had before, but we have now assigned a physical
meaning to the parametric variable t.

After a while the ant is getting dizzy from going round and round on the edge of the tire. So he climbs up one of the
spokes toward the center of the wheel. By climbing toward the center of the wheel, the ant has changed his path of
motion. The new path has less up-and-down motion and is called a curtate cycloid (Figure 7.14). As shown in the
figure, we let b denote the distance along the spoke from the center of the wheel to the ant. As before, we let t
represent the angle the tire has rotated through. Additionally, we let C = (x¢, yc) represent the position of the
center of the wheel and A = (x4, y4) represent the position of the ant.

Yi ¥

=*

@ (b)

xV

©

Figure 7.14 (a) The ant climbs up one of the spokes toward the center of the wheel. (b) The ant’s path of motion after
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1.
2.
3.

he climbs closer to the center of the wheel. This is called a curtate cycloid. (c) The new setup, now that the ant has
moved closer to the center of the wheel.

What is the position of the center of the wheel after the tire has rotated through an angle of ?

Use geometry to find expressions for xc — x4 and for yc — y4.

On the basis of your answers to parts 1 and 2, what are the parametric equations representing the curtate
cycloid?

Once the ant’s head clears, he realizes that the bicyclist has made a turn, and is now traveling away from his
home. So he drops off the bicycle tire and looks around. Fortunately, there is a set of train tracks nearby, headed
back in the right direction. So the ant heads over to the train tracks to wait. After a while, a train goes by, heading
in the right direction, and he manages to jump up and just catch the edge of the train wheel (without getting
squished!).

The ant is still worried about getting dizzy, but the train wheel is slippery and has no spokes to climb, so he
decides to just hang on to the edge of the wheel and hope for the best. Now, train wheels have a flange to keep
the wheel running on the tracks. So, in this case, since the ant is hanging on to the very edge of the flange, the
distance from the center of the wheel to the ant is actually greater than the radius of the wheel (Figure 7.15).
The setup here is essentially the same as when the ant climbed up the spoke on the bicycle wheel. We let b
denote the distance from the center of the wheel to the ant, and we let t represent the angle the tire has rotated
through. Additionally, we let C = (x¢, y¢) represent the position of the center of the wheel and A = (x4, y4)
represent the position of the ant (Figure 7.15).

When the distance from the center of the wheel to the ant is greater than the radius of the wheel, his path of
motion is called a prolate cycloid. A graph of a prolate cycloid is shown in the figure.

Yi Y
A
—_ Ye
Ya
— X x
A
(@ (b)

¥

OT 0
()

Figure 7.15 (a) The ant is hanging onto the flange of the train wheel. (b) The new setup, now that the ant has
jumped onto the train wheel. (c) The ant travels along a prolate cycloid.

Using the same approach you used in parts 1- 3, find the parametric equations for the path of motion of the ant.
What do you notice about your answer to part 3 and your answer to part 4?

Notice that the ant is actually traveling backward at times (the “loops” in the graph), even though the train
continues to move forward. He is probably going to be really dizzy by the time he gets home!
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L

SECTION 7.1 EXERCISES

For the following exercises, sketch the curves below by eliminating the parameter t. Give the orientation of the curve.

1. x=2+2t,y=1+1 2. x =cos(t),y =sin(),(0,2z] 3. x=21+4,y=1—1
4 x=3—-t,y=2t-3,15<1t<3

For the following exercises, eliminate the parameter and sketch the graphs.

5. x=212, y=t*+1

For the following exercises, use technology (CAS or calculator) to sketch the parametric equations.
6. Mx=r2+1 y=12-1 7. Mx=e?, y=e¥ -1 8 [Tl x=3cost, y=4sint

9. [T] x =sect, y=cost

For the following exercises, sketch the parametric equations by eliminating the parameter. Indicate any asymptotes of
the graph.

10. x=¢', y= e+ 1 11. x =65sin(20),y =4cos(26) 12. x =cosH, y=2sin(20)

13. x=3-2cosf, y=-5+3sinf 14. x=4+2cosf, y=—-1+sinf 15. x=sect, y=tant

16. x =1In(21), y=1 17. x=¢, y=e* 18. x=¢2, y=e¥

19. x=1, y=3Int¢ 20. x=4secH, y=3tan6

For the following exercises, convert the parametric equations of a curve into rectangular form. No sketch is necessary.
State the domain of the rectangular form.

_ 1 _ .
21 x=1*-1, y=1% 22, x= Nk y=17:1>-1 23 x=4cos6,y=3sin0,0 € (0,2x]
24. x =cosht, y=sinht 25. x=2t-3, y=6t—7 26. x=¢%, y=¢
27. x=1+4+cost, y=3—sint 28. x=\/;, y=2t+4 29. x =sect, y=tant,7z§t<37”
30. x=2coshs, y=4sinht 31. x=cos(2f), y=sint 32. x=41+3,y=1612 -9
33. x=t2’ y=2Int,t > 1 34. x=t3, y=3Int,t>1 35. x=1", y=nlnt,t > 1,
where nis a natural
number
x = In(5¢ x = 2 sin(8¢ X =tant
36. (2) wherel <t<e 37. (@) 38. )
y = In(t7) y =2 cos(8t) y=sect—1

For the following exercises, the pairs of parametric equations represent lines, parabolas, circles, ellipses, or hyperbolas.
Name the type of basic curve that each pair of equations represents.

x=3t+4 x—4=>5¢ x=2t+1
39. 40. 41.

y=5t-2 y+2=t y=1-3

x =3cost x = 2 cos(3r) x = cosht
42. . 43, _ 44. _

y=3sint y = 2sin(31) y = sinht

x =3cost x =2 cos(31) x = 3 cosh(4r)
45, 46. 47.

y=4sint y = 5sin(37) y = 4 sinh(4t)
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x =2cosht
48. 49. Showt

y = 2sinht

represents the equation of

a circle

For the following exercises, use a graphing utili
identify the curve from its equation.
x=60+sin0

[Tl
y=1-—cosf

51. 52. [T]

54. An airplane traveling horizontally 55.
at 100 m/s over flat ground at an
elevation of 4000 meters must
drop an emergency package on a
target on the ground. The
trajectory of the package is given
by

x = 100z, y = —4.912 + 4000, > 0
where the origin is the point on
the ground directly beneath the
plane at the moment of release.
How many horizontal meters
before the target should the
package be released in order to hit

the target?

56. [T] Use technology to sketch the 57.
curve represented by

x = sin(4t), y = sin(31),0 < t < 2.

Sketch the curve known as an 59.
epitrochoid, which gives the path

of a point on a circle of radius b as

it rolls on the outside of a circle of

radius a. The equations are

,V:(a+b)sint—c.sin[(a+_bb)’]_
Leta=1,b=2,c=1.

58.

(a+b)t
b

x:(a+b)cost—c~cos[

60. [T] Use technology to graph the curve give

by the parametric equations

x =2cot(t),y=1-cos2t),—n/2 <t < n/2.

This curve is known as the witch of Agnesi.

X =

y:

x=h+rcosf
hat

. 50. Use the equations in the
y=k+rsin@

preceding problem to find
a set of parametric
equations for a circle
whose radius is 5 and
whose center is (=2, 3).

ty to graph the curve represented by the parametric equations and

2t —2sint

x=1t—05sint
53. [T]
2—2cost

y=1-—15cost

The trajectory of a bullet is given by
x=uvg(cosa) t,y=vq(sina) t — %gt2
where vy = 500 m/s,
g=9.8=9.8m/s2, and

a = 30 degrees. When will the bullet hit
the ground? How far from the gun will
the bullet hit the ground?

[T] Use technology to sketch
x =2tan(t),y = 3sec(t),—r <t <.

[T] Use technology to
sketch the spiral curve
given by

x =tcos(t),y = tsin(t)
from =2z <t < 2x.

n 61. [T] Sketch the curve given

by parametric equations

x = cosh(?)

. where
y = sinh(?),
-2<t<L2.

7.2 Calculus of Parametric Curves

Learning Objectives
7.2.1 Determine derivatives and equations of tangents for parametric curves.
7.2.2 Find the area under a parametric curve.
7.2.3 Use the equation for arc length of a parametric curve.
7.2.4 Apply the formula for surface area to a volume generated by a parametric curve.

Now that we have introduced the concept of a parameterized curve, our next step is to learn how to work with this
concept in the context of calculus. For example, if we know a parameterization of a given curve, is it possible to calculate
the slope of a tangent line to the curve? How about the arc length of the curve? Or the area under the curve?
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7.2 « Calculus of Parametric Curves

Another scenario: Suppose we would like to represent the location of a baseball after the ball leaves a pitcher’s hand. If
the position of the baseball is represented by the plane curve (x (), ¥ (¢)), then we should be able to use calculus to find

the speed of the ball at any given time. Furthermore, we should be able to calculate just how far that ball has traveled as
a function of time.

Derivatives of Parametric Equations

We start by asking how to calculate the slope of a line tangent to a parametric curve at a point. Consider the plane curve
defined by the parametric equations

x@®)=2t+3, y@®)=3t—-4, -2<tr<3.
The graph of this curve appears in Figure 7.16. It is a line segment starting at (—1, —10) and ending at (9, 5).
Yi

Xx(t)=2t+3
y(it)=3t—4
—-2=t=3

Figure 7.16 Graph of the line segment described by the given parametric equations.

We can eliminate the parameter by first solving the equation x(¢) = 2t + 3 for t.

x(t) = 2t+3
x—=3 = 2t
_ x-3
t -_ T.
Substituting this into y(¢), we obtain
y@®) = 3t—4
_ x=3
y = 3(5) -4
_ 3x 9
y= 3374

The slope of this line is given by % = % Next we calculate x” () and ' (¢). This gives x’ (t) =2 and y’ (t) = 3. Notice
dy dyldt

that = = = 2 This is no coincidence, as outlined in the following theorem.
dx dx/dt 2
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552 7+ Parametric Equations and Polar Coordinates

Theorem 7.1

Derivative of Parametric Equations
Consider the plane curve defined by the parametric equations x = x (f) and y = y (¢) . Suppose that x” (¢) and y’ (¢)
exist, and assume that x” (#) # 0. Then the derivative % is given by

dy _dyldt _y (@®) (7.1)
dx — dx/dt ~ X' (1)

Proof
This theorem can be proven using the Chain Rule. In particular, assume that the parameter t can be eliminated, yielding
a differentiable function y = F(x). Then y (t) = F (x (¢)) . Differentiating both sides of this equation using the Chain Rule

yields
Yy o=F xo)x o,
so
’ _ y ()
F (x(@) = Pt

But F/ (x (1)) = %, which proves the theorem.

O

Equation 7.1 can be used to calculate derivatives of plane curves, as well as critical points. Recall that a critical point of a
differentiable function y = f (x) is any point x = x( such that either 1 (xg) = 0 or f’ (x() does not exist. Equation 7.1

gives a formula for the slope of a tangent line to a curve defined parametrically regardless of whether the curve can be
described by a function y = f (x) or not.

EXAMPLE 7.4

Finding the Derivative of a Parametric Curve

Calculate the derivative % for each of the following parametrically defined plane curves, and locate any critical points

on their respective graphs.

a. x(N=12=3, y@=2-1, -3<1<4
b. x()=2+1, y@ =1 -3t+4, -2<1<5
c. x(t)=5cost, y()=5sint, 0<t<2xm
Solution
a. To apply Equation 7.1, first calculate x’ (t) and ¥/ (¥):
x' () =2t
y =2
Next substitute these into the equation:
dy _ dyldt
dx — dx/dt
dy _ 2
dx ~— 2t
4y _1
dx — t°

This derivative is undefined when ¢ = 0. Calculating x (0) and y (0) gives x (0) = (0)2 —3=-3and
¥(0) =2(0) — 1 = —1, which corresponds to the point (=3, —1) on the graph. The graph of this curve is a parabola
opening to the right, and the point (-3, —1) is its vertex as shown.
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2 4 6 8 10 12 14X

x(t)=1t>—3
- yit)=2t—-1
-3=t=4
_6.
t=-3
_8__

Figure 7.17 Graph of the parabola described by parametric equations in part a.

To apply Equation 7.1, first calculate x” (¢) and ' (¢):

X' ) =2
y (1) =32 = 3.
Next substitute these into the equation:
dy _ dyldt
dx ~ dx/dt
dy _ 32-3
dx — 2
This derivative is zero when t = +1. When t = —1 we have

x(-D=2(-D+1=-landy(-1) = (-1} =3 (=) +4=—-1+3+4=06,

which corresponds to the point (=1, 6) on the graph. When ¢t = 1 we have
x(D=2M+1=3andy(1)=1)> -=3(1)+4=1-3+4=2,

which corresponds to the point (3, 2) on the graph. The point (3, 2) is a relative minimum and the point (—1,6) is a
relative maximum, as seen in the following graph.

t=2
x(t)=2t+1
yit)y=1 -3t +4
—2=t=2
t=1
2 4 6 8 10 12%
_4__
_6..
_8__

Figure 7.18 Graph of the curve described by parametric equations in part b.

To apply Equation 7.1, first calculate x’ (¢) and )/ (¢):
x' (1) = =5sint

y' () =5cost.
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554 7+ Parametric Equations and Polar Coordinates

Next substitute these into the equation:

dy _ dyldt
dx — dx/dt
dy _ Scost
dx — —5sint
dy _ _

I = cotz.

This derivative is zero when cos t = 0 and is undefined when sin t = 0. This gives t = 0, % T, 37” and 2 as critical
points for t. Substituting each of these into x (¢) and y(¢), we obtain

t x@® y@

0 5 0
T

5 0 5
T -5 0
3z

7 0 _5
27 | 5 0

These points correspond to the sides, top, and bottom of the circle that is represented by the parametric equations

(Figure 7.19). On the left and right edges of the circle, the derivative is undefined, and on the top and bottom, the
derivative equals zero.

Yi
6

x(t) = 5cost
y(t) = 5sint
O0=t=27w

Figure 7.19 Graph of the curve described by parametric equations in part c.

7.4 Calculate the derivative dy/dx for the plane curve defined by the equations
x()=1>—4t, y@t)=20—61, -2<1<3

and locate any critical points on its graph.
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7.2 « Calculus of Parametric Curves

EXAMPLE 7.5

Finding a Tangent Line
Find the equation of the tangent line to the curve defined by the equations

x()=t*-3, y@t)=2t—-1, -3<t<4dwhent=2.

) Solution
First find the slope of the tangent line using Equation 7.1, which means calculating x” (¢) and y’ (¢):
x' (1) =2t
ym=2.
Next substitute these into the equation:
dy _ dyldt
dx ~ dx/dt
dy _ 2
dx — 2t
dy _ 1
dx — t°
Whent = 2, % = 5, so this is the slope of the tangent line. Calculating x (2) and y (2) gives

x()=@?-3=1landy(2)=2(2)—1=3,

which corresponds to the point (1, 3) on the graph (Figure 7.20). Now use the point-slope form of the equation of a line
to find the equation of the tangent line:

y—yo = m(x—xgp)
y=3 = 3(x-1
- 1.1

y=3 = 3x-3
_ 1 5

y = 7X+§

Figure 7.20 Tangent line to the parabola described by the given parametric equations when ¢ = 2.

75 Find the equation of the tangent line to the curve defined by the equations

x()=1>—4t, y@)=2 —6t, —2<t<10whent=>5.

Second-Order Derivatives

Our next goal is to see how to take the second derivative of a function defined parametrically. The second derivative of a
function y = f (x) is defined to be the derivative of the first derivative; that is,
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d’y _ d [dy
)
Since % = %, we can replace the y on both sides of this equation with %. This gives us
d%y _d (dy\ _ (dldr)(dyldx) (7.2)
dx2 E(E) T dxldt

If we know dy/dx as a function of t, then this formula is straightforward to apply.

EXAMPLE 7.6

Finding a Second Derivative
Calculate the second derivative d> y/dx2 for the plane curve defined by the parametric equations
x()=12=3,y(0)=2t—1,-3<1<4.

) Solution

From Example 7.4 we know that % = % = % Using Equation 7.2, we obtain
d*y _ (d/dn)(dyldx) _ (dldy(/ty - 1
dx2 ~ dxldt 2t o2 23

7.6 Calculate the second derivative dzy/dx2 for the plane curve defined by the equations
x() =1 -4, y@t)=20-61, -2<1<3

and locate any critical points on its graph.

Integrals Involving Parametric Equations

Now that we have seen how to calculate the derivative of a plane curve, the next question is this: How do we find the
area under a curve defined parametrically? Recall the cycloid defined by the equations
x(t)=t—sint, y(t)=1—cost. Suppose we want to find the area of the shaded region in the following graph.

Yi
6+ x(t) =t — sint
y(t) = 1 — cost
34
ra 57?7 o _3;” . % ° g . EP 57” 3
_3t

Figure 7.21 Graph of a cycloid with the arch over [0, 2] highlighted.
To derive a formula for the area under the curve defined by the functions
x=x(), y=y@, a<t<b,

we assume that x(¢) is increasing on the interval t € [a, b] and x (¢) is differentiable and start with an equal partition of
the intervala <t < b. Suppose ty =a <t} <tp < -+ <t, = band consider the following graph.
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x(ty) x(t,) x(t )¢
Figure 7.22 Approximating the area under a parametrically defined curve.

We use rectangles to approximate the area under the curve. The height of the ith rectangle is y(#;,_), so an
approximation to the area is

Y v(tim1) (x(4) = x(ti-1))
_ wn o\ ) =x(hg)) (L
- Zi:l y<tl—1> (ti—ti—l) <tl tl—l)

- (s (-0 o

(x(r)=x(ti=1)) '

This follows from results obtained in Calculus 1 for the function y<ti_1> =)
i~ti—1

Then a Riemann sum for the area is

A= 30 (0) (0= (10))
Multiplying and dividing each area by #; — #;_; gives
o= St (FUZ Y ) = S o (R o
Taking the limit as n approaches infinity gives

b
A= lim A, =/ y@)x' (1) dt.
a

n— 00

If x is a decreasing function for a < t < b, a similar derivation will show that the area is given by
—jab y(t)x'(t)dt = /ab y(t)x'(t)dt

This leads to the following theorem.

Theorem 7.2

Area under a Parametric Curve
Consider the non-self-intersecting plane curve defined by the parametric equations

x=x(@®), y=y@®, a<t<b
and assume that x (7) is differentiable. The area under this curve is given by

b
A= / y(@) X' (1) dt. (7.3)
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EXAMPLE 7.7

Finding the Area under a Parametric Curve
Find the area under the curve of the cycloid defined by the equations

x(t)=t—sint, y(@#)=1-cost, 0<t<2x.

Solution
Using Equation 7.3, we have

b
A =/ y@®x' (1) dt

2
=/ (1 —cost)(l —cost) dt
0
2

= (1 —-2cost+ coszt)dt
0

2r
1 2t
=/ (1—2cost+i> dt
0 2
(3 cos 2t
/ — —2cost+ >dt
0 2 2

_ 3t sin 2t |27
=3 2sint + 7 |0

=3r.

7.7 Find the area under the curve of the hypocycloid defined by the equations

x()=3cost+cos3t, y({)=3sint—sin3t, 0<tr<mx

Arc Length of a Parametric Curve

In addition to finding the area under a parametric curve, we sometimes need to find the arc length of a parametric
curve. In the case of a line segment, arc length is the same as the distance between the endpoints. If a particle travels
from point A to point B along a curve, then the distance that particle travels is the arc length. To develop a formula for
arc length, we start with an approximation by line segments as shown in the following graph.

Yi

A/"—‘-\‘\B

Figure 7.23 Approximation of a curve by line segments.

Given a plane curve defined by the functions x = x (), y = y(¢) ,a < t < b, we start by partitioning the interval [a, b] into
nequal subintervals: tg = a < t| <tp < -+ <t, = b. The width of each subinterval is given by At = (b — a) /n. We can
calculate the length of each line segment:

dy = /(e 1) = x () + (3 (1) — y (1)

dy = V(x(12) = x(11))? + (y(12) — y (11))? etc.

Then add these up. We let s denote the exact arc length and s, denote the approximation by n line segments:
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sa Y se= 2 () = x (ter)) + () = v (o)) 7.4)
k=1 k=1

If we assume that x (f) and y (¢) are differentiable functions of t, then the Mean Value Theorem (Introduction to the
Applications of Derivatives (http://openstax.org/books/calculus-volume-1/pages/4-introduction)) applies, so in each
subinterval [#;_1, ;] there exist f; and 7 such that

x(tg) —x (tk—l) =x' (fk) (lk _tk—l) =x' (lk) At
y) =y (t=1) =V (Fk) (tk —t51) =¥ () At

Therefore Equation 7.4 becomes

{)
2
D=
1]
<

~
Il
—

(' (i) Af)* + (' (7e) A1)

~
I
_

I
M=
< =

(' (F)) (A + (¥ (7)) *(ar?

Il
M=

x~
Il

1]
L
M= =

<_

—~~
X\

TN

O P o

This is a Riemann sum that approximates the arc length over a partition of the interval [a, b]. If we further assume that
the derivatives are continuous and let the number of points in the partition increase without bound, the approximation
approaches the exact arc length. This gives

n
lim Z Sk

n—0 f=1

nhf:o (é \/(x/ (7)) + (v (fk))z) At
/ab \/(x’ ®)* + (¥ 1) dr.

When taking the limit, the values of ; and 7 are both contained within the same ever-shrinking interval of width At, so
they must converge to the same value.

=l
Il

We can summarize this method in the following theorem.

Theorem 7.3

Arc Length of a Parametric Curve
Consider the plane curve defined by the parametric equations

x=x(), y=y@®, 11 <ttt

and assume that x (t) and y (¢) are differentiable functions of t. Then the arc length of this curve is given by
12 d 2 d 2 7.5
=[G (&) - "
1 dt dt

At this point a side derivation leads to a previous formula for arc length. In particular, suppose the parameter can be
eliminated, leading to a function y = F (x). Then y(t) = F (x (¢)) and the Chain Rule gives ¥ (1) = F' (x 1)) x’ (¢).
Substituting this into Equation 7.5 gives
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dx\? dy 2
/ \/ E + dl‘) dt
t 2 2
/2\/ dx F’(x)d—x> dt
dt dt
_ 2 dx ’ 2
_/t1 \/(E) (1+(F ) )dt
t 2
=/2x’(t)1/l+<ﬂ> dt.
1 dx

Here we have assumed that x’ (f) > 0, which is a reasonable assumption. The Chain Rule gives dx = x’ () dt, and
letting a = x (1) and b = x (¢p) we obtain the formula

b 2
d
s=/ 1+<—y> dx,
a V dx

which is the formula for arc length obtained in the Introduction to the Applications of Integration.

EXAMPLE 7.8

Finding the Arc Length of a Parametric Curve
Find the arc length of the semicircle defined by the equations

x(t)=3cost, y()=3sint, 0<t<m

Solution
The valuest = 0 to t = & trace out the red curve in Figure 7.23. To determine its length, use Equation 7.5:

2 2
d
- E
dt
= / \/(—3 sin?)? + (3 cos 1) dt
0
T
=/ \/9sin21+9cosztdt
0
T
=/ ‘/9(sin2t+coszt)dt
0

v
=/ 3dt = 3t|§ = 3x.
0

Note that the formula for the arc length of a semicircle is zr and the radius of this circle is 3. This is a great example of
using calculus to derive a known formula of a geometric quantity.
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Y

64+

5L  x(t) = 3cost
y(t) = 3sint

&2 O=t=n7

-2+

Figure 7.24 The arc length of the semicircle is equal to its radius times 7.

7.8 Find the arc length of the curve defined by the equations

x() =32, y@) =2, 1<t<3.

We now return to the problem posed at the beginning of the section about a baseball leaving a pitcher’s hand. Ignoring
the effect of air resistance (unless it is a curve balll), the ball travels a parabolic path. Assuming the pitcher’s hand is at
the origin and the ball travels left to right in the direction of the positive x-axis, the parametric equations for this curve
can be written as

x () =140, y(@t) = —161> + 2t

where t represents time. We first calculate the distance the ball travels as a function of time. This distance is represented
by the arc length. We can modify the arc length formula slightly. First rewrite the functions x (t) and y (¢) using v as an
independent variable, so as to eliminate any confusion with the parameter ¢

x(v) = 1400, y(v) = —160> + 2v.

Then we write the arc length formula as follows:
t 2 2
dx dy
1) = — ) +(= ) d
0 /0 \/<dv> <dv> ’

t
- / \/ 1402 + (=320 + 2)2dv.
0

The variable vacts as a dummy variable that disappears after integration, leaving the arc length as a function of time t.
To integrate this expression we can use a formula from Appendix A,

2
/\/a2 +uldu=—\a*+u® + %ln|u+ Va? +u2| +C.
We set a = 140 and u = —32v + 2. This gives du = —32dv, so dv = —%du. Therefore

/\/1402 +(=320+2%dv = [ @ +iPdu

—32042
E32%2) \/140% + (=320 +2)°

u
2

1

-+ +C

+ 10 10 (=320 +2) + V1407 + (=320 + 2)7

and
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s(t) = 32[( 322 V1407 + (=320 +2) + 140 1n(( 321 +2) + /1402 + (- 321+2)2|]
+31—2[\/m+ ﬂln|2+\/m|]
= (4 = &) V102412 — 1281 + 19604 — 12251n|( 32t+2)+\/1024t2—128t+19604|
PV 123510 (3.4 /19508,

This function represents the distance traveled by the ball as a function of time. To calculate the speed, take the derivative
of this function with respect to t. While this may seem like a daunting task, it is possible to obtain the answer directly
from the Fundamental Theorem of Calculus:

di/ £ du= f ().
X a

Therefore

s (1) = L[s )]

d ! 2 2
E[/o \/140 + (=320 + 2)2dv

V140% + (=321 +2)°
= 1/1024¢2 — 128t + 19604
=24/25612 — 321 + 4901.

One third of a second after the ball leaves the pitcher’s hand, the distance it travels is equal to

s(4) = (12— %) /1024(1)7 128 (L) + 19604

-2 (-52 (4) +2) + /1024(3)7 - 128 (4) + 19604

TR AL @m( + \/19604)
~ 46.69 feet.

This value is just over three quarters of the way to home plate. The speed of the ball is

2
1 1 1
y <§> _ 2\/256<§> —16 <§> +4901 ~ 140.34 fis.

This speed translates to approximately 95 mph—a major-league fastball.

Surface Area Generated by a Parametric Curve

Recall the problem of finding the surface area of a volume of revolution. In Curve Length and Surface Area, we derived a
formula for finding the surface area of a volume generated by a function y = f (x) from x = a to x = b, revolved around

the x-axis:
b
S=27r/ G+ (1 () dx

We now consider a volume of revolution generated by revolving a parametrically defined curve
x=x(t),y=y(),a <t < baround the x-axis as shown in the following figure.
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Figure 7.25 A surface of revolution generated by a parametrically defined curve.

The analogous formula for a parametrically defined curve is

b
S = 271'/ () \/(x' 0) + () (1) dt 7.6

provided that y () is not negative on [a, b].

EXAMPLE 7.9

Finding Surface Area
Find the surface area of a sphere of radius r centered at the origin.

() Solution
We start with the curve defined by the equations

x(t)=rcost, y(@)=rsint, 0<Lt<m
This generates an upper semicircle of radius r centered at the origin as shown in the following graph.

yi
T x=rcost
y=rsint

O=t=nxw

Figure 7.26 A semicircle generated by parametric equations.

When this curve is revolved around the x-axis, it generates a sphere of radius r. To calculate the surface area of the
sphere, we use Equation 7.6:
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b
S :27:/ y(@) \/(x’ )+ (Y 1)’ dr
= 27[/” rsint\/(—r sin t)2 + (rcos t)zdt
0

T
=2r rsin 1\/r?sin®t + rcos>t dt

0
T
= 27[/ Fsint, /r2 (sinzt + coszt)dt
0
T

= 27:/ r2sint dt
0

= 2712 (—cos 1l5)

=27r? (—cos 7 + cos 0)
=47r?.

This is, in fact, the formula for the surface area of a sphere.

7.9 Find the surface area generated when the plane curve defined by the equations
x() =, y=r, 0<t<1

is revolved around the x-axis.

- SECTION 7.2 EXERCISES

For the following exercises, each set of parametric equations represents a line. Without eliminating the parameter, find
the slope of each line.

62. x=3+1, y=1-t 63. x=8+2¢t y=1 64 x=4-3t, y=-2+6¢
65. x=-5t+7, y=3t-1
For the following exercises, determine the slope of the tangent line, then find the equation of the tangent line at the

given value of the parameter.

/4

66. x=3sins, y=3cost, t=7% 67. x=cost, y=8sint,t=% 68 x=2t, y=1, t=-1

69. x=r+1 y=r-1 1=1 70 x=\/i, y=21, 1=4

For the following exercises, find all points on the curve that have the given slope.

71. x=4cost, y=4sint, 72. x =2cost, y=28sint, slope =—1
slope=0.5

73. x:t+%, y:t—%,slopezl 74. x=2+\/;, y=2—4t, slope =0

For the following exercises, write the equation of the tangent line in Cartesian coordinates for the given parameter t.
75. x=eV!, y=1-Ins%, 1=1 76 x=tlnt, y=sin’t,t=% 77 x=¢', y=@-1>2, at(l,1)

78. For x = sin(2t),y = 2sint 79. For x =sin(2t),y = 2sint 80. Find all points on the curve

where 0 <t < 2z. Find all where 0 <t < 2z. Find all x = 4sin(t), y = 4 cos(t)
values of tat which a values of t at which a that have the slope of 0.5
horizontal tangent line vertical tangent line exists.

exists.
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81. Find % for 82. Find the equation of the 83. For the curve

x = sin(7), y = cos(?). tangent line to x =4t,y =3t — 2, find the
x = sin(¢), y = cos(?) at slope and concavity of the
t=1. curve att = 3.

84. For the parametric curve 85. Find the slope and concavity 86. Find all points on the curve
whose equation is for the curve whose x=t+4,y=1 —3tat
x=4cosf,y=4sinb, equation is which there are vertical
find the slope and x=2+secf,y=1+2tané and horizontal tangents.
concavity of the curve at atf = %.
0= %.

87. Find all points on the curve
x =secH,y=tanf at
which horizontal and
vertical tangents exist.

For the following exercises, find d* yldx>.
88 x=r"-1, y=r—1* 89. x =sin(nt), y=cos(zt) 90. x=e', y=re*

For the following exercises, find points on the curve at which tangent line is horizontal or vertical.

2
x=t(t"-3), y=30t--3) X R y e

For the following exercises, find dy/dx at the value of the parameter.

93. x =cost, y=sint, t=T” 94, x=\ﬁ, y=2t+4, t=9

95. x =4cos(2xs), y=3sin 2xs), s:—%

For the following exercises, find d> y/dx2 at the given point without eliminating the parameter.

96. x = %tz, y= %t3, t=2 97. x= \/;, y=2t+4, t=1 98. Find tintervals on which
the curve
x=312,y=t3 —tis
concave up as well as
concave down.

99. Determine the concavity of ~ 100. Sketch and find the area under 101. Find the area bounded by
the curve one arch of the cycloid the curve
x=2t+Int,y=2t—Int. x=r(@—sin@),y=r(l —cosb). x:cost,y:e’,OStS%

and the lines y =1 and
x =0.
102. Find the area enclosed by the 103. Find the area of the region
ellipse bounded by
x=acosf,y=bsinh,0 <6< 2x. x = 2sin%6, y = 2 sin%6 tan 6,
for0<60< 7.

For the following exercises, find the area of the regions bounded by the parametric curves and the indicated values of
the parameter.

104. x =2cotf,y=2sin’0,0<0 <z 105. [T]
x =2acost—acos(2t),y =2asint —asin(2t),0 <t < 2x

106. [T] 107. [T]
x = asin(2t),y = bsin(?),0 <t < 2rx x =2acost—asin(2t),y = bsint,0 <t <2xw
(the "hourglass”) (the “teardrop”)
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For the following exercises, find the arc length of the curve on the indicated interval of the parameter.
108. x=41+3, y=31-2, 0<r<2 109. x=11, y=1* 0<1<1
110. x=cos(21), y=sin21), 0<t<Z 1M1 x=1+7%, y=1+1’, 0<t<1

112. x=¢cost, y=e'sint, 0<t< % 113. x = acos30,y =asin’0
(Use a CAS for this and express the on the interval [0, 27) (the
answer as a decimal rounded to hypocycloid)
three places.)

114. Find the length of one arch of the 115. Find the distance traveled by a
cycloid particle with position (x, y) as t
x=4(—sint),y=4(1 —cost). varies in the given time interval:

x = sinzt, y= coszt, 0<t<3r.

116. Find the length of one arch 117. Show that the total length of 118. Find the length of the curve
of the cycloid the ellipse x=e —t,y=4e"? -8 <1 <3.
x=0-sinf,y=1-—cosé. x=4sinf,y=3cosfis
/2

L=16 V1 = e?sin’6 do,
0
where e = = and

c=1Va? - b2,

For the following exercises, find the area of the surface obtained by rotating the given curve about the x-axis.

1M9. x=¢, y=12, 0<tr<1 120. x=aqacos’0, y=asin’6, 0<0<7%

121. [T] Use a CAS to find the area of  122. Find the surface area 123. Find the area of the
the surface generated by obtained by rotating surface generated by
rotating x=3,y=23,0<1<5 revolving
x=t+t3,y=t—ti2,1§t§2 about the y-axis. x=t2,y=2t,0§t§4

about the x-axis. (Answer to about the x-axis.

three decimal places.)

124. Find the surface area
generated by revolving
x=12,y=220<1<1
about the y-axis.

7.3 Polar Coordinates

Learning Objectives
7.3.1 Locate points in a plane by using polar coordinates.
7.3.2 Convert points between rectangular and polar coordinates.
7.3.3 Sketch polar curves from given equations.
7.3.4 Convert equations between rectangular and polar coordinates.
7.3.5 Identify symmetry in polar curves and equations.

The rectangular coordinate system (or Cartesian plane) provides a means of mapping points to ordered pairs and
ordered pairs to points. This is called a one-to-one mapping from points in the plane to ordered pairs. The polar
coordinate system provides an alternative method of mapping points to ordered pairs. In this section we see that in
some circumstances, polar coordinates can be more useful than rectangular coordinates.

Defining Polar Coordinates

To find the coordinates of a point in the polar coordinate system, consider Figure 7.27. The point P has Cartesian
coordinates (x, y) . The line segment connecting the origin to the point P measures the distance from the origin to P
and has length r. The angle between the positive x-axis and the line segment has measure 6. This observation suggests
a natural correspondence between the coordinate pair (x, y) and the values r and 6. This correspondence is the basis of
the polar coordinate system. Note that every point in the Cartesian plane has two values (hence the term ordered pair)
associated with it. In the polar coordinate system, each point also has two values associated with it: » and 6.
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Y

Figure 7.27 An arbitrary point in the Cartesian plane.

Using right-triangle trigonometry, the following equations are true for the point P:

x

cosf = —sox =rcosd
r

. y .

sinf = =soy=rsinf.
r

Furthermore,

P =x? +y2 and tan 6 = X.

x
Each point (x, y) in the Cartesian coordinate system can therefore be represented as an ordered pair (r, ) in the polar
coordinate system. The first coordinate is called the radial coordinate and the second coordinate is called the angular

coordinate. Every point in the plane can be represented in this form.

Note that the equation tan § = y/x has an infinite number of solutions for any ordered pair (x, y) . However, if we restrict
the solutions to values between 0 and 2z then we can assign a unique solution to the quadrant in which the original

point (x, y) is located. Then the corresponding value of ris positive, so 2 =x%+ y2.

Theorem 7.4

Converting Points between Coordinate Systems
Given a point P in the plane with Cartesian coordinates (x, y) and polar coordinates (r, 6) , the following conversion
formulas hold true:

x =rcosfandy = rsin6, 7.7)

2

P =x>+ y2 andtan 6 = X. h)
X

These formulas can be used to convert from rectangular to polar or from polar to rectangular coordinates.

EXAMPLE 7.10

Converting between Rectangular and Polar Coordinates
Convert each of the following points into polar coordinates.

a. (1,1
b. (=3,4)
c. (0,3)

d. (5v/3.-5)
Convert each of the following points into rectangular coordinates.

e. (3,7/3)
f. (2,37/2)
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g. (6,—57/6)
Solution
a. Usex=1andy=1inEquation7.8:
o= x4y tang = 2
= y X
= 12+12 and = 1=1
r = \/5 0 = 7.
Therefore this point can be represented as (\/5, %) in polar coordinates.
b. Usex =-3and y=4in Equation 7.8:
tanf = %
2 = x% + y2 _ 4
= (-3?+@?  and ’
P 5 0 = —arctan(%)
~ 2.21
Therefore this point can be represented as (5,2.21) in polar coordinates.
c. Usex =0andy=3inEquation 7.8:
o= x>+ y2
— 2 2 tang = 2
= @+0* .
= 940 = 0
r =3

Direct application of the second equation leads to division by zero. Graphing the point (0, 3) on the rectangular
coordinate system reveals that the point is located on the positive y-axis. The angle between the positive x-axis and
the positive y-axis is % Therefore this point can be represented as (3, %) in polar coordinates.

d. Usex =54/3and y = —-5in Equation 7.8:
2

r?o= X2+ y? tanf = %
2
= (5v3) +(-57 _ s _ A\
and = m = —T
= 75425
0 = —-Z.
r = 10 6
Therefore this point can be represented as (10, —%) in polar coordinates.
e. User=3andf= % in Equation 7.7:
X = rcosf yo= rsmOﬂ
= 3sin(%
= 3cos (%) and \/(_3) .
- 1\ _ 3 _ 3) 33
=3(3)=1 —3<T>—T'
. . 3 3\/5 . .
Therefore this point can be represented as 5, —— | in rectangular coordinates.
f. User=2and@ = 37” in Equation 7.7:
X = rcosé y = rsinf
= 2c0s(37”) and = 25in(3—2”)
= 20)=0 = 2(-1)=-2.

Therefore this point can be represented as (0, —2) in rectangular coordinates.
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g. User=6andf = —%” in Equation 7.7:
x = rcosé o
y = rsin
= 6 _sz
COS( 6 ) = 6sin (—%”)
_ 6 V3 and |
= 6{-7 = 6(-3)

_3\/5 = 3.

Therefore this point can be represented as <—3\/§, —3) in rectangular coordinates.

22 into rectangular coordinates.

7.10

Convert (—8, —8) into polar coordinates and (4,

The polar representation of a point is not unique. For example, the polar coordinates (2, l) and (2, 73—”) both represent

the point (1, \/5) in the rectangular system. Also, the value of r can be negative. Therefore, the point with polar

coordinates (—2, 47”) also represents the point <1, \/§> in the rectangular system, as we can see by using Equation 7.8:

X = rcosf y = rsinf 4
j— M JT
= —2COS(4TH) and = _ZSIH(T)
= _2(_%)=1 = _2<_§>=\/§_

Every point in the plane has an infinite number of representations in polar coordinates. However, each point in the plane
has only one representation in the rectangular coordinate system.

Note that the polar representation of a point in the plane also has a visual interpretation. In particular, r is the directed
distance that the point lies from the origin, and 8 measures the angle that the line segment from the origin to the point
makes with the positive x-axis. Positive angles are measured in a counterclockwise direction and negative angles are
measured in a clockwise direction. The polar coordinate system appears in the following figure.

ks
Iz 2 5w
2= 12 / 12 =
3 3
3w @
4 4
57 s
6 6
Uz K
12 12
T - = 0 (Polar axis)
137 237
12 12
Iz R s
6 6
57 T
4 n
A L
3 1w 197 3
12 3% 12

2

Figure 7.28 The polar coordinate system.

The line segment starting from the center of the graph going to the right (called the positive x-axis in the Cartesian
system) is the polar axis. The center point is the pole, or origin, of the coordinate system, and corresponds to r = 0. The

569



570 7 Parametric Equations and Polar Coordinates

innermost circle shown in Figure 7.28 contains all points a distance of 1 unit from the pole, and is represented by the
equation r = 1. Then r = 2 is the set of points 2 units from the pole, and so on. The line segments emanating from the
pole correspond to fixed angles. To plot a point in the polar coordinate system, start with the angle. If the angle is
positive, then measure the angle from the polar axis in a counterclockwise direction. If it is negative, then measure it
clockwise. If the value of r is positive, move that distance along the terminal ray of the angle. If it is negative, move along
the ray that is opposite the terminal ray of the given angle.

EXAMPLE 7.11

Plotting Points in the Polar Plane
Plot each of the following points on the polar plane.

2 (%)

o, (-3, %)

< (43F)
Solution

The three points are plotted in the following figure.

.[TZ‘ %)
P «(3.%)

Figure 7.29 Three points plotted in the polar coordinate system.

7.11 Plot (4, %r) and (—? —77) on the polar plane.

Polar Curves

Now that we know how to plot points in the polar coordinate system, we can discuss how to plot curves. In the
rectangular coordinate system, we can graph a function y = f (x) and create a curve in the Cartesian plane. In a similar
fashion, we can graph a curve that is generated by a function r = f ().

The general idea behind graphing a function in polar coordinates is the same as graphing a function in rectangular
coordinates. Start with a list of values for the independent variable (8 in this case) and calculate the corresponding
values of the dependent variable r. This process generates a list of ordered pairs, which can be plotted in the polar
coordinate system. Finally, connect the points, and take advantage of any patterns that may appear. The function may be
periodic, for example, which indicates that only a limited number of values for the independent variable are needed.

Problem-Solving Strategy

Plotting a Curve in Polar Coordinates
1. Create a table with two columns. The first column is for 8, and the second column is for r.
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Create a list of values for 6.

Calculate the corresponding r values for each 6.
Plot each ordered pair (r, #) on the coordinate axes.
Connect the points and look for a pattern.

> @ [

[»] MEDIA

Watch this video (http://www.openstax.org/I/20_polarcurves) for more information on sketching polar curves.

EXAMPLE 7.12

Graphing a Function in Polar Coordinates
Graph the curve defined by the function r = 4 sin 6. Identify the curve and rewrite the equation in rectangular
coordinates.

) Solution
Because the function is a multiple of a sine function, it is periodic with period 2z, so use values for 8 between 0 and 2.
The result of steps 1-3 appear in the following table. Figure 7.30 shows the graph based on this table.

0 0 z 0

2 7

z | 2y2~28 Z | —2v/2~-28

z | 2y/3~34 % | -2y3~-34

51 4 7 —

Z | 9\3r34 ¥ | -2v3~-34

3 | o\/2~28 x| —2y/2~-238
27 0
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r= 4sinf

(22.%) 22.3)

0,0 1 2 3 4 5

Figure 7.30 The graph of the function r = 4 sin @ is a circle.

This is the graph of a circle. The equation r = 4 sin 8 can be converted into rectangular coordinates by first multiplying
both sides by r. This gives the equation r2 = 4r sin 6. Next use the facts that r2 = x2 + y* and y = r sin 6. This gives
x2+ y2 = 4y. To put this equation into standard form, subtract 4y from both sides of the equation and complete the

square:
x> +y2—4y = 0
x2+ (y2 —4y) =0
x2+(y2—4y+4) = 0+4
X +(y-27 = 4

This is the equation of a circle with radius 2 and center (0, 2) in the rectangular coordinate system.

7.12 Create a graph of the curve defined by the function r =4 + 4 cos 6.

The graph in Example 7.12 was that of a circle. The equation of the circle can be transformed into rectangular
coordinates using the coordinate transformation formulas in Equation 7.8. Example 7.14 gives some more examples of
functions for transforming from polar to rectangular coordinates.

EXAMPLE 7.13

Transforming Polar Equations to Rectangular Coordinates
Rewrite each of the following equations in rectangular coordinates and identify the graph.
a. 0=

b. r=
c. r=6c¢cosf—8sind

(0%} L"":l

Solution

a. Take the tangent of both sides. This gives tan § = tan(x/3) = \/5 Since tan § = y/x we can replace the left-hand side
of this equation by y/x. This gives y/x = \/§ which can be rewritten as y = x4/3. This is the equation of a straight
line passing through the origin with slope \/§ In general, any polar equation of the form 8 = K represents a
straight line through the pole with slope equal to tan K.

b. First, square both sides of the equation. This gives 2 = 9. Next replace 2 with x% + y2. This gives the equation
X+ y2 = 9, which is the equation of a circle centered at the origin with radius 3. In general, any polar equation of
the form r = k where kis a positive constant represents a circle of radius k centered at the origin. (Note: when
squaring both sides of an equation it is possible to introduce new points unintentionally. This should always be
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taken into consideration. However, in this case we do not introduce new points. For example, (—3, %) is the same
point as (3, 43—”) )
c. Multiply both sides of the equation by r. This leads to r? = 6r cos 6 — 8r sin 6. Next use the formulas
= x? +y2, x=rcosf, y=rsiné.

This gives
r? 6 (rcos @) — 8 (rsin )

xz+y2 = 6x— 8y.

To put this equation into standard form, first move the variables from the right-hand side of the equation to the left-
hand side, then complete the square.
X2 + y2 6x — 8y
x2—6x+y*+8y = 0
(x2=6x)+(»+8y) = 0
(x? —6x+9) + (y* + 8y + 16) 9+16
(x=372+(y+4)? 25.

This is the equation of a circle with center at (3, —4) and radius 5. Notice that the circle passes through the origin
since the center is 5 units away.

713 Rewrite the equation r = sec 6 tan € in rectangular coordinates and identify its graph.

We have now seen several examples of drawing graphs of curves defined by polar equations. A summary of some
common curves is given in the tables below. In each equation, a and b are arbitrary constants.
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Name

Equation

Example

Line passing through the
pole with slope tan K

0=K

-

123 45
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Circle r = acost + bsing [
r = 2cost — 3sint
r
\j3 | 5’
Spiral r=a+ bo /
=2
3
/RN,
K _1/é 3456
Figure 7.31
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Name Equation Example
Cardioid r=a(l + cosb) /
r=a(l — cosb)
r=a(l + s!nO) r=23(1 -+ cosh)
r=a(l — sing)
L
1234567
Limagon r = acost + b f )
r=asing + b r=-2_+ 4sing
r
1234567
Rose r = acos(bf) J
r = asin(be)
r-= 3sin20
N\,
R
Figure 7.32

A cardioid is a special case of a limagon (pronounced “lee-mah-son”), in which a = b or a = —b. The rose is a very
interesting curve. Notice that the graph of r = 3 sin 20 has four petals. However, the graph of r = 3 sin 36 has three

petals as shown.
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r = 3sin30

Figure 7.33 Graph of r = 3 sin 36.

If the coefficient of 6 is even, the graph has twice as many petals as the coefficient. If the coefficient of 8 is odd, then the
number of petals equals the coefficient. You are encouraged to explore why this happens. Even more interesting graphs
emerge when the coefficient of 8 is not an integer. For example, if it is rational, then the curve is closed; that is, it
eventually ends where it started (Figure 7.34(a)). However, if the coefficient is irrational, then the curve never closes
(Figure 7.34(b)). Although it may appear that the curve is closed, a closer examination reveals that the petals just above
the positive x axis are slightly thicker. This is because the petal does not quite match up with the starting point.

— 3sin(m6)

(@) (b)
Figure 7.34 Polar rose graphs of functions with (a) rational coefficient and (b) irrational coefficient. Note that the rose in
part (b) does not fill the disk of radius 3 centered at the origin, even though it appears to. To see this, just note that for
any fixed ray from the origin, there are only a countable number of values of theta for which we get a point on the graph
along that ray. What we can say, though, is that for any point in the disk, there are points as close as you please to that
point on the given graph.

EXAMPLE 7.14

Chapter Opener: Describing a Spiral

Recall the chambered nautilus introduced in the chapter opener. This creature displays a spiral when half the outer shell
is cut away. It is possible to describe a spiral using rectangular coordinates. Figure 7.35 shows a spiral in rectangular
coordinates. How can we describe this curve mathematically?
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Yi

P, y)

)

Figure 7.35 How can we describe a spiral graph mathematically?

Solution
As the point P travels around the spiral in a counterclockwise direction, its distance d from the origin increases. Assume
that the distance dis a constant multiple k of the angle 6 that the line segment OP makes with the positive x-axis.
Therefore d (P, O) = k6, where O is the origin. Now use the distance formula and some trigonometry:

d(P,0) = kb
Vx-02+(y-072 = k arctan (%)
VX2 +yr = karctan(%)
2.2
arctan (%) = XTH

<
Il

x2+y2
X tan —% ]

Although this equation describes the spiral, it is not possible to solve it directly for either x or y. However, if we use polar
coordinates, the equation becomes much simpler. In particular, d (P, O) = r, and 0 is the second coordinate. Therefore
the equation for the spiral becomes r = k6. Note that when 6 = 0 we also have r = 0, so the spiral emanates from the
origin. We can remove this restriction by adding a constant to the equation. Then the equation for the spiral becomes

r = a + kO for arbitrary constants a and k. This is referred to as an Archimedean spiral, after the Greek mathematician
Archimedes.

Another type of spiral is the logarithmic spiral, described by the functionr =a - b A graph of the function
r=12 (1.259) is given in Figure 7.36. This spiral describes the shell shape of the chambered nautilus.
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r/= 1.2(1.25%

.\
=4
T

\ A 10 15 o 25

Figure 7.36 A logarithmic spiral is similar to the shape of the chambered nautilus shell. (credit: modification of work by
Jitze Couperus, Flickr)

Suppose a curve is described in the polar coordinate system via the function r = f (0) . Since we have conversion
formulas from polar to rectangular coordinates given by
X =rcos0
y=rsinb,
it is possible to rewrite these formulas using the function
x = f(0) cosb
y= f(0) siné.
This step gives a parameterization of the curve in rectangular coordinates using 6 as the parameter. For example, the
spiral formula r = a + b0 from Figure 7.31 becomes
x = (a+ b) cos O
y = (a+ bO) sin 6.

Letting O range from — to % generates the entire spiral.

Symmetry in Polar Coordinates

When studying symmetry of functions in rectangular coordinates (i.e., in the form y = f(x)), we talk about symmetry
with respect to the y-axis and symmetry with respect to the origin. In particular, if f(—x) = f(x) for all x in the domain
of f,then fis an even function and its graph is symmetric with respect to the y-axis. If f (—x) = —f (x) for all x in the
domain of f, then f is an odd function and its graph is symmetric with respect to the origin. By determining which types
of symmetry a graph exhibits, we can learn more about the shape and appearance of the graph. Symmetry can also
reveal other properties of the function that generates the graph. Symmetry in polar curves works in a similar fashion.

Theorem 7.5

Symmetry in Polar Curves and Equations
Consider a curve generated by the function r = f (@) in polar coordinates.

i. The curve is symmetric about the polar axis if for every point (r, #) on the graph, the point (r, —@) is also on the
graph. Similarly, the equation r = f (@) is unchanged by replacing 6 with —6.
ii. The curve is symmetric about the pole if for every point (r, 8) on the graph, the point (r, z + 0) is also on the
graph. Similarly, the equation r = f () is unchanged when replacing r with —r, or 8 with 7 + 6.
iii. The curve is symmetric about the vertical line 8 = % if for every point (r, 8) on the graph, the point (r, 7 — 6) is
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also on the graph. Similarly, the equation r = f (@) is unchanged when @ is replaced by 7z — 6.

The following table shows examples of each type of symmetry.

Symmetry with respect to the polar axis:
For every point (r, #) on the graph, there is
also a point reflected directly across the
harizontal (polar) axis.

U’% r= 2~ 2coso
r
{r‘ _e)k/
Symmetry with respect to the pole: A
For every point (r, #) on the graph, there is
also a point on the graph that is reflected *.0)

through the pole as well.

r2 <+ 9¢os| 20/~ 7| O

A ]

(J

(—r.0)
Symmetry with respect to the vertical !
line @ = %: For every point (r, #) on the
graph, there is also a point reflected directly
across the vertical axis.
r=2 - 2sing
L

EXAMPLE 7.15

7.3 « Polar Coordinates

Using Symmetry to Graph a Polar Equation
Find the symmetry of the rose defined by the equation r = 3 sin (20) and create a graph.

Solution

Suppose the point (r, 8) is on the graph of r = 3 sin (26) .

To test for symmetry about the polar axis, first try replacing 6 with —0. This gives r = 3 sin (2 (—0)) = —3 sin (26) .
Since this changes the original equation, this test is not satisfied. However, returning to the original equation and

replacing r with —r and 6 with 7 — @ yields
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—r=3sin(2(x —6))
—r =3sin(2z — 26)
—r = 3sin(-26)

—r = —3sin 26.

Multiplying both sides of this equation by —1 gives r = 3 sin 26, which is the original equation. This demonstrates
that the graph is symmetric with respect to the polar axis.
To test for symmetry with respect to the pole, first replace r with —r, which yields —r = 3 sin (20) . Multiplying both
sides by -1 gives r = —3 sin (26) , which does not agree with the original equation. Therefore the equation does not
pass the test for this symmetry. However, returning to the original equation and replacing 8 with 8 + z gives
r =3sin(2(0 + x))

=3sin (20 + 2x)

= 3 (sin 20 cos 2z + cos 20 sin 27x)

= 3sin 26.

Since this agrees with the original equation, the graph is symmetric about the pole.

iii. To test for symmetry with respect to the vertical line 8 = % first replace both r with —r and 8 with —6.

—r =3sin(2(-0))
—r = 3sin(—20)
—r = —35sin 26.

Multiplying both sides of this equation by —1 gives r = 3 sin 26, which is the original equation. Therefore the graph

is symmetric about the vertical line 8 = %

This graph has symmetry with respect to the polar axis, the origin, and the vertical line going through the pole. To graph
the function, tabulate values of 8 between 0 and z/2 and then reflect the resulting graph.

0 0

T

3 ¥z26
z 3

o

3 ¥z26
z 0

This gives one petal of the rose, as shown in the following graph.
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r = 3sin26

0=6s7%

=

Figure 7.37 The graph of the equation between § = 0 and 6 = z/2.

Reflecting this image into the other three quadrants gives the entire graph as shown.

[

r= 3sin20

=

Figure 7.38 The entire graph of the equation is called a four-petaled rose.

7.3 « Polar Coordinates

714

L

SECTION 7.3 EXERCISES

Determine the symmetry of the graph determined by the equation r = 2 cos (36) and create a graph.

In the following exercises, plot the point whose polar coordinates are given by first constructing the angle 6 and then
marking off the distance r along the ray.

125. (3,%)
128. (—4,3)

131. (1, %)

126. (-2, %”)

129. (1, %)
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For the following exercises, consider the polar graph below. Give two sets of polar coordinates for each point.
[

L ]
¥

132. Coordinates of point A.

133. Coordinates of point B. 134. Coordinates of point C. 135. Coordinates of point D.

For the following exercises, the rectangular coordinates of a point are given. Find two sets of polar coordinates for the
point in (0,2x] . Round to three decimal places.

136. (2, 2) 137. (3,—4) 138. (8, 15)

139. (=6, 8) 140. (4, 3) 141. (3,—\/§>

For the following exercises, find rectangular coordinates for the given point in polar coordinates.

142. (2,3F) 143. (-2, %) 144. (5.%)
145. (1,2%) 146. (-3,31) 147. (0. %)
148. (-4.5,6.5)

For the following exercises, determine whether the graphs of the polar equation are symmetric with respect to the
x-axis, the y-axis, or the origin.

149. r = 3sin(260) 150. 2 =9cosf 151. r=cos(%)

152. r=2sect 153. r=1+4cos 0

For the following exercises, describe the graph of each polar equation. Confirm each description by converting into a
rectangular equation.

154. r=3 155. 0=% 156. r =secd

157. r=csco

For the following exercises, convert the rectangular equation to polar form and sketch its graph.

158. x% + > =16 159. x2 — > =16 160. x =8

For the following exercises, convert the rectangular equation to polar form and sketch its graph.

161. 3x—y=2 162. y* = 4x
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7.4 + Area and Arc Length in Polar Coordinates

For the following exercises, convert the polar equation to rectangular form and sketch its graph.
163. r =4sin6 164. r=6cos @ 165. r=146
166. r =cotfcscl

For the following exercises, sketch a graph of the polar equation and identify any symmetry.

167. r=1+sin6 168. r=3—2cosd 169. r=2—2sin6
170. r=5—-4sinf 171. r =3 cos(20) 172. r = 3sin(260)
173. r =2cos(36) 174. r =3 cos (%) 175. 12 =4cos 20)
176. 12 =4sin0 177. r=20 178. [T] The graph of

r = 2 cos(20)sec(0). is
called a strophoid. Use a
graphing utility to sketch
the graph, and, from the
graph, determine the
asymptote.

179. [T] Use a graphing utility 180. [T] Use a graphing utility 181. [T] Use technology to
and sketch the graph of tographr = graph
p 6 r= e —2cos (46).

1—cos 6"

= Zsin6-3cos 8"

182. [T] Use technology to plot ~ 183. Without using technology,  184. [T] Use a graphing utility

r = sin (37—9) (use the sketch the polar curve to plot r = 6 sin 6 for
interval 0 < 6 < 14x). 0= 23—” —r<0<r
185. [T] Use technology to plot 186. [T] There is a curve known 187. [T] Use the results of the

r=e"019 for as the “Black Hole.” Use preceding two problems
-10<6<10. technology to plot to explore the graphs of

r=e"0019 for r=e00010 3nq

—100 < 6 < 100. r = 7000010 for

[6] > 100.

7.4 Area and Arc Length in Polar Coordinates

Learning Objectives
7.4.1 Apply the formula for area of a region in polar coordinates.
7.4.2 Determine the arc length of a polar curve.

In the rectangular coordinate system, the definite integral provides a way to calculate the area under a curve. In
particular, if we have a function y = f(x) defined from x = a to x = b where f (x) > 0 on this interval, the area between

b
the curve and the x-axis is given by A = / Jf (x) dx. This fact, along with the formula for evaluating this integral, is
a

summarized in the Fundamental Theorem of Calculus. Similarly, the arc length of this curve is given by

b
L= / 7/ 1+ (f/ (x))zdx. In this section, we study analogous formulas for area and arc length in the polar coordinate
a

system.

Areas of Regions Bounded by Polar Curves

We have studied the formulas for area under a curve defined in rectangular coordinates and parametrically defined
curves. Now we turn our attention to deriving a formula for the area of a region bounded by a polar curve. Recall that
the proof of the Fundamental Theorem of Calculus used the concept of a Riemann sum to approximate the area under a
curve by using rectangles. For polar curves we use the Riemann sum again, but the rectangles are replaced by sectors of
a circle.

Consider a curve defined by the function r = f(8), where a < 6 < f. Our first step is to partition the interval [a, f] into n
equal-width subintervals. The width of each subinterval is given by the formula A8 = (f — a) /n, and the ith partition
point 6; is given by the formula 8; = a + iA6. Each partition point 8 = 0; defines a line with slope tanf; passing through
the pole as shown in the following graph.
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584 7 Parametric Equations and Polar Coordinates

Figure 7.39 A partition of a typical curve in polar coordinates.

The line segments are connected by arcs of constant radius. This defines sectors whose areas can be calculated by using
a geometric formula. The area of each sector is then used to approximate the area between successive line segments.
We then sum the areas of the sectors to approximate the total area. This approach gives a Riemann sum approximation
for the total area. The formula for the area of a sector of a circle is illustrated in the following figure.

Figure 7.40 The area of a sector of a circle is given by A = %01‘2.

Recall that the area of a circle is A = zr2. When measuring angles in radians, 360 degrees is equal to 2z radians.
Therefore a fraction of a circle can be measured by the central angle 6. The fraction of the circle is given by %, so the

area of the sector is this fraction multiplied by the total area:

6 1
A= (ﬂ) 7rr2 = 597‘2.

Since the radius of a typical sector in Figure 7.39 is given by r; = f(6;), the area of the ith sector is given by
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7.4 + Area and Arc Length in Polar Coordinates

1
A; = ~(80) (f (6:))°.

Therefore a Riemann sum that approximates the area is given by

Ap = ZI,AI- ~ Z{ Loy (7).

|

We take the limit as n — © to get the exact area:

. 1 [P )
A= hmA,,=§/ (f (0))*d6.

n—o

This gives the following theorem.

Theorem 7.6

Area of a Region Bounded by a Polar Curve

Suppose f is continuous and nonnegative on the interval @ < § < fwith 0 < f# — a < 2z. The area of the region
bounded by the graph of r = f (6) between the radial lines § = a and § = fis

B B
A= / L @Pdo = 5 / 2 do. e

EXAMPLE 7.16

Finding an Area of a Polar Region
Find the area of one petal of the rose defined by the equation r = 3 sin (26) .

) Solution
The graph of r = 3 sin (26) follows.

r = 3sin26

Figure 7.41 The graph of r = 3sin (20).

When 6 = 0 we have r = 3 sin (2(0)) = 0. The next value for which r = 0 is @ = /2. This can be seen by solving the
equation 3 sin(26) = 0 for . Therefore the values 8 = 0 to § = x/2 trace out the first petal of the rose. To find the area
inside this petal, use Equation 7.9 with f (8) = 3sin(20), a = 0, and f = #/2:
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b
|

s
=1 / [f (0)1*do
/2
1 / [3 sin (20)]%d6
0

/2
1 / 9sin® (26) do.
0

To evaluate this integral, use the formula sina = (1 = cosRa)) /2 with @ = 20:

/2
A =%/ 9 sin? (20) do
0

/2
/ (1 —cos (40)) 40
0 2

/2
(/ 1 — cos (40) d0>
0

o

ENNo)

_ 9(p_ sin@0) \*?

7 T4 )y

_9(=x sin 27 9 sin 4(0)

=7(5-%5 )—Z(O—T>
9

?.

7.15 Find the area inside the cardioid defined by the equation » = 1 — cos 6.

Example 7.16 involved finding the area inside one curve. We can also use Area of a Region Bounded by a Polar Curve to
find the area between two polar curves. However, we often need to find the points of intersection of the curves and
determine which function defines the outer curve or the inner curve between these two points.

EXAMPLE 7.17

Finding the Area between Two Polar Curves
Find the area outside the cardioid r = 2 + 2 sin 6 and inside the circle r = 6 sin 6.

() Solution
First draw a graph containing both curves as shown.

r = 6sind

- 2 3 456"
r= 2+ 2sinf

Figure 7.42 The region between the curves r =2 + 2 sinf and r = 6 sin 6.

To determine the limits of integration, first find the points of intersection by setting the two functions equal to each
other and solving for 6:
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7.4 + Area and Arc Length in Polar Coordinates

6sinf = 2+42sinf

4sinf = 2
sin@ = 1.
This gives the solutions 6 = % and 0 = %”, which are the limits of integration. The circle » = 3 sin @ is the red graph,

which is the outer function, and the cardioid r = 2 + 2 sin @ is the blue graph, which is the inner function. To calculate the
area between the curves, start with the area inside the circle between 8 = Z and § = %”, then subtract the area inside

6
the cardioid between 6§ = % and 6 = %”:

A = circle — cardioid

5716 5#/6
%/ [6 sin 6]%d —%/ [2 + 2 sin 012d6
/6 7/6

576 576
%/ 36sin20d9—%/ [4+8sin9+4sin29] do
T /6

/6
5x/6 5x/6
1 — cos (26 1 —cos (20
=18/ L()019—2/ [1+2sin9+L()]d9
/6 2 /6 2
o 5x/6 - 5x/6
:9[0_ sm(229)] —2[%—20089— smfﬁ)]
/6 /6
_ 5 sin 2(57/6) sin 2(x/6)
-5 (i - ) -y (5 - )
5 5 sin 2(57/6) sin 2(7/6)
- (3 (?”) —4cos F - f> + (3 (%) —4cos £ — f>
=4r.

7.16 Find the area inside the circle r = 4 cos 8 and outside the circle r = 2.

In Example 7.17 we found the area inside the circle and outside the cardioid by first finding their intersection points.
Notice that solving the equation directly for 6 yielded two solutions: 8 = % and 8 = %”. However, in the graph there are
three intersection points. The third intersection point is the origin. The reason why this point did not show up as a
solution is because the origin is on both graphs but for different values of 8. For example, for the cardioid we get
2+4+2sin6 0
sinf = -1,

so the values for 0 that solve this equation are 8 = 32—” + 2nrx, where nis any integer. For the circle we get
6sin 0 = 0.

The solutions to this equation are of the form € = nx for any integer value of n. These two solution sets have no points in
common. Regardless of this fact, the curves intersect at the origin. This case must always be taken into consideration.

Arc Length in Polar Curves
Here we derive a formula for the arc length of a curve defined in polar coordinates.

In rectangular coordinates, the arc length of a parameterized curve (x (t),y (¢)) fora <t < bis given by

b 2 2
d d
v= [ (%) + (%)
a dt dt
In polar coordinates we define the curve by the equation r = f (), where a < 6 < f. In order to adapt the arc length
formula for a polar curve, we use the equations

x=rcos@ = f(0) cosfandy =rsinf = f () sin ¥,

and we replace the parameter t by 6. Then
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588 7+ Parametric Equations and Polar Coordinates

% = f'(0) cos @ — f(0) sinh
% = f'(0) sin 0+ f(0) cos .

We replace dt by df, and the lower and upper limits of integration are a and f, respectively. Then the arc length formula

becomes

b 2 2

dx dy

L = — —
L&) (5
B 2 2
=/ BN (DY g

a do do

5
=/ \/(f' (6) cos 0 — £ (0) sin 0)” + (' (6) sin 0+ £ (0) cos 0)>do

p

= / \/ (' 9)) (cos>0 +sin*6) + (£ (8))* (cos? + sin6) d6
bo— -

=/'¢Uw»+aw»w

b dr 2
2
= — ) do
/a ’ +<d0>

This gives us the following theorem.

Theorem 7.7

Arc Length of a Curve Defined by a Polar Function
Let f be a function whose derivative is continuous on an interval @ < 6 < f. The length of the graph of r = f (6) from

0=atol=pis
p | dr\* (7.10)
_ 2 112 90 — 2 4 0
L—/a \/[f(a)] +[f 0] de_/a r +<d9> d.

EXAMPLE 7.18

Finding the Arc Length of a Polar Curve
Find the arc length of the cardioid r = 2 4+ 2cos 6.

Solution
When 6 = 0,r = 2 + 2cos0 = 4. Furthermore, as 8 goes from 0 to 2z, the cardioid is traced out exactly once. Therefore
these are the limits of integration. Using f () = 2 + 2cos, @ = 0, and f = 2z, Equation 7.10 becomes
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B
L= / VI OF + (1 @) do

2r
= / \/[2 +2c0s0)* + [~2sin0]* dO
0

2r

= V4 + 8c0s8 + 4cos? 0 + 4sin 0 dO
0

2
= / " \/4+ 8cosf +4 (00520+ sin? 0) deo
0

2
= /8 + 8cosh db

0

2
=2 V2 + 2cos8 db.

0

Next, using the identity cos 2a) = 2cosa — 1, add 1 to both sides and multiply by 2. This gives 2 + 2cos 2a) = 4cos?a.
Substituting a = 0/2 gives 2 + 2cosf = 4cos2(6/2), so the integral becomes

2r
L :2/ V2 +2cos 6do
0

27[ 9
=2/ 4 cos? <—>d0
0 2

2r
=2/ 2005<g>’d9.
0 2

The absolute value is necessary because the cosine is negative for some values in its domain. To resolve this issue,
change the limits from 0 to z and double the answer. This strategy works because cosine is positive between 0 and %

Thus,
2r
L =4/ cos<g>’d0
0 2
T
=8/ cos<€> do
0 2

“s(2sin ()]
= 16.

7.17 Find the total arc length of r = 3 sin 6.

L

SECTION 7.4 EXERCISES
For the following exercises, determine a definite integral that represents the area.
188. Region enclosed by r =4 189. Region enclosed by 190. Region in the first
r=23sin6 quadrant within the
cardioid r = 1 +sin 6
191. Region enclosed by one 192. Region enclosed by one 193. Region below the polar
petal of r = 8 sin(20) petal of r = cos(36) axis and enclosed by
r=1-sin@
194. Region in the first 195. Region enclosed by the 196. Region enclosed by the
quadrant enclosed by inner loop of inner loop of

r=2-—cos@ r=2-3sin6 r=3—4cosf
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197. Region enclosed by 198. Region common to 199. Region common to
r=1-2cosfand r=3sinfandr =2 —sind r=2andr=4cos0
outside the inner loop

200. Region common to
r=3cosfandr =3sinf
For the following exercises, find the area of the described region.

201. Enclosed by r = 6sin 6 202. Above the polar axis 203. Below the polar axis and
enclosed by r =2 +sin 6 enclosed by r =2 — cos

204. Enclosed by one petal of 205. Enclosed by one petal of 206. Enclosedbyr=1+sinf

r=4cos(30) r =3 cos(20)
207. Enclosed by the inner 208. Enclosed by 209. Common interior of
loop of r =3+ 6cos 0 r=2+4cosfand r=4sin(20) andr =2
outside the inner loop
210. Common interior of 211. Common interior of 212. Insider =1+ coséand
r=3—-2sinfandr = -3 +2sin @ r=6sinfandr =3 outside r = cos 6

213. Common interior of
r=2+2cos@andr =2sinb

For the following exercises, find a definite integral that represents the arc length.

214. r =4 cos O on the interval 0 < 4 < % 215. r =1+ sinfonthe
interval 0 < 0 <2«
216. r = 2sec @ on the interval 0 < 0 < % 217. r = ¢%on the interval 0 < 6 < 1

For the following exercises, find the length of the curve over the given interval.
218. r =6ontheinterval 0 < 6 < % 219. r = ¢3%on the interval 0 < 6 < 2

220. r = 6 cos fon the interval 0 < 6 < 221. r=8+8cosfontheinterval0 <0< r

z
2
<

222. r=1—-sinfontheinterval 0 < 0 <27

For the following exercises, use the integration capabilities of a calculator to approximate the length of the curve.

223. [T] 224. [T]

r = 30 on the interval 0 < 0 < % r= % on the interval # < 0 < 2x
225. [T] 226. [T]

r = sin? (%) on the interval 0 < 0 < « r =262 on the interval 0 < 0 < z
227. [T]

r =sin(3 cos @) on the interval 0 < § <«
For the following exercises, use the familiar formula from geometry to find the area of the region described and then
confirm by using the definite integral.
228. r=3sinfontheinterval0 <0 <z 229. r=sinf+ cos@on the interval 0 <0 < 7
230. r =6sin0+ 8cos fon theinterval 0 <0 < &
For the following exercises, use the familiar formula from geometry to find the length of the curve and then confirm
using the definite integral.

231. r=3sinfontheinterval0 <8 <7 232. r=sinf+ cosfontheinterval0 <6 < rx
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233. r=06sin0+ 8cosfontheinterval0 <0 <z  234. Verify that if

y=rsinf = f(0)sin O then

& = f(O)sin 0+ f()cos 6.
For the following exercises, find the slope of a tangent line to a polar curver = f(0). Let x = rcos 8 = f(6)cos 6 and
y=rsinf = f(0)sin 0, so the polar equationr = f (0) is now written in parametric form.

235. Use the definition of the ~ 236. r=1—sin0; (3, %) 237. r=4cos0; (2, %)
s dy _ dyldd
derivative 7= = Z—75

and the product rule to
derive the derivative of a
polar equation.

238. r=8sinf; (4,Z) 239. r=4+sin6; (3,3F) 240. r =6+ 3cos0; (3, 7)
241. r=4cos(20);tipsofthe  242. r = 2sin(36); tips of the 243. r =20, (% %)
leaves leaves
244. Find the points on the 245. For the cardioid
interval —7r < 6 < rat r =1+ sin @, find the
which the cardioid slope of the tangent line
r=1-cosfhasa when@:%.
vertical or horizontal
tangent line.

For the following exercises, find the slope of the tangent line to the given polar curve at the point given by the value of 6.
246. r=3cos€,0=% 247. r=0,0=% 248. r=1n0,0=¢

249. [T] Use technology:

r=2+4cosfath = %

For the following exercises, find the points at which the following polar curves have a horizontal or vertical tangent line.
250. r=4cos0 251. 2 =4cos(20) 252. r =2sin(26)

253. The cardioidr =1+ sin 6 254. Show that the curve
r =sin @tan 0 (called a
cissoid of Diocles) has the
line x = 1 as a vertical
asymptote.

7.5 Conic Sections

Learning Objectives
7.5.1 Identify the equation of a parabola in standard form with given focus and directrix.
7.5.2 Identify the equation of an ellipse in standard form with given foci.
7.5.3 Identify the equation of a hyperbola in standard form with given foci.
7.5.4 Recognize a parabola, ellipse, or hyperbola from its eccentricity value.
7.5.5 Write the polar equation of a conic section with eccentricity e.
7.5.6 Identify when a general equation of degree two is a parabola, ellipse, or hyperbola.

Conic sections have been studied since the time of the ancient Greeks, and were considered to be an important
mathematical concept. As early as 320 BCE, such Greek mathematicians as Menaechmus, Appollonius, and Archimedes
were fascinated by these curves. Appollonius wrote an entire eight-volume treatise on conic sections in which he was, for
example, able to derive a specific method for identifying a conic section through the use of geometry. Since then,
important applications of conic sections have arisen (for example, in astronomy), and the properties of conic sections are
used in radio telescopes, satellite dish receivers, and even architecture. In this section we discuss the three basic conic
sections, some of their properties, and their equations.

Conic sections get their name because they can be generated by intersecting a plane with a cone. A cone has two
identically shaped parts called nappes. One nappe is what most people mean by “cone,” having the shape of a party hat.
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592 7 Parametric Equations and Polar Coordinates

A right circular cone can be generated by revolving a line passing through the origin around the y-axis as shown.

5 -4 -3 -2 -1 9 1/2 3 4 55X

rehe

]

Figure 7.43 A cone generated by revolving the line y = 3x around the y-axis.

Conic sections are generated by the intersection of a plane with a cone (Figure 7.44). If the plane intersects both nappes,
then the conic section is a hyperbola. If the plane is parallel to the generating line, the conic section is a parabola. If the
plane is perpendicular to the axis of revolution, the conic section is a circle. If the plane intersects one nappe at an angle
to the axis (other than 90°), then the conic section is an ellipse.

parabola,
nappes

circle ‘
N

Figure 7.44 The four conic sections. Each conic is determined by the angle the plane makes with the axis of the cone.

hyperbola

\/

Parabolas

A parabola is generated when a plane intersects a cone parallel to the generating line. In this case, the plane intersects
only one of the nappes. A parabola can also be defined in terms of distances.

Definition
A parabola is the set of all points whose distance from a fixed point, called the focus, is equal to the distance from a

fixed line, called the directrix. The point halfway between the focus and the directrix is called the vertex of the
parabola.
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A graph of a typical parabola appears in Figure 7.45. Using this diagram in conjunction with the distance formula, we can
derive an equation for a parabola. Recall the distance formula: Given point P with coordinates (x;, y;) and point Q with
coordinates (x2, y, ) , the distance between them is given by the formula

d(P,0) = \[(x = x1? + (2 =y
Then from the definition of a parabola and Figure 7.45, we get
d(F, P)
VO-x7+(p-y?
Squaring both sides and simplifying yields

d(P,Q)
V=2 +(=p-y~.

2+(p-y? = 02+ (-p-y)?
x> +p?=2py+y* = pP+2py+)?
x> —2py = 2py

x2 = 4py.
yi
focus d P(x,y)
F(0.p),
d
0 X
Ty=p T o -p)
directrix

Figure 7.45 A typical parabola in which the distance from the focus to the vertex is represented by the variable p.

Now suppose we want to relocate the vertex. We use the variables (4, k) to denote the coordinates of the vertex. Then if
the focus is directly above the vertex, it has coordinates (4, k + p) and the directrix has the equation y = k — p. Going
through the same derivation yields the formula (x — W =4p(y—k). Solving this equation for y leads to the following
theorem.

Theorem 7.8

Equations for Parabolas
Given a parabola opening upward with vertex located at (4, k) and focus located at (h, k + p) , where pis a constant,

the equation for the parabola is given by

1
y=—(—h?+k. A
4p

This is the standard form of a parabola.

We can also study the cases when the parabola opens down or to the left or the right. The equation for each of these
cases can also be written in standard form as shown in the following graphs.
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yi yi
parabola parabola
1 opens up T opens down
i focus T directrix
(h, k + p) y=k+p
4 . e —_—
vertex (h, k)
vertex (h, k)
) YU U RS RUU g il °
directrix (h, k—p)
1 y=k-p T focus
— L py2 Yy
y=2,-h"+k y=-—2,6—h*+k
yi yi
directrix | i i directrix
X=h - x=h+p
1 vertex : 1 ( hfoc;s K) i vertex
L (hk)— : e — (h, k)
parabola i i parabola
T opens right | T | opens left
t 0 t ! E ! t ! t s t t ! t ! :[ ! t } g
1 1
X=4—p(y—k}2+h X=—E(y—k)2+h

Figure 7.46 Four parabolas, opening in various directions, along with their equations in standard form.

In addition, the equation of a parabola can be written in the general form, though in this form the values of h, k, and p
are not immediately recognizable. The general form of a parabola is written as

ax2+bx+cy+d=() or ay2+bx+cy+d=0.

The first equation represents a parabola that opens either up or down. The second equation represents a parabola that
opens either to the left or to the right. To put the equation into standard form, use the method of completing the square.

EXAMPLE 7.19

Converting the Equation of a Parabola from General into Standard Form
Put the equation x2 = 4x — 8y + 12 = 0 into standard form and graph the resulting parabola.

) Solution

Since yis not squared in this equation, we know that the parabola opens either upward or downward. Therefore we need
to solve this equation for y, which will put the equation into standard form. To do that, first add 8y to both sides of the
equation:

8y = x% —4x + 12.
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The next step is to complete the square on the right-hand side. Start by grouping the first two terms on the right-hand
side using parentheses:

8y = (x2 - 4x) + 12.

Next determine the constant that, when added inside the parentheses, makes the quantity inside the parentheses a

2
perfect square trinomial. To do this, take half the coefficient of x and square it. This gives (_74) = 4. Add 4 inside the

parentheses and subtract 4 outside the parentheses, so the value of the equation is not changed:
8y=(x* —4x+4) +12-4.
Now combine like terms and factor the quantity inside the parentheses:
8y =(x —2)%> +8.
Finally, divide by 8:
y= %(x—2)2+1.

This equation is now in standard form. Comparing this to Equation 7.11 gives h = 2, k = 1, and p = 2. The parabola
opens up, with vertex at (2, 1), focus at (2, 3), and directrix y = —1. The graph of this parabola appears as follows.

yi

x> —4x—8y+12=20

directrix
+ y 1

Figure 7.47 The parabola in Example 7.19.

7.18 Put the equation 2y — x + 12y + 16 = 0 into standard form and graph the resulting parabola.

The axis of symmetry of a vertical (opening up or down) parabola is a vertical line passing through the vertex. The
parabola has an interesting reflective property. Suppose we have a satellite dish with a parabolic cross section. If a beam
of electromagnetic waves, such as light or radio waves, comes into the dish in a straight line from a satellite (parallel to
the axis of symmetry), then the waves reflect off the dish and collect at the focus of the parabola as shown.
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xY

Consider a parabolic dish designed to collect signals from a satellite in space. The dish is aimed directly at the satellite,
and a receiver is located at the focus of the parabola. Radio waves coming in from the satellite are reflected off the
surface of the parabola to the receiver, which collects and decodes the digital signals. This allows a small receiver to
gather signals from a wide angle of sky. Flashlights and headlights in a car work on the same principle, but in reverse:
the source of the light (that is, the light bulb) is located at the focus and the reflecting surface on the parabolic mirror
focuses the beam straight ahead. This allows a small light bulb to illuminate a wide angle of space in front of the
flashlight or car.

Ellipses

An ellipse can also be defined in terms of distances. In the case of an ellipse, there are two foci (plural of focus), and two
directrices (plural of directrix). We look at the directrices in more detail later in this section.

Definition

An ellipse is the set of all points for which the sum of their distances from two fixed points (the foci) is constant.

Figure 7.48 A typical ellipse in which the sum of the distances from any point on the ellipse to the foci is constant.

A graph of a typical ellipse is shown in Figure 7.48. In this figure the foci are labeled as F and F’. Both are the same fixed
distance from the origin, and this distance is represented by the variable c. Therefore the coordinates of F are (¢,0) and
the coordinates of F’ are (—c,0). The points P and P’ are located at the ends of the major axis of the ellipse, and have
coordinates (a,0) and (—a, 0) , respectively. The major axis is always the longest distance across the ellipse, and can be
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horizontal or vertical. Thus, the length of the major axis in this ellipse is 2a. Furthermore, P and P’ are called the vertices
of the ellipse. The points Q and Q' are located at the ends of the minor axis of the ellipse, and have coordinates (0, b)
and (0, —b), respectively. The minor axis is the shortest distance across the ellipse. The minor axis is perpendicular to the
major axis.

According to the definition of the ellipse, we can choose any point on the ellipse and the sum of the distances from this
point to the two foci is constant. Suppose we choose the point P. Since the coordinates of point P are (a, 0), the sum of
the distances is

d(P,F)+d(P,F')=(a-0+(a+c) =2a.

Therefore the sum of the distances from an arbitrary point A with coordinates (x, y) is also equal to 2a. Using the
distance formula, we get

d(A,F)+d(AF')
V= +y2 +V(x + 0% + )2

Subtract the second radical from both sides and square both sides:

Vx—o? +32 = 2a—\(x+0)?+)?
(x= +)7 = 4a® —daV(x+ 0 +y? +(x+ 0 +)7
X2 —2ex+c? +)? = 4612—461\/m+xz+2cx+cz+y2

—2cx = 4a* - 4a\/(x + c)2 + 32 + 2ex.

Now isolate the radical on the right-hand side and square again:

—2ex 4a* — 4a\/(x + ¢ + ¥ + 2¢x
dav/(x +c)* +y2 = 4a® +4ex
Vix+o?+yr = a+ <

2a

2a.

2.2
(x+0?+)y* = az+2cx+6)2‘
a
2.2
x> +2ex+c+yF = a2+20x+C§
a

2.2

>+ +y? = a2+"‘§.

a

Isolate the variables on the left-hand side of the equation and the constants on the right-hand side:

2.2
xz_cg +y2 =a2—c2
a
(“2_“2)"2 2 2_2
——+y = a —-c
a
Divide both sides by a® — ¢, This gives the equation
S
2 2-c2 )

If we refer back to Figure 7.48, then the length of each of the two green line segments is equal to a. This is true because
the sum of the distances from the point Q to the foci F and F’ is equal to 2a, and the lengths of these two line segments
are equal. This line segment forms a right triangle with hypotenuse length a and leg lengths b and c¢. From the
Pythagorean theorem, a? = b% = % and b% + a% — 2. Therefore the equation of the ellipse becomes

2 2

X
—2+ =1.
a

|5

Finally, if the center of the ellipse is moved from the origin to a point (4, k) , we have the following standard form of an
ellipse.
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Theorem 7.9

Equation of an Ellipse in Standard Form
Consider the ellipse with center (h, k), a horizontal major axis with length 2a, and a vertical minor axis with length 2b.
Then the equation of this ellipse in standard form is

x-h? (-k?* _ | (7.12)
a? * b? B

2
and the foci are located at (h + ¢, k), where 2 =a%® - b%. The equations of the directrices are x = h + ”7

If the major axis is vertical, then the equation of the ellipse becomes

— h)? — k)? 7.13
(x—h) N 0=k _ 1 (7.13)
b2 a?

and the foci are located at (h, k + ¢), where & =d? - b%. The equations of the directrices in this caseare y = k + .

If the major axis is horizontal, then the ellipse is called horizontal, and if the major axis is vertical, then the ellipse is
called vertical. The equation of an ellipse is in general form if it is in the form Ax? 4+ By? + Cx + Dy + E = 0, where A
and B are either both positive or both negative. To convert the equation from general to standard form, use the method
of completing the square.

EXAMPLE 7.20

Finding the Standard Form of an Ellipse
Put the equation 9x% + 4y — 36x + 24y + 36 = 0 into standard form and graph the resulting ellipse.

Solution
First subtract 36 from both sides of the equation:

9x% + 4y* — 36x + 24y = —36.
Next group the x terms together and the y terms together, and factor out the common factor:
(9x% = 36x) + (4y* +24y) = =36
9(x? —4x) +4 (»* +6y) = -36.

We need to determine the constant that, when added inside each set of parentheses, results in a perfect square. In the

2
first set of parentheses, take half the coefficient of x and square it. This gives (_74) = 4. In the second set of
2
parentheses, take half the coefficient of y and square it. This gives (g) = 9. Add these inside each pair of parentheses.

Since the first set of parentheses has a 9 in front, we are actually adding 36 to the left-hand side. Similarly, we are adding
36 to the second set as well. Therefore the equation becomes

9(x2_4x+4)+4(y2+6y+9)2—36+36+36
9 (x? —4x+4) +4(y* +6y+9) =36.

Now factor both sets of parentheses and divide by 36:

9(x -2 +4(y+3)? = 36

0a=2? | 40+3r

36 36
_7\2 2
a2 02

The equation is now in standard form. Comparing this to Equation 7.14 givesh =2,k = -3,a=3,and b = 2. Thisis a
vertical ellipse with center at (2, —3), major axis 6, and minor axis 4. The graph of this ellipse appears as follows.
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y
IT 9x? + 4y? — 36x + 24y + 36 =0

' e ' !

-1 0 2 4 5 6
-1

x¥

Figure 7.49 The ellipse in Example 7.20.

7.19 Put the equation 9x2 + 16y* + 18x — 64y — 71 = 0 into standard form and graph the resulting ellipse.

According to Kepler’s first law of planetary motion, the orbit of a planet around the Sun is an ellipse with the Sun at one
of the foci as shown in Figure 7.50(a). Because Earth's orbit is an ellipse, the distance from the Sun varies throughout the
year. A commonly held misconception is that Earth is closer to the Sun in the summer. In fact, in summer for the
northern hemisphere, Earth is farther from the Sun than during winter. The difference in season is caused by the tilt of
Earth’s axis in the orbital plane. Comets that orbit the Sun, such as Halley's Comet, also have elliptical orbits, as do
moons orbiting the planets and satellites orbiting Earth.

Ellipses also have interesting reflective properties: A light ray emanating from one focus passes through the other focus
after mirror reflection in the ellipse. The same thing occurs with a sound wave as well. The National Statuary Hall in the
U.S. Capitol in Washington, DC, is a famous room in an elliptical shape as shown in Figure 7.50(b). This hall served as the
meeting place for the U.S. House of Representatives for almost fifty years. The location of the two foci of this semi-
elliptical room are clearly identified by marks on the floor, and even if the room is full of visitors, when two people stand
on these spots and speak to each other, they can hear each other much more clearly than they can hear someone
standing close by. Legend has it that John Quincy Adams had his desk located on one of the foci and was able to
eavesdrop on everyone else in the House without ever needing to stand. Although this makes a good story, it is unlikely
to be true, because the original ceiling produced so many echoes that the entire room had to be hung with carpets to
dampen the noise. The ceiling was rebuilt in 1902 and only then did the now-famous whispering effect emerge. Another
famous whispering gallery—the site of many marriage proposals—is in Grand Central Station in New York City.

@) (b)
Figure 7.50 (a) Earth’s orbit around the Sun is an ellipse with the Sun at one focus. (b) Statuary Hall in the U.S. Capitol is a
whispering gallery with an elliptical cross section.

Hyperbolas

A hyperbola can also be defined in terms of distances. In the case of a hyperbola, there are two foci and two directrices.
Hyperbolas also have two asymptotes.
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Definition

A hyperbola is the set of all points where the difference between their distances from two fixed points (the foci) is
constant.

A graph of a typical hyperbola appears as follows.

Yi
< :asymptme asymptme’ >
sl e g i e e
] \\ ‘/ 1
1 [N # 1
! \\ J/ !
1 -~ # 1
! s P -
transverse\ | . b 7 !
axis ; 7 a i
1 Sy R L |
_ \ vertex ~L7 vertex ) Fa =
- - eenter T x
F ol L8
1 i /'/ ‘\\ T I
i L c
I . . 1
1 /‘ \\ 1
1 ” / -~ 1
1 /‘ \“ 1
1 - > 1
i " conjugate axis Bt i
» N

Figure 7.51 A typical hyperbola in which the difference of the distances from any point on the ellipse to the foci is
constant. The transverse axis is also called the major axis, and the conjugate axis is also called the minor axis.

The derivation of the equation of a hyperbola in standard form is virtually identical to that of an ellipse. One slight hitch
lies in the definition: The difference between two numbers is always positive. Let P be a point on the hyperbola with
coordinates (x, y) . Then the definition of the hyperbola gives |d (P, F;) — d (P, F,)| = constant. To simplify the
derivation, assume that P is on the right branch of the hyperbola, so the absolute value bars drop. If it is on the left
branch, then the subtraction is reversed. The vertex of the right branch has coordinates (a,0), so

d(P,F1)—d(P,F)=(c+a)—(c—a)=2a.
This equation is therefore true for any point on the hyperbola. Returning to the coordinates (x, y) for P:
d(P,F|)—d(P,F)) = 2a
Vx+o?+y2 —Vx-02+)2 = 2a

Add the second radical from both sides and square both sides:

(x—0?+)2 = 2a+\(x+0c)? +)?
(x=o +)7 = 4a® +4aV(x+0” +y +(x+ o +)7
X2 —2ex+c* )P = 4‘12""“l\/m+xz+2cx+c2+y2

—2¢x = 4a* + 4a\/(x + 0)2 + 32 + 2ex.

Now isolate the radical on the right-hand side and square again:

—2cx 4a* +4a\/(x + ¢)* + 3 + 2¢x
4av/(x + c)2 +32 = —4a? —4dex
Vix+o?+y? = —a—

2.2
(x+0)?+y* = a2+2cx+C;
a
2.2
X2 +2ex+c+yr = az+2<:x+%
a
2.2
24+t +y? = a2+c’2‘.
a
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Isolate the variables on the left-hand side of the equation and the constants on the right-hand side:

2
x2_c; +y2 = g2 -2
a
2_2)\,2
(“ ¢ )x 2 = 2-2
5 y:- = a c
a
Finally, divide both sides by a® — 2. This gives the equation
2 2
St 5=
a as — ¢

We now define b so that b = ¢2 — 42. This is possible because ¢ > a. Therefore the equation of the ellipse becomes
x2 y2
a2 b
Finally, if the center of the hyperbola is moved from the origin to the point (4, k) , we have the following standard form of
a hyperbola.

Theorem 7.10

Equation of a Hyperbola in Standard Form
Consider the hyperbola with center (4, k), a horizontal major axis, and a vertical minor axis. Then the equation of this
ellipse is

x-h? (-k?* _ (7.14)
a? R =1

and the foci are located at (h + ¢, k) , where ¢2 = a2 + b%. The equations of the asymptotes are given by
y=k+ %(x — h). The equations of the directrices are

2 2
a a
X=ht —==h+

\/a2 + b2 o

If the major axis is vertical, then the equation of the hyperbola becomes

W=k G=m? (7.15)
a? b2 a

and the foci are located at (h, k + ¢), where ¢2 = a? + b%. The equations of the asymptotes are given by

y=kz+ %(x — h) . The equations of the directrices are

a® a?

a \/az+b2 o

If the major axis (transverse axis) is horizontal, then the hyperbola is called horizontal, and if the major axis is vertical
then the hyperbola is called vertical. The equation of a hyperbola is in general form if it is in the form

Ax? 4+ By? + Cx + Dy + E = 0, where A and B have opposite signs. In order to convert the equation from general to
standard form, use the method of completing the square.

EXAMPLE 7.21

Finding the Standard Form of a Hyperbola

Put the equation 9x2 — 16y + 36x + 32y — 124 = 0 into standard form and graph the resulting hyperbola. What are
the equations of the asymptotes?

Solution
First add 124 to both sides of the equation:
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9x> — 16y” + 36x + 32y = 124.
Next group the x terms together and the y terms together, then factor out the common factors:
(9x2 +36x) — (16y> —32y) = 124
9(x*+4x) - 16 (y* —2y) = 124.

We need to determine the constant that, when added inside each set of parentheses, results in a perfect square. In the

2
first set of parentheses, take half the coefficient of x and square it. This gives (%) = 4. In the second set of
2
parentheses, take half the coefficient of y and square it. This gives (_72) = 1. Add these inside each pair of

parentheses. Since the first set of parentheses has a 9 in front, we are actually adding 36 to the left-hand side. Similarly,
we are subtracting 16 from the second set of parentheses. Therefore the equation becomes

9(x2+4x+4)_]6(y2—2y+1) =124+36-16
9(x?+4x+4) —16(y* —2y+1) = 144.

Next factor both sets of parentheses and divide by 144:

9x+2)2 —16(y—172 = 144
9x+2)2  16(y—1)2

44~ T 144 =1
«+2? -2
16 9 - :

The equation is now in standard form. Comparing this to Equation 7.15 gives h = =2,k = 1,a=4,and b = 3. Thisis a
horizontal hyperbola with center at (-2, 1) and asymptotes given by the equations y = 1 + %(x + 2). The graph of this
hyperbola appears in the following figure.
4
x4
9x% — 16y2 + 36x + 32y — 124 =0
5

Figure 7.52 Graph of the hyperbola in Example 7.21.

7.20 Put the equation 4y2 —ox2 + 16y + 18x — 29 = 0 into standard form and graph the resulting hyperbola.
What are the equations of the asymptotes?

Hyperbolas also have interesting reflective properties. A ray directed toward one focus of a hyperbola is reflected by a
hyperbolic mirror toward the other focus. This concept is illustrated in the following figure.
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Light from star

7 Mirror
surface

Figure 7.53 A hyperbolic mirror used to collect light from distant stars.

This property of the hyperbola has important applications. It is used in radio direction finding (since the difference in
signals from two towers is constant along hyperbolas), and in the construction of mirrors inside telescopes (to reflect
light coming from the parabolic mirror to the eyepiece). Another interesting fact about hyperbolas is that for a comet
entering the solar system, if the speed is great enough to escape the Sun'’s gravitational pull, then the path that the
comet takes as it passes through the solar system is hyperbolic.

Eccentricity and Directrix

An alternative way to describe a conic section involves the directrices, the foci, and a new property called eccentricity. We
will see that the value of the eccentricity of a conic section can uniquely define that conic.

Definition

The eccentricity e of a conic section is defined to be the distance from any point on the conic section to its focus,
divided by the perpendicular distance from that point to the nearest directrix. This value is constant for any conic
section, and can define the conic section as well:

1. Ife =1, the conicis a parabola.
2. Ife < 1,itis an ellipse.
3. Ife> 1,itis a hyperbola.

The eccentricity of a circle is zero. The directrix of a conic section is the line that, together with the point known as the
focus, serves to define a conic section. Hyperbolas and noncircular ellipses have two foci and two associated
directrices. Parabolas have one focus and one directrix.

The three conic sections with their directrices appear in the following figure.
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Ellipse Parabola Hyperbola
A \
[ it vertex
,0
b focus (c,0) & )\
(¢, 0) S
1 o \ — & \
(0,0)
/ (0,0)
=
- a
directrix / \ directrix directrix
x=2 X=-a -
c c

Figure 7.54 The three conic sections with their foci and directrices.

Recall from the definition of a parabola that the distance from any point on the parabola to the focus is equal to the
distance from that same point to the directrix. Therefore, by definition, the eccentricity of a parabola must be 1. The

2
equations of the directrices of a horizontal ellipse are x = iaT' The right vertex of the ellipse is located at (a, 0) and the
right focus is (¢, 0) . Therefore the distance from the vertex to the focus is @ — ¢ and the distance from the vertex to the

2
right directrix is "T — a. This gives the eccentricity as

a—c cla—rc) cla—rc) c

e = = = = —.
2 _, da-a al@-co a
c

Since ¢ < a, this step proves that the eccentricity of an ellipse is less than 1. The directrices of a horizontal hyperbola are

2
also located at x = 1“7, and a similar calculation shows that the eccentricity of a hyperbola is also e = <. However in

a
this case we have ¢ > a, so the eccentricity of a hyperbola is greater than 1.

EXAMPLE 7.22

Determining Eccentricity of a Conic Section
Determine the eccentricity of the ellipse described by the equation

(x -3)? +(y+2)2 B
16 25

1.

) Solution

From the equation we see that a = 5 and b = 4. The value of c can be calculated using the equation a? = b* + ¢% foran
ellipse. Substituting the values of a and b and solving for c gives ¢ = 3. Therefore the eccentricity of the ellipse is
e=<t=21=06

7.21 Determine the eccentricity of the hyperbola described by the equation

y-3?% (x+27° _
49 25

1.

Polar Equations of Conic Sections

Sometimes it is useful to write or identify the equation of a conic section in polar form. To do this, we need the concept
of the focal parameter. The focal parameter of a conic section p is defined as the distance from a focus to the nearest
directrix. The following table gives the focal parameters for the different types of conics, where ais the length of the
semi-major axis (i.e., half the length of the major axis), cis the distance from the origin to the focus, and e is the
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eccentricity. In the case of a parabola, a represents the distance from the vertex to the focus.

Conic e P
i 2
Ellipse O<ex1 2-2 a(l—e >
c - e
Parabola e=1 2a
Hyperbola | e > 1 ) o a(ez—l)
c~—a —
c e

Table 7.1 Eccentricities and Focal Parameters
of the Conic Sections

Using the definitions of the focal parameter and eccentricity of the conic section, we can derive an equation for any conic
section in polar coordinates. In particular, we assume that one of the foci of a given conic section lies at the pole. Then
using the definition of the various conic sections in terms of distances, it is possible to prove the following theorem.

Theorem 7.11

Polar Equation of Conic Sections
The polar equation of a conic section with focal parameter p is given by
ep ep

= orr = —.
1+ecosf 1+esinf

In the equation on the left, the major axis of the conic section is horizontal, and in the equation on the right, the major
axis is vertical. To work with a conic section written in polar form, first make the constant term in the denominator equal
to 1. This can be done by dividing both the numerator and the denominator of the fraction by the constant that appears
in front of the plus or minus in the denominator. Then the coefficient of the sine or cosine in the denominator is the
eccentricity. This value identifies the conic. If cosine appears in the denominator, then the conic is horizontal. If sine
appears, then the conic is vertical. If both appear then the axes are rotated. The center of the conic is not necessarily at
the origin. The center is at the origin only if the conic is a circle (i.e., e = 0).

EXAMPLE 7.23

Graphing a Conic Section in Polar Coordinates
Identify and create a graph of the conic section described by the equation
3
r=—————:.
1+2cos@

) Solution

The constant term in the denominator is 1, so the eccentricity of the conic is 2. This is a hyperbola. The focal parameter p
can be calculated by using the equation ep = 3. Since e = 2, this gives p = % The cosine function appears in the
denominator, so the hyperbola is horizontal. Pick a few values for 8 and create a table of values. Then we can graph the
hyperbola (Figure 7.55).

0 r 0 7

0 1 V4 -3

T 3 5x 3

Z ~ 1.2426 2 ~ —7.2426
| v B
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" 1+ 2cosf

5

Figure 7.55 Graph of the hyperbola described in Example 7.23.

7.22 Identify and create a graph of the conic section described by the equation

4
1-0.8sin8’

r =

General Equations of Degree Two
A general equation of degree two can be written in the form
Ax? +Bxy+Cy2 +Dx+ Ey+ F=0.

The graph of an equation of this form is a conic section. If B # 0 then the coordinate axes are rotated. To identify the
conic section, we use the discriminant of the conic section 4AC — B2. One of the following cases must be true:

1. 4AC — B? > 0.1f so, the graph is an ellipse.
2. 4AC — B? = 0.1f so, the graph is a parabola.
3. 4AC - B? <0.If so, the graph is a hyperbola.

The simplest example of a second-degree equation involving a cross term is xy = 1. This equation can be solved for y to
obtainy = % The graph of this function is called a rectangular hyperbola as shown.
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Figure 7.56 Graph of the equation xy = 1; The red lines indicate the rotated axes.

The asymptotes of this hyperbola are the x and y coordinate axes. To determine the angle 8 of rotation of the conic
section, we use the formula cot 20 = A;BC. Inthiscase A=C=0and B=1,socot20 =(0—-0)/1 =0and 8 = 45°.
The method for graphing a conic section with rotated axes involves determining the coefficients of the conic in the
rotated coordinate system. The new coefficients are labeled A’, B',C’, D', E’, and F’, and are given by the formulas

A" = Acos20+ BcosOsin6+ Csin’6

B 0

C' = Asin?0 — Bsin6cos 6 + C cos26

D' = Dcosf+ Esinf

E' = —Dsinf+ Ecosf

F' = F.

The procedure for graphing a rotated conic is the following:

Identify the conic section using the discriminant 4AC — B2,
Determine 6 using the formula cot 20 = %.

Calculate A’, B',C',D’,E’, and F’'.

Rewrite the original equation using A’, B’,C’, D', E’, and F’.
Draw a graph using the rotated equation.

uhwN =

EXAMPLE 7.24

Identifying a Rotated Conic
Identify the conic and calculate the angle of rotation of axes for the curve described by the equation

13x% = 64/3xy + 7)* — 256 = 0.

Solution
In this equation, A = 13, B = —6\/5, C=7,D=0,E =0,and F = —256. The discriminant of this equation is

2
4AC - B* =4 13) (@) - <—6\/§> = 364 — 108 = 256. Therefore this conic is an ellipse. To calculate the angle of

rotation of the axes, use cot 260 = A;BC. This gives

cot2 = 4=C
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Therefore 20 = 120° and 6 = 60°, which is the angle of the rotation of the axes.
To determine the rotated coefficients, use the formulas given above:
A" = Acos?0+ Bcos0sin 0 + Csin’0
13¢0s260 + (—6\/5 ) cos 60 sin 60 + 7sin?60

2
2 3 3
- 6 -evi3) (L) +1( %)
= 4,
B = o
C' = Asin?0— Bsin6cos 6 + C cos26
= 13sin260 + <—6\/§) sin 60 cos 60 = 7cos260

2
3 3 2
- () +ovi(E) (b +70d)
= 16,
D' = Dcos@+ Esiné
= (0) cos 60 + (0) sin 60

= 0,
E' = —Dsinf+ Ecosf
—(0) sin 60 + (0) cos 60
= 0,
F' = F
= -256.

The equation of the conic in the rotated coordinate system becomes

4(x')? +16(Y) = 256

A graph of this conic section appears as follows.

Yi
10+

13x? — 6:3xy + 7y? .

Figure 7.57 Graph of the ellipse described by the equation 13x% — 6\/§xy + 7y2 — 256 = 0. The axes are rotated 60°.
The red dashed lines indicate the rotated axes.
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Identify the conic and calculate the angle of rotation of axes for the curve described by the equation

3x2 +5xy—2y> — 125 = 0.

SECTION 7.5 EXERCISES

For the following exercises, determine the equation of the parabola using the information given.

255. Focus (4,0) and directrix
x=-4

258. Focus (2, 3) and directrix
x=-=-2

261. Focus (-3,5) and
directrix y =1

256. Focus (0,—-3) and
directrix y =3

259. Focus (0, 2) and directrix
y=4

262. Focus (%, —4) and
directrix x = %

257. Focus (0,0.5) and
directrix y = —0.5

260. Focus (—1,4)and
directrix x =5

For the following exercises, determine the equation of the ellipse using the information given.

263. Endpoints of major axis at
4,0),(—4,0) and foci
located at (2,0),(-2,0)

266. Endpoints of major axis at
(-3,3),(7,3) and foci
located at (-2, 3), (6, 3)

269. Focilocated at
(2’ 0) s (_2’ 0) and
eccentricity of %

264. Endpoints of major axis at

(0,5),(0,-5) and foci
located at (0, 3), (0, -3)

267. Endpoints of major axis at
(-3,5),(—3,-3) and foci

located at
(_37 3) ) (_3’ _1)

270. Focilocated at
0,-3), (0,3)and
eccentricity of %

265. Endpoints of minor axis at
0,2),(0,-2) and foci
located at (3,0),(-3,0)

268. Endpoints of major axis at
(0,0),(0,4) and foci
located at (5,2),(-5,2)

For the following exercises, determine the equation of the hyperbola using the information given.

271. Vertices located at
(5,0),(=5,0) and foci
located at (6, 0), (=6, 0)

274. Vertices located at
0,1),(6,1) and focus
located at (8, 1)

277. Focilocated at
(=6,0),(6,0) and
eccentricity of 3

272. Vertices located at
0,2),(0,-2) and foci
located at (0, 3), (0, —3)

275. Vertices located at
(-2,0),(-2,-4) and
focus located at (-2, —8)

278. (0,10),(0,—-10) and
eccentricity of 2.5

273. Endpoints of the
conjugate axis located at
0,3),(0,-3) and foci
located (4,0),(—4,0)

276. Endpoints of the
conjugate axis located at
(3,2),(3,4) and focus
located at (3,7)

For the following exercises, consider the following polar equations of conics. Determine the eccentricity and identify the

conic.
279 r= _—1

: 1+cos 6
282 = e

_ 8

280. r= 3559
_ 3

283. r= 55

_ 5
281. r=550%

_ 3
284. r=—p3gg

For the following exercises, find a polar equation of the conic with focus at the origin and eccentricity and directrix as

given.
285. Directrix: x = 4;e = %

288. Directrix:y = =2;e = %

286. Directrix: x = —4;e =5

287. Directrix:y =2;e=2
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For the following exercises, sketch the graph of each conic.

— 1 _ 1 _ 4
289. r = m 290. r = T—cos 0 291. r = m

_ 10 _ 15 _ 32
292. r= 5+4 sin 0 293. r= 3—2cos 6 294. r= 3+5sin 0

. _ _ 3 _ 3

295. r(2+sinf) =4 296. r = 7650 297. r= T, e

2 2

xZ ) 2 2
208, ot =1 209, X4+ 2 =1 300. 4x2 +9y2 =36

2 2 2P 2

301. 25x° —4y- =100 302. G- -5 = 1 303. x° =12y
304. y? =20x 305. 12x = 5)°

For the following equations, determine which of the conic sections is described.
308. xZ + 2\/§xy+ 3y2 -6=0
310. 34x? —24xy +41)> —=25=0

306. xy=4 307. x2+4xy—2y2—6=0

309. x2—xy+)y2-2=0

311, 52x% — 72xy +73y* +40x 4+ 30y —75=0  312. The mirror in an
automobile headlight has
a parabolic cross section,
with the lightbulb at the
focus. On a schematic,
the equation of the
parabola is given as
x2 = 4y. At what
coordinates should you
place the lightbulb?

313. Asatellite dish is shaped 314. Consider the satellite dish ~ 315. A searchlight is shaped
like a paraboloid of of the preceding problem. like a paraboloid of
revolution. The receiver is If the dish is 8 feet across revolution. A light source
to be located at the focus. at the opening and 2 feet is located 1 foot from the
If the dish is 12 feet deep, where should we base along the axis of
across at its opening and place the receiver? symmetry. If the opening
4 feet deep at its center, of the searchlight is 3 feet
where should the receiver across, find the depth.
be placed?

316. Whispering galleries are 317. Apersonisstanding 8

rooms designed with
elliptical ceilings. A
person standing at one
focus can whisper and be
heard by a person
standing at the other
focus because all the
sound waves that reach
the ceiling are reflected to
the other person. If a
whispering gallery has a
length of 120 feet and the
foci are located 30 feet
from the center, find the
height of the ceiling at
the center.
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feet from the nearest wall
in a whispering gallery. If
that person is at one
focus and the other focus
is 80 feet away, what is
the length and the height
at the center of the
gallery?



7.5 « Conic Sections

For the following exercises, determine the polar equation form of the orbit given the length of the major axis and
eccentricity for the orbits of the comets or planets. Distance is given in astronomical units (AU).

318. Halley's Comet: length of 319. Hale-Bopp Comet: length 320. Mars: length of major axis
major axis = 35.88, of major axis = 525.91, = 3.049, eccentricity =
eccentricity = 0.967 eccentricity = 0.995 0.0934

321. Jupiter: length of major
axis = 10.408, eccentricity
=0.0484
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Chapter Review
Key Terms

angular coordinate 6 the angle formed by a line segment connecting the origin to a point in the polar coordinate
system with the positive radial (x) axis, measured counterclockwise

cardioid a plane curve traced by a point on the perimeter of a circle that is rolling around a fixed circle of the same
radius; the equation of a cardioidisr = a(1 + sinf) or r = a(1 + cos 6)

conic section a conic section is any curve formed by the intersection of a plane with a cone of two nappes

cusp a pointed end or part where two curves meet

cycloid the curve traced by a point on the rim of a circular wheel as the wheel rolls along a straight line without
slippage

directrix a directrix (plural: directrices) is a line used to construct and define a conic section; a parabola has one
directrix; ellipses and hyperbolas have two

discriminant the value 44C — B2, which is used to identify a conic when the equation contains a term involving xy, is
called a discriminant

eccentricity the eccentricity is defined as the distance from any point on the conic section to its focus divided by the
perpendicular distance from that point to the nearest directrix

focal parameter the focal parameter is the distance from a focus of a conic section to the nearest directrix

focus a focus (plural: foci) is a point used to construct and define a conic section; a parabola has one focus; an ellipse
and a hyperbola have two

general form an equation of a conic section written as a general second-degree equation

limagon the graph of the equationr = a + bsin 0 or r = a + b cos 0. If a = b then the graph is a cardioid

major axis the major axis of a conic section passes through the vertex in the case of a parabola or through the two
vertices in the case of an ellipse or hyperbola; it is also an axis of symmetry of the conic; also called the transverse
axis

minor axis the minor axis is perpendicular to the major axis and intersects the major axis at the center of the conic, or
at the vertex in the case of the parabola; also called the conjugate axis

nappe a nappe is one half of a double cone

orientation the direction that a point moves on a graph as the parameter increases

parameter anindependent variable that both x and y depend on in a parametric curve; usually represented by the
variable t

parameterization of a curve rewriting the equation of a curve defined by a function y = f (x) as parametric equations

parametric curve the graph of the parametric equations x (¢) and y (¢) over an interval a < t < b combined with the
equations

parametric equations the equations x = x (t) and y = y (¢) that define a parametric curve

polar axis the horizontal axis in the polar coordinate system corresponding to r > 0

polar coordinate system a system for locating points in the plane. The coordinates are r, the radial coordinate, and 6,
the angular coordinate

polar equation an equation or function relating the radial coordinate to the angular coordinate in the polar coordinate
system

pole the central point of the polar coordinate system, equivalent to the origin of a Cartesian system

radial coordinate r the coordinate in the polar coordinate system that measures the distance from a point in the plane
to the pole

rose graph of the polar equation r = a cos 26 or r = a sin 26 for a positive constant a

space-filling curve a curve that completely occupies a two-dimensional subset of the real plane

standard form an equation of a conic section showing its properties, such as location of the vertex or lengths of major
and minor axes

vertex a vertexis an extreme point on a conic section; a parabola has one vertex at its turning point. An ellipse has two
vertices, one at each end of the major axis; a hyperbola has two vertices, one at the turning point of each branch

Key Equations
R . . dy _ dyldt _ ¥ @)
Derivative of parametric equations Ox = dxddi = )
2
. . . . d“y _ 4 (dy\ _ (dldt)(dyldx)
Second-order derivative of parametric equations 2 dx <—dx ) =
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b
Area under a parametric curve A= / y() x' (1) dt
a
oo [rdx\*  [dy\*
Arc length of a parametric curve s = / <_x + <—y> dt
. dr dr
b 2 2
surface area generated by a parametric curve S = 27:/ y (1) \/(x/ )"+ (' 1)) dr
a

B B
Area of a region bounded by a polar curve A = % / [f (0)]2d0 = % / r*do
o [

s 2 b / dr\?
Arc length of a polar curve L:/a \/[f(9)]2+ [f’ (9)] de:/a P2y <%> do

Key Concepts

7.1 Parametric Equations

+ Parametric equations provide a convenient way to describe a curve. A parameter can represent time or some other
meaningful quantity.

+ Itis often possible to eliminate the parameter in a parameterized curve to obtain a function or relation describing
that curve.

+ There is always more than one way to parameterize a curve.

+ Parametric equations can describe complicated curves that are difficult or perhaps impossible to describe using
rectangular coordinates.

7.2 Calculus of Parametric Curves

+ The derivative of the parametrically defined curve x = x (t) and y = y (¢) can be calculated using the formula
/
% = y,—g; Using the derivative, we can find the equation of a tangent line to a parametric curve.
X

+ The area between a parametric curve and the x-axis can be determined by using the formula

n
A=/ y@)x' (1) dt.
1

l‘2 d 2 d 2
+ The arc length of a parametric curve can be calculated by using the formula s = / \/<d—):> + <d_)t)> dt.
|

* The surface area of a volume of revolution revolved around the x-axis is given by

b
S = 27:/ y() \/(x' (t))2 + (y' (t))zdt. If the curve is revolved around the y-axis, then the formula is
a

b
S = 2ﬂ/ x (1) \/(x’ )+ (¥ ) dr.

7.3 Polar Coordinates

+ The polar coordinate system provides an alternative way to locate points in the plane.

+ Convert points between rectangular and polar coordinates using the formulas
x=rcosfandy =rsinf

and

r= \/x2 +y2 andtan 6 = 1.
x

+ To sketch a polar curve from a given polar function, make a table of values and take advantage of periodic
properties.
+ Use the conversion formulas to convert equations between rectangular and polar coordinates.
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+ Identify symmetry in polar curves, which can occur through the pole, the horizontal axis, or the vertical axis.

7.4 Area and Arc Length in Polar Coordinates

+ The area of a region in polar coordinates defined by the equation r = f(6) with @ < 8 < fis given by the integral
2

| B
A=5/ [f(0)] do.

+ To find the area between two curves in the polar coordinate system, first find the points of intersection, then
subtract the corresponding areas.
+ The arc length of a polar curve defined by the equation r = f () with @ < 8 < fis given by the integral

B B dr\2
_ 2 ’ 20 2 r
L—/a \/[f(e)] + [ ) de_/a 1/r +(—d9> do.

7.5 Conic Sections

+ The equation of a vertical parabola in standard form with given focus and directrix is y = ﬁ(x — h)? + k where pis

the distance from the vertex to the focus and (4, k) are the coordinates of the vertex.
a=h? | =k?

a2 b2
(h, k) , the major axis has length 2a, the minor axis has length 2b, and the coordinates of the foci are (h + c, k),
where ¢? = g% — b2.

* The equation of a horizontal ellipse in standard form is + = 1 where the center has coordinates

=n? _ —k?
a2 b2
(h, k), the vertices are located at (h + a, k), and the coordinates of the foci are (h + ¢, k) , where & =a* + b2
+ The eccentricity of an ellipse is less than 1, the eccentricity of a parabola is equal to 1, and the eccentricity of a
hyperbola is greater than 1. The eccentricity of a circle is 0.
+ The polar equation of a conic section with eccentricity eis r =

* The equation of a horizontal hyperbola in standard form is = 1 where the center has coordinates

ep

1+e cos 6 orr=

m, where p represents the
focal parameter.

+ To identify a conic generated by the equation Ax? + Bxy + Cy2 + Dx + Ey + F =0, first calculate the
discriminant D = 4AC — B?.1f D > 0 then the conic is an ellipse, if D = 0 then the conic is a parabola, and if D < 0

then the conic is a hyperbola.

Review Exercises

True or False? Justify your answer with a proof or a counterexample.

322. The rectangular 323. The equations 324. The arc length of the
coordinates of the point x = cosh(31), spiral given by r = % for
(4, S?n) are (2\/5 _2> ) y = 2 sinh(3¢) represent a 0<0<3ris 23,
hyperbola. 4
325. Given x = f(t) and
- ifdx = A
y=g),if dy = dx’ then

f(@) = g(t)+ C,where C
is a constant.

For the following exercises, sketch the parametric curve and eliminate the parameter to find the Cartesian equation of
the curve.

326. x=1+t,y=1*—1, 327. x=¢l,y=1-¢%, 328. x =sinf, y=1—-csch,
-1<t<1 0<t<1 0<60<2xn

329. x =4cos ¢,
y=1-sin¢,0< ¢ <2rx
For the following exercises, sketch the polar curve and determine what type of symmetry exists, if any.

330. r=4sin(§) 331. r=5cos(560)
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For the following exercises, find the polar equation for the curve given as a Cartesian equation.

332. x+y=5 333, y2 =4+x2

For the following exercises, find the equation of the tangent line to the given curve. Graph both the function and its
tangent line.

2
334. x=In(r), y =121, 335. r=3+cos(20).0=3%  336. Find 2, 9% and £°X of
x> dy dy2
t=1 >
y=(2+e ),
x =1 —sin(?)

For the following exercises, find the area of the region.

337. x =12, y = In(z), 338. r =1 —sin @ in the first
0<t<e quadrant

For the following exercises, find the arc length of the curve over the given interval.

339. x=3t+4,y=9-2, 340. r=6c0s60,0<0<2x.
0<tr<3 Check your answer by
geometry.

For the following exercises, find the Cartesian equation describing the given shapes.

341. A parabola with focus 342. An ellipse with a major 343. A hyperbola with vertices
(2,-5) and directrix x = 6 axis length of 10 and foci at(3,—-2) and (-5,-2)
at(=7,2)and (1,2) and foci at (-2, —6) and
(=2,4)

For the following exercises, determine the eccentricity and identify the conic. Sketch the conic.

_ 6 _ 4 _ 7
344. 1= 153050 345. r= 35500 346. 1= 55507

347. Determine the Cartesian 348. The C/1980 E1 comet was

equation describing the observed in 1980. Given
orbit of Pluto, the most an eccentricity of 1.057
eccentric orbit around the and a perihelion (point of
Sun. The length of the closest approach to the
major axis is 39.26 AU Sun) of 3.364 AU, find the
and minor axis is 38.07 Cartesian equations

AU. What is the describing the comet's
eccentricity? trajectory. Are we

guaranteed to see this
comet again? (Hint.
Consider the Sun at point
0,0).)
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Basic Integrals

1. /u du=*% n+1 +C,n# -1
d
2./—”=1n|u|+c
u
3./e”du:e“+C
4./a”du=1—+C
na

5./sinudu:—cosu+C

6./cosudu=sinu+C
7./sec2udu=tanu+C
8./csczudu=—cotu+C
9./secutanudu=secu+C

cscucotudu=—cscu+C

14. [ cscudu =1In |cscu —cotu| +C
du
15. =sin"'4 +C
2 2
du
16. Litan~1% 4 C
a? +u? a
du
17./ = %860_1%+C
uVu? — a2

Trigonometric Integrals
18. /sinzu du = %u—%sin 2u+C

1
cos?u du = Eu+ Lsin2u+C

21. [ cotudu = —cotu—u+C

20. /tan udu=tanu—u+C

A ¢ Table of Integrals
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1
22. /sin3udu = —§(2+sin2u) cosu+C

1 .
23. [ cosPudu = §(2+coszu) sinu+ C
[
24. [ tandudu = Etan u+ln |cosu| + C
3 1
25. [ cot’udu = —Ecot u—In |sinu| + C
1
26. [ secPudu= Esecutanu+ Eln|secu+tanu|+C
1
27. [ csc udu——zcscucotu+—ln |cscu —cotu| + C
| n—2
28. [ sin"udu = ——sin”" ucosu+ — [ sin"“udu
n
1 -l n—1 n—2
29. [ cos"udu = —cos”" usmu+— cos" “udu
n n

w
o

.\\\\\\\\\\\\\\\\\\\

tan u du =

1
1tan”_lu— /tan"‘zu du

cot’udu =

w
e

-1 i B
lcot” lu—/cot" 24 du

1 n—2
sec"udu = tan u sec” 2u + sec" 2u du
n—1 n—1
-1 n—2
33. [ esc"udu = cotucsc" 2u + esc"2u du
n—1 n—1
sin((@a—b)u)  sin((at+bu)
34. [ sin au sin bu du = 2(a—b) ~ T 2(ath) +C
sin((@—b)u) . sin((a+bu)
35. [ cosaucos budu = 2= 2ath) +C
cos((@a—b)u)  cos((at+byu)
36. [ sinaucos budu = — 2a=b ~ T 2(ath) +C
37. [ usinudu=sinu—ucosu+C
38. [ ucosudu=cosu+usinu+ C
39. [ u"sinudu=—u" cosu+n/u"_1c0sudu
40. [ u"cosudu=u" smu—n/u"_lsinudu
n mydy = _sin L ycosmtl y + 1=l - on=2 "y d
sin"ucos™ udu =—S——rE8—t + = [ sin" " “ucos™u du
41 ) .
_ ity cos™ 1y m—1 - n m=2
—T+n+m/sm U Ccos udu

Exponential and Logarithmic Integrals

42. /ue““ du=—-(au—1)e™ +C
a

43. /u"ea“ du = %u”e"” - %/u”_le”“ du
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44, “sin bu du = 29(1”2 (asin bu — b cos bu) + C
+b

45. [ e®™cos budu = ;auz (acos bu + b sin bu) + C
+b

47. [ u lnudu— [(m+Dlnu—-1]1+C

1)2

48. du=1In|lnu|+C

/¢
/¢
46. /lnudu—ulnu—u+C
/
[/ w

Hyperbohc Integrals

49, [ sinhudu = coshu+ C

50. [ coshudu =sinhu+ C
51. [ tanhu du = Incoshu + C

52. [ cothudu =In |sinhu| + C

54. [ cschudu=In |tanh%u| +C

55. [ sech?u du = tanhu + C
56. [ csch?udu = —cothu + C
57.

sechutanh u du = —sechu + C

58. [ cschucothudu = —cschu+ C

/
/
/
/
/
/
/
/
/

Inverse Trigonometric Integrals

59./sin_1udu=usin_lu+\/1—u2+C
60. /cos udu=ucos lu—\1-u2+C
61./tan_1udu=utan_1u—%ln (1+u2)+C
2 2
62. /usm udu=%sin'lu+%+c
2 2
63. /ucos udu=2”4—_lcos_lu—" 2" +C
u2+1 1 u
64. [ utan™ludu = 5 tan™ u—§+C
) u”+1du
65. /u sin”~ uduzﬁlu"“sm_lu—/ﬁ] ,n#—1
1—u
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un+1 du
66. /u”cos_ludu = n-+1 [u"+1cos_lu+/ﬁ] ,n#—1
1—u

un+1 du
67. [ uMtan'udu= -1 |utltanlu— | ——— |, n# -1
n+l 1+u?

Integrals Involving a’+u? a>0

68. [ Va4 du= a4 4 Sin (u+ VT +i2) 4 C

9. [PV A du= (a4 22) Va1~ §in (VT +?) 4 C

70./@@:@_“11
/\/T = ‘/—+ln( \/m>+c

=1n(u+\/m)+c

a2 442
a+1114+u +C

u
72./—
Va? +u?
2
d 2
73./i=%<\/a2+u2)—”71n (u+\/a2+u2)+C
Va? +u?
/ du
74. _
u\/az+u2

a2 +u+a
u

__1

du N )
75./ =-YCH 4 ¢
uz\/a? +u? atu

76/ d______w ¢

. (a2+142)3/2 T 2V2+2

Integrals Involving u?-a?% a>0

77. /\/u e du—— uz —a? - 4 1n|u+\/ —az|+C

78/ \/u —a du—%( u —az)\/uz—az—%ln|u+\/u2—a2|+C
N )

79./%@:\/uz—az—acos_lﬁ+c

A/ y2 — g2 55
80./%&4:—#+ln~u+\/u2—a2‘+C
=ln)u+\/u2—a2.+C

2

du
81. _
Vi2 — &2
u? du 2
— = uz—a2+a7ln~u+\/u2—a2~+c

2 — a2

[T

83/ du _
) ooV

du
84a. / =-— = +C
<u2 _ 02)3/2 a2Vu2-d2

84b. [ —As = In|zg

2|l+C

u+a
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u 2 .
85./ az—uzdu=5\/a2—u2+”7sm_1%+c
u 4
86./u2\/a2—u2du:§(2u2_02)1/a2_u2+a?sin—l%+c
L1+\/(12—u2

u

+C

A a2 — 2
87./udu=\/a2— 2 _gln
u
2 2 1
88_/Ludu= >
u2

——Va
u

—u2—sin_l%+C

2 2 .
89. [ —du =—4Va? -2 + Lsin'L 4 C

N
90./7‘1” _ Ly |ervel=l ) o
M\/ 112 - u2 “ “

-V -w2+cC

du
91. = 5
u2\/ a2 —u? aru

92./((12—L42)3/2 du:—%(2u2—5a2) az—u2+isin_lﬂ+c

8 a
du u
93a./ T +C
<02_u2) a2 a2 _u2

93b. [ %> = LIn|“e|1C

a2—y2 u-a
Integrals Involving 2au - u“, a>0
94, /\/Zau -’ du= 4 2au — u? + écos_1 (£4) +cC

2

=cos™! (£4) +C

du
9. [ —
V2au — u?
2 2 3
96. /u 2au —u? du = W\Qau—uz + %COS_I (£4)+cC

d 2
97./ 4o Ve o
u\/2au—u2

Integrals Involving a+ bu, a= 0

d
98./ uau =b%(a+bu—a1n|a+bu|)+C

a+ bu

2d
99./ e =ﬁ[(a+bu)2—4a(a+bu)+2a21n|a+bu|]+C

a+ bu
du 1 u
100./—u(a+bu) =2Ln|t-|+C
du _ 1 b a+bu
101/m——a+a—zln|7|+c
udu 4 1
02. = +—21n|a+bu|+C
(a+bu)?  bat+h b
udu _ 1 1 a+bu
103/u(a+bu)2 ~ a(a+bu) - a_21n |T|+C

A « Table of Integrals
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2
d 2
04./%:b%(a+bu—aim—2aln|a+bu|>+c
a—+ bu

105./u a+budu=#(3bu—2a)(a+bu)3/2+c

106, [ du_ =% 2 (hu—2a)\Ja+bu+C

\/a+bu

107. / \/a+—bu 15b3 (Sa + 3b%42 —4abu) va+bu+C

d \a+bu—
/—u =Llna+—“\/z+cy ifa>0
08 uv/a+ bu Va o | Vatbuty/a
= —Z—tan— 14/ 1+ C, ifa<0

V-a
Va+b
109./Mdu:2\/a+bu+a/
u
110/Va+bud _ \/a+bu

du
uv/a+ bu

u\/a+bu
111./u"\/a+budu= m[u"(a+bu)3/2 —na/u"_ly/a+budu]

112 / udu  2u"\fatbu __2na ! du
\/a-l-—bu b(2n+1) b(2n+1) \/a-i-—bu

113 du Vatbu  b2n-3)
' uv\/a+ bu “(" Dun=1 ~ 2a(n=1) ~1y/a + bu
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B | TABLE OF DERIVATIVES

General Formulas

1.4)=0

2. (S +g) = f @)+ ()

3. A 08N =/ Mg+ /(8 @)
4. 4 (x") = nx"". for real numbers n

5. Lef@)=cf %

6. L(f @ —gx) =/ ()-g

7 d < fx) ) _ 80 0-f08' )
dx\ g) (8(x))?

8. L[f (gl =f (gx) ¢ (%)
Trigonometric Functions
9. d%(sinx) = CcoSXx

2

d —
10. E(tanx) =sec’x

d —
M. (secx) = secxtanx

d o
12. ¢ (cosx) = —sinx
d — el
13. ¢ (cotx) = —csc”x
d =
14. -~ (cscx) = —cscxcotx

Inverse Trigonometric Functions
15. L (sin"1x) = -

dx V12
16. L (tan~1x) = 1+1x2
17. & (sec™!x) = le\/lxz——l
18. L (cos7!x) = —ﬁ
19. L (cot™x) = - 1+1x2
20. 4 (cselx) = _le\/1>c2_—1

Exponential and Logarithmic Functions
21. L (e¥) = ¢
22. L(In |x[) = +
23. L(b*) = b*Inb

24. L (logyx) = =
Hyperbolic Functions

d (o —
25. E(smhx) = coshx

d _ 2
26. E(tanhx) = sech” x




624 B+ Table of Derivatives

27. %(sechx) = —sechx tanh x
d R

28. E(coshx) = sinhx
d a2

29. E(cothx) = —csch” x

30. %(cschx) = —cschx cothx

Inverse Hyperbolic Functions

d (k=1 _ 1
31. E(smh x) =T
32. L (tanh~'x) = —L5(Ix| < 1)

" dx )

d S I |
33. ¢ (sech x) V) O<x<1
34, d%(cosh_lx) = x12—l (x>1)
35. %(coth_lx) = ﬁ (x| > 1)
36. L (csch™!x) = ——L— (x#0)

dx( ) IXI\/1+7
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Formulas from Geometry

A = area, V = Volume, and S = lateral surface area

Parallelogram Triangle Trapezoid Circle Sector
th th En
i b H b i
A =bh = 2bh =2@+bh A=m? A=3r20

C=2mr g= rH (¢ in radians)

Cylinder Cone Sphere
TN
v ‘
h /
h

[
-

N~

V = 7rh V= %m’zh V= %fﬂ*’i
S = 2mrh S =l S = 4xr?

Formulas from Algebra
Laws of Exponents

xMxh = xm+n ))CC_': = xnn (xm )n = xmn
-n _ _1 _ no_ n
X" = oy )" = X"y (3)" = %
1/ — — _ %
x'M" = {’/J_c Ixy = \”/)_c{’/} \’/% = %

Special Factorizations

=y = (x+p(x-y)

x3+y3 = (x+y)(x2—xy+y2)

3=y = (- (P +xy+)?)

Quadratic Formula

2
Ifax2+bx+c=0,thenx—w

Binomial Theorem

(@a+b)"=a"+ (Y)a”‘lb+ (;)a"—2b2+---+< " 1)ab”‘l + b,
n—

where (Z) _ nn=D@=2)-(i=k+1) _ __p)

k(k—1)(k=2)---3-2-1 = k!(n—k)!

C * Review of Pre-Calculus
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Formulas from Trigonometry
Right-Angle Trigonometry

ing = PP = by
sinf = hyp csch = oD
i h

cosf = Sﬂ sech = 22

yp adj

— opp — adi

tanf = ad; cotf = opp
hyp

opp
i 0 |—

adj

Trigonometric Functions of Important Angles

0 Radians | sinf cosf | tan@
0° 0 0 1 0
30° | n/6 1/2 \/§/2 \/§/3
45° | /4 N A RVAR
60° | n/3 V32 | 12 V3
90° | n/2 1 0 —
Fundamental Identities
sin20 + cos26 = 1 sin(—f) = —sinf
1 +tan%0 = sec6 cos(—60) = cosf
1+cot?0 = csc26 tan(—6) = —tan@
sin(§-0) = cosf sin(@ +27) = sind
cos (% - 0) = sinf cos (@ +2r) = cosf
tan (% - 0) = cotf tan(0+ ) = tan6

Law of Sines

sinA _ sinB _ sinC
a — b T ¢
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A

Law of Cosines

a> = b*+c% —2bccos A
b = a*+c® —2accos B
¢ = a®>+b*>—-2abcosC

Addition and Subtraction Formulas

sin (x+y) = sinxcosy+ cosxsiny
sin (x —y) = sinxcosy—cosxsiny
cos(x+y) = cosxcosy—sinxsiny
cos(x—y) = cosxcosy+sinxsiny
_ tan x+tan y
tan (x +y) = 1—tan x tan y
_ tan x—tan y
tan(x —y) = I+tan x tan y
Double-Angle Formulas
sin2x = 2sin xcos x
cos2x = cos’x —sin®x = 2cos?x — 1 =1 —2sin’x
tan2x = —2@nx
1-tan2x
Half-Angle Formulas
sinzx — 1—cgs 2x
COSZX — l4cos2x

2
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Answer Key
Chapter1
Checkpoint

6
L1Zf=?+ﬁ+?+?=uo
i=3

1.2 15,550
1.3 440
1.4 The left-endpoint approximation is 0.7595. The right-endpoint approximation is 0.6345.
Left-Endpoint Approximation Right-Endpoint Approximation
yi yi
1
fxX) = = fx) = 5
1 1

"\-\-‘\-—--__-
1 125 15 175 2 X 1 12515 1.75 2 "X
(a) (b)
1.5 a. Upper sum = 8.0313.
b.
y
’9__“*“~Hﬁ:

f(x) = 10 — x2 ~~

a:XO X]_ Xz X3 X4

1.6 A=~ 1.125

17 6

1.8 18 square units

19 6

1.10 18

3

3 3 3

1.1 6/ x3dx—4/ xzdx+2/ xdx—/ 3dx
1 1 1 1

112 -7

1.13 3

1.14 Average value = 1.5;¢c =3

115 c=1/3

116 g'(r)=Vr2 +4

117 F'(x) = 3x%cosx?

118 F'(x) = 2xcosx? — cosx
7

119 57




630 Answer Key

1.20 Kathy still wins, but by a much larger margin: James skates 24 ft in 3 sec, but Kathy skates 29.3634 ft in 3 sec.
10

1.21 -3
2 2

1.22 Net displacement: £ 2_9 ~ —0.8055 m; total distance traveled: 4In4 — 7.5 + % ~ 1740 m
1.23 17.5 mi

64
1.24 5

2(.3 2 1(.3 3
1.25 3x (x —3) dx—g(x —3) +C
10

(x3+5)

1.26 30 +C

127 - +C
4

1.28 —%’+C

129 4

1.30

1.31

1.33

3
2
3r
/ 6°
1
1.32 / e (3e* —2)2dx = 5" - 2y}

4
1
1.34 l/ tdu==(e* -1
2 0 l 2( )
135 Q@) = h21—2 + 8.557. There are 20,099 bacteria in the dish after 3 hours.
1.36 There are 116 flies.
2142 iy
1.37 1 x—32 dx—g[e —e]
138 In|x+2|+C
X
1.39 m(lnx— H+C
140 Lsin™! (4x)+C
141 sin™! () +C
1 -1 (2x
1.42 Etan (?) +C
143 Jtan™! (¥)+C
1.44

ooy &=

Section 1.1 Exercises

1. a.They are equal; both represent the sum of the first 10 whole numbers. b. They are equal; both represent the sum
of the first 10 whole numbers. c. They are equal by substituting j = i — 1. d. They are equal; the first sum factors
the terms of the second.

3. 385-30=355

5. 15— (=12) =27
7. 5(15) + 4(=12) = 27
50 50
9. Z]z —22j= (50)(5é)(101) _ 2(502)(51) =40’ 375
=1 =1
25 25
1.4 K2 -100 ) k= ABCOOD _ 50,(25)(26) = ~10, 400
k=1 k=1
13. Ry =-0.25
15. Rg = 0.372
17. Ly =2.20
19. Lg = 0.6875

21. Lg =9.000 = Rg. The graph of fis a triangle with area 9.
23. Lg = 13.12899 = Rg. They are equal.
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. 2
25. L10=% 1121 \/4—(—2+4(11_01))

100 .
- 1

29.

31.

33.

35.

37.

39.
41.

i=1

Y
1L

0.8+
0.6+

044

0.24 _ﬂﬂ,ngiir/)

Answer Key 631

0.2+

044+

xY

Rigo = 0.33835, Ligp = 0.32835. The plot shows that the left Riemann sum is an underestimate because the
function is increasing. Similarly, the right Riemann sum is an overestimate. The area lies between the left and right
Riemann sums. Ten rectangles are shown for visual clarity. This behavior persists for more rectangles.

y
31
fo) =x%+ 2 e
J—_ £
qdl
-10 -06 -02 9 02 06 10X

Ligo = 3.980, Rigp = 4.020, R1gg > Ligg- The left endpoint sum is an underestimate because the function is
increasing. Similarly, a right endpoint approximation is an overestimate. The area lies between the left and right

endpoint estimates.

Ligo = 3.555, Rjgp = 3.670 The plot shows that the left Riemann sum is an underestimate because the function is
increasing. Ten rectangles are shown for visual clarity. This behavior persists for more rectangles.
The sum represents the cumulative rainfall in January 2009.

(i-1
10

Add the numbers to get 8.1-in. net increase.
309,389,957

25
The total mileage is 7 X Z <1 +
i=1

)=7x25+%5x12x25=3%nn
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43.
45.
47.
49.

51.
53.

55.

57.

59.

Answer Key

Lg=3+2+1+2+3+4+5+4=24

Lg=34+5+T74+6+8+6+5+4=44

Lig = 1.7604, L3y ~ 1.7625, L5g =~ 1.76265

Ry =-1,L; =1,R|9g =-0.1,Lig = 0.1, Ligo = 0.01, and Rjg9 = —0.1. By symmetry of the graph, the exact
area is zero.

Ry =0,L; =0,Rjg =2.4499, Ly = 2.4499, Ryp9 = 2.1365, L1gg = 2.1365

If [c, d] is a subinterval of [a, b] under one of the left-endpoint sum rectangles, then the area of the rectangle
contributing to the left-endpoint estimate is f (¢) (d — ¢) . But, f (¢) £ f(x) for ¢ £ x < d, so the area under the
graph of fbetween cand dis f (c) (d — ¢) plus the area below the graph of fbut above the horizontal line segment
at height f (c), which is positive. As this is true for each left-endpoint sum interval, it follows that the left Riemann
sum is less than or equal to the area below the graph of fon [a, b] .

N . N-1 . N .
Ly = ”‘T";f<a+(b—a)’N1> _ IJ—Ta g(:) f<a+(b—a)%> and Ry = b_T“;f<a+(b—a)LN>.
The left sum has a term corresponding to i = 0 and the right sum has a term corresponding toi = N. In
Ry — Ly, any term corresponding toi = 1,2,..., N — 1 occurs once with a plus sign and once with a minus sign,
so each such term cancels and one is left with
Ry—Ly=22(f@a+b-a) ) - (f@+b-a) L) =520 (b) - f ().
Graph 1:a. L(A) =0, B(A) =20;b. U (A) = 20. Graph 2:a. L(A) =9;b. B(A) = 11,U (A) = 20. Graph 3: a.
L(A)=11.0;b. B(A) =4.5,U(A) =15.5.

sm( 2”)

2

Let A be the area of the unit circle. The circle encloses n congruent triangles each of area

, SO

Esm ( 2”) < A. Similarly, the circle is contained inside n congruent triangles each of area

%:%(cos( )+sin(Z)tan(Z ))2s1n(2“) s0A < s1n(2’”)(cos( ) +sin (£) tan( £ ))2.As
(22) = sin( %)
(7)

we also have A < 7. By the squeeze theorem for limits, we conclude that A = 7.

n— oo, Zgin A — 7,50 we conclude 7 < A. Also, asn — ©,cos (£) +sin (£) tan (£) — 1,50

’2

Section 1.2 Exercises

61.

63.

65.

67.

69.

71.
73.
75.
77.

79.

81.
83.
85.
87.

89.

91.

93.

2
/ (5x2 - 3x3) dx
0
1
/ cos? (2zx) dx
0 1
/ xdx
0
6
/ xdx
3
2
/ xlog (xz) dx
1

1+42-2+3-3=14

1-44+49=6

1-22+9=10-2x

The integral is the area of the triangle, %

The integral is the area of the triangle, 9.

The integral is the area %ﬂr2 =2x.

The integral is the area of the “big” triangle less the “missing” triangle, 9 — %
L=2+40+10+5+4=21,R=0+10+10+2+0=22, LR =215

L=0+4+0+4+2=10,R=4+0+2+4+0=10, 2% =10

4 4
/ f(x)dx+/ g(x)dx=8-3=5
24 2

4
f(x)dx—/ g(x)dx=8+3=11
2

4 4
4/ f(x)dx—3/ g(x)dx=32+9=41
2 2
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95. The integrand is odd; the integral is zero.
97. The integrand is antisymmetric with respect to x = 3. The integral is zero.
9. 1-141_1_-T
: 12 374712
101, / (1-6x+12x* —8x? ) dx = <x—3x2+4x3 —2x4> = (1 —3+4—2>(0—0+0—0) =0
0

523
103. 7—1— 7

105. The integrand is negative over [-2, 3] .
107. x < x% over[1,2],s0 /1 +x < V/1+x2 over[1,2].

109. cos(t) > # Multiply by the length of the interval to get the inequality.

M1, fave =0;¢=0

3 — 43
113. iwhenc_i2 .
15. fave =0;c=7,F

117. Lygo = 1.294, Rjg9 = 1.301; the exact average is between these values.
119. Ligo X (%) =0.5178, Rypo x (1) =0.5294

121. L; =0,Lg X (%) = 8.743493, Lio9 X (%) = 12.861728. The exact answer = 26.799, so L;gg is not accurate.

123. L X (i) =1.352,Lyp x (1) =-0.1837, L1gp x (i) = —0.2956. The exact answer = —0.303, so Ljgg is not

V2 Va /
accurate to first decimal.
/4

125. Use tan?0+ 1 = sec?0. Then, B— A = / ldx = %
—rl4

2z
127. / cos?tdt = 7, so divide by the length 2 of the interval. cos?t has period m, so yes, it is true.
0

b—V b2 —4ac

129. The integral is maximized when one uses the largest interval on which p is nonnegative. Thus, A = = 32

— b+ B2 —
and B = M_

2a
131. If f(¢9) > g(ty) for some g € [a, b], then since f — g is continuous, there is an interval containing tp such that

d d
f () > g(t) over the interval [¢, d], and then / f@®dt > / g (t) dt over this interval.
d c

133. Theintegral of fover an interval is the same as the integral of the average of fover that interval. Thus,

b aj ap an aj ap an
/ f(t)dt:/ f(t)dt+/ f(t)dt+~'+/ f(t)dt:/ 1dt+/ 1dt+~~+/ 1dt
a ao 111 a aO al a

N+1 N+1
=(ay —ap)+(ap —ay)+ -+ (aN —aN—l) =ay—ay=b—a.
Dividing through by b — a gives the desired identity.

N 5 ul N(N+1)(2N+1)
135. / f@di= / fyde=y i = 22 ERF)

Lip+R
137. Ly = 1.815, Rjy = 1.515, % = 1.665, so the estimate is accurate to two decimal places.
139. The average is 1/2, which is equal to the integral in this case.
141. a. The graph is antisymmetric with respect tot = % over [0, 1], so the average value is zero. b. For any value of a,

the graph between [a, a + 1] is a shift of the graph over [0, 1], so the net areas above and below the axis do not
change and the average remains zero.
143. Yes, the integral over any interval of length 1 is the same.

Section 1.3 Exercises

145. Yes. It is implied by the Mean Value Theorem for Integrals.
147. F'(2) = —1; average value of F' over [1,2]is —1/2.

149. 05X

151, —1

\/l6—x2
d _ 1
153, \/x4-y/x =3
155. —y/1 — coszxﬁcosx = |sinx|sinx
157. 2x—L

159. ln(ezx)d% e* =2xe*
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161. a. fis positive over (1,2) and (5, 6) , negative over (0, 1) and (3,4), and zero over (2,3) and (4,5) . b. The
maximum value is 2 and the minimum is -3. c. The average value is 0.
163. a. Zis positive over (0, 1) and (3, 6), and negative over (1, 3). b. Itis increasing over (0, 1) and (3,5), and it is
1

constant over (1, 3) and (5, 6) . c. Its average value is 3

3
165. Ty = 49.08,/ (x* +6x7 +x—5)dx =48
—4
9
167. Ty = 260.836,/ (y/x+x*) dx =260
1

44
169. Tjp = 3.058,/ —dx=3
1

x2
3 2
171. F(x)=%+3L—5x F(3)-F(- 2)—
173. F(x):—’55 +& —361,F(3)— F(2) =
100

175. F(x) = 35, F(1) = F(0) = %

177 Fo =5 + L F@y-F(L) =112
179. F(x)=/x, F&-F()=1

181. F(x) =34 F(16)- F(1)= 3
183. F(x)=—cosx,F(%)-F(0)=1
185. F(x) = secx,F(%) —F(0) = \/5—1
187. F(x)=—cot(x),F (%) - F(i)_l

189. F(x) = ——+2—2,F( D-F(-2)=
191. F(x)=e* —e
193. F(x)=0

-1 3 4
195./ (12—2t—3)dt—/ (12—2t—3)dt+/ (12—21—3)111:%
) -1 3

0 /2
197. —/ sintdt+/ sintdt =2
—n/2 0

199. a.The averageis 11.21 X 10° since cos ( ) has period 12 and integral 0 over any period. Consumption is equal
to the average when cos (?) = 0, when t = 3, and when t = 9. b. Total consumption is the average rate times
duration: 11.21 x 12 x 10° = 1.35 x 10! ¢

9
1
10° <11.21—%/ cos(%)dt) =10° (11.21 + 2) = 11.84x10°
3

201. If fis not constant, then its average is strictly smaller than the maximum and larger than the minimum, which are
attained over [a, b] by the extreme value theorem.
203. a.d’0= (acosf + c)2 + b%sin%0 = a® + ?cos?0 + 2accosf = (a+ cc0s6)2; b

_ | 2z
d = ﬂ/o (a+2ccos@)db =a
2

1
GmM de

2 2
<a + 24/ a? — bzcose)

205. Mean gravitational force =

Section 1.4 Exercises

1
207. | <\/7— 7) dx = /x”zdx - /x_l/zdx = %xm +C -2+ 0 = %x3/2 212 4 C
X

dx 1
209. — ==1 C
7 > n|x| +

V3 /s
211./ sinxdx—/ cosxdx——cosxl0 smx)lo—( -D+1H)-0-0) =
0 0

4
213. P(s) =4s, so 42 —4and/ 4ds = 8.
2
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2
215./ Nds =N
1

217. With p as in the previous exercise, each of the 12 pentagons increases in area from 2p to 4p units so the net
increase in the area of the dodecahedron is 36p units.

2s
219. 1852 =6 / 2xdx
'R
221. 1272R* =8x / rdr
. R
223. d(1) = / v(s)ds =4t — 2. The total distance is d(2) =4m.
0
t t
225. d(t) = / v(s)ds.Fort <3,d(t) = / (6 —2t)dt =6t — 1> For
0 0

6

t
t>3,d(t) =d3)+ / 2t —6)dt =9+ (z‘2 — 61)| . The total distance is d(6) = 18 m.
3

3
227. v (1) = 40 — 9.8tm/sec; h (1) = 1.5 + 40t — 4.91> m/s
229. The netincreaseis 1 unit.
1/3
231. Att =5, the height of water is x = (%) m.. The net change in height from¢ =5tof = 10is
304173 15\ /3
()7 =(F) " m
233. The total daily power consumption is estimated as the sum of the hourly power rates, or 911 gW-h.
235. 17K
237. a.54.3%; b. 27.00%; c. The curve in the following plot is 2.35 (¢ + 3) e~ 0-150+3)

yi
6+

5

0 5 10 15 20 25 30 35 40 45X

239. In dry conditions, with initial velocity vg = 30 m/s, D = 64.3 and, if vy = 25, D = 44.64. In wet conditions, if
vg = 30,and D = 180 and if vy = 25, D = 125.

241. 225 cal

243. E(150) =28, E(300) =22, E(450) = 16

245. a.

60!
55 1
50 1
451
404
354
304

Sy

600 1000 1400 1800 2200X

b. Between 600 and 1000 the average decrease in vehicles per hour per lane is -0.0075. Between 1000 and 1500 it
is -0.006 per vehicles per hour per lane, and between 1500 and 2100 it is -0.04 vehicles per hour per lane. c.
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yi
21

19+
18+
17+
16+
15+
14+
13+
12+
11+

14

A

600 1000 1400 1800 2200%

The graph is nonlinear, with minutes per mile increasing dramatically as vehicles per hour per lane reach 2000.

- 3 2
217 L 2 () di = 0.075‘37) + 2.42(337) : 25‘6;(37)
0

37 +521.23 =~ 2037

5 0.7(52
249. Average accelerationis A = % / a(t)dt = —Q + w + 10.44 =~ 8.2 mph/s
0

5 5
— — 7 .3 2 — 5280 \ —
251, d = | loarl= [ (=557 +0.72 — 10.441)dr = 124.042( 320 )= 181928 .

40
253. L / (~0.0681 +5.14) dr = — 0B 4 514 = 3.78m/sec
0

Section 1.5 Exercises
255. u=h(x)

_r)?
257. f(u) = e
- ) = L
259. du = 8xdx; f (u) = Wr
261. 1(x+1y° +C

263 ——1 4
12(2x-3)0

265. Vx2+1+C

267. (x> —2x)* +C

-3
269. sinf — % +C

(1=x)101 ~ (1_x)100

27. 01 5 100 |

273. 1Ix-7)“dx=———"—+C
Jx=7)dx 22(11x-7)2

4
275. —=0 4 C

3
277. ~& @ | o

T
279. —%cos2 (tz) +C

281, ——1
3(x3-3)

2(y3-2
S )
3 l—y3
285, %(l—cos39)11 +C
287. % (sin30 - 3sin26?)4 +C

289. L5y = —8.5779.The exact area is —ngl
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291. L5y = —0.006399 ... The exact area is 0.
2
293. u=1+ xz,du = 2xdx, % /1 u2qy = \/5— 1

2
2
295. u:1+t3,du:3t2dt,%/ u_l/zduZE(\/i—l)
1
1

1
297. u = cosf,du = —sin9d0,/ udu==(24/2-1
112 3( v2-1)
299,

¥ F(x) = sin(In(2x))

sl /
0 t + -
51 15 2%
—0.5-
_1.

The antiderivative is y = sin (In (2x)) . Since the antiderivative is not continuous at x = 0, one cannot find a value
of Cthat would make y = sin (In (2x)) — C work as a definite integral.
301.
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Yi
gl
5__
44
~sinx)
flx) = cos(x)’
21
ERIT P = g A SR
16 4 8 16 + 16 8 16 4 16
_2__
—44
_6__
-84
Yi
2.1
1 2
T F(x) = 5sec(x)
R IR
16 4 16 8 16 T 16 8 16 4 16

The antiderivative is y = %seczx. You should take C = —2 so that F (—%)
303.

Access for free at openstax.org
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f(x) = 3x2,2x3 + 1

02040608 1X

1l F(x) = (26 + 1)32

0 t + } } }
02040608 1

»xV¥

The antiderivative is y = %(Zx3 + 1)3/2. One should take C = —%.

305. No, because the integrand is discontinuous at x = 1.
0

307. u = sin (t2) ; the integral becomes % / udu.
0
5/4 1
112 .
309. u= (1 + (- 5) ) ; the integral becomes —/ —du.
5/4 U

311. u =1 —t; the integral becomes

-1
/ ucos (z (1 —u))du
1

-1
= / u[coszcoswu — sinzsinzu] du
1

-1
= —/ ucos rudu
1

1
= / ucoszudu =0
-1

since the integrand is odd.

blc c u=>b du 1 b
313. Setting u = cx and du = cdx gets you 1 fex)dx = / fw) —=—— / f (w) du.
2-4 b—a J,—, c b—a J,

¢ Jalc
x 1
1 du 1 1-a
315. j g(n)dr = 5/,,=1—x2 w 20—t

0 u=1-x
a < 1, and the limit diverges to +e if a > 1.

0 p 3
317. / bV1 — cos’t x (—asint)dt =/ absin®tdt
t=n t=0

319. f(t) = 2cos(3t) — cos (21); /0” (2cos (3t) —cos(2t))dt =0

_ 1 2\ 1l—-a R 1 .
2—m<1—(1—x) ).ASX—)lthellmltISmlf

Section 1.6 Exercises
321. ‘Tle—3x +C
3—x
323 -3 - +C
325. 21n|x|+C0r1n(x2)+C

327. 24/x+C




640

329.

331.
333.
335.

337.

339.
341.
343.

345.

347.

349.
351.
353.
355.

357.

359.

361.
363.

365.
367.
369.

371.

373.
375.

377.

379.
381.

383.

385.
387.

389.

Answer Key

—=+C

nx

In(In(Inx)) + C

In(xcosx)+ C

- % (In (cos (x)))2 +C
—x3

—e

>— +C
etanx+c
t+C
%x3 (111 (x3) - 1) +C
24/x(Inx—2)+C

Inx Inx
/ etdt=et| =X _ 0 =x—1
0 0

—%ln|sin (3x) + cos (3x)|+C
—%ln |csc (xz) + cot (x2)| +C
—Z(n(csex)? +C

(%)

In (\/3 - 1)
1 3
i3
y—2In|y+1|+C
In|sinx — cosx| + C
3/2

—1(1= (Inx?)™ +C
Exact solution: e;el, Rs50 = 0.6258. Since fis decreasing, the right endpoint estimate underestimates the area.
2In3)=In©®) p

2 » 50

Exact solution: = 0.2033. Since fis increasing, the right endpoint estimate overestimates the

area.

Exact solution: —ﬁ, R50 = —0.7164. Since fis increasing, the right endpoint estimate overestimates the area
(the actual area is a larger negative number).

11

71112

S S

In(65,536)

N+1
2 1 2 2
/ xe X dx = E(e_N — e~ (N+D ) . The quantity is less than 0.01 when N = 2.
N

b gy . X Va gy
/a 7_1n(b)—1n(a)_1n(5)—1n(3)_/1 —

X
23

_dr

and
2

1/x
We may assume that x > 1, so % < 1. Then, / . Now make the substitution u = % so du =
1

1/x x
dt du
du — _dt gng change endpoints: —=— — = —Inx.
! 1 ! 1 u

Answers will vary.

x=E(n(x)).Then, 1 = or x = E'(Inx) . Since any number t can be written t = Inx for some x, and for
such twe have x = E (t), it follows that for any ¢, E' (t) = E(?).

Rig =0.6811, Rjgp = 0.6827

E'(Inx)
X

yi
0571

0.4+

Access for free at openstax.org
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Section 1.7 Exercises

3/2
391. sin"'x =1z
0
1
393 tan~'x| =-7%
V3
V2 _ Z_ I _ T
395. sec |L_4 =13
V3
397. sin”! () +C
1 -1 (x
399. ?tan ($)+cC
-1 (x
401. =sec (§)+C
403. cos (% - 0) =sin#. So, sin"'r = % — cos™ 1. They differ by a constant.
405. /1 — 2 is not defined as a real number when ¢ > 1.
407.
yi
1.2

1.04
0.8+

fix) =

V9 —x

' F = arcsin(%x)

EE S L
—-14

The antiderivative is sin~! (
409.

%) + C.Taking C = % recovers the definite integral.




642 Answer Key

_ cos(x)
01+ f(X} T4+ sin(x)*

-6 -9 0 4l 6x

021 /\ F(x) = Zarctan (%Siﬂ(X}.}

sin(6)
2

The antiderivative is %tan_1 (Sig") + C. Taking C = %tan_1 (

> recovers the definite integral.
411.
413.
415.

417.

(sin_lt)2 +C
(tan™! (21))2

<sec_1 (%)2> +C

Bl A==

Yi
00 1 2 3 4 5 6X
—0.14

—0.2+

—0.3+

—-044

—0.5+

—0.6+

—-0.7¢

—0.8+

—0.9+

The antiderivative is 4 sec™! (%) + C. Taking C = 0O recovers the definite integral over [2, 6] .

2
419.

Access for free at openstax.org
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14

I~
T+
x¥

-6 —4 (-2 0 2
—0.54

~15t f(x) = arctan (x sin(x))

The general antiderivative is tan~! (xsinx) + C. Taking C = —tan~! (6sin (6)) recovers the definite integral.
421.

f(x) = arctan (In(x))

—1.54
—21
The general antiderivative is tan~! (Inx) 4+ C.Taking C = % = tan~! o0 recovers the definite integral.
423. sin~! (e’) +C
425. sin~! (Int)+ C
427. —%(cos_1 (2t))2 +C
1 4
429. 3In (%)
431. 1- 2
5
433. 2tan~! (A) > mas A - »
2 2
) ) cscox cscox 5
435. Using the hint, one has 3 Fodx = 5_dx. Setu = \/Ecotx. Then, du = —\/Ecsc x and the
csc“x + cot“x 1 + 2cot*x
du 1
integralis ——= | —— = ———tan"lu+ C = L tan~! ( 2cotx> + C. If one uses the identit
g 7 J e v V2 y
-1 -1 (1 T f : 1 —1 [ tanx
tan™ " s + tan ~) = £, then this can also be written —tan =)+ C.
s)=1 e ()

437. x =~ +1.7321. The left endpoint estimate with N = 100 is 4.781 and these decimals persist for N = 500.

Review Exercises

439. False

441. True

443. L, =5.25, R4 = 3.25, exact answer: 4

445. L4 = 5.364, R4y = 5.364, exact answer: 5.870
447. -4

449. 1
451.

3

-—1_+c
2(x+4)2
453, %sin_1 (x3) +C




644 Answer Key

455, —Sint_

Vie?
457. 4lnx 4
459. $6,328,113
461. $73.36
463. %ft/sec, or 1593 ft/sec

Chapter 2
Checkpoint

2.1 12 units?

3 a2
2.2 10 unit

23 2+ 2\/5 units?
2.4 %units2
2.5
2.7
2.8 8z units3
2.9 21z units3
2.10 lg—” units3
2.11 607 units>
2.12 157” units3
2.13 8z units3
2.14 127 units®
2.15 “T” units3
2.16 % units3
1

2.17 Use the method of washers; V = / z [(2 - xz)2 - (x2)2] dx
-1

2.18 é(s 5—1>z1.697

2.19 Arc Length ~ 3.8202
2.20 Arc Length = 3.15018

2.21 g(s\/E— 3%) ~3.133

222 12n

2.23 70/3

2.24 24r

2.25 8ft-lb

2.26 Approximately 43,255.2 ft-Ib

2.27 156,800 N

2.28 Approximately 7,164,520,000 Ib or 3,582,260 t
229 M=24x=%m

230 (—1,-1)m

2.31 The centroid of the region is (3/2, 6/5) .
2.32 The centroid of the regionis (1, 13/5).
2.33 The centroid of the region is (0, 2/5).
2.34 672 units3

2.35 a. %ln (2x* +x) = ﬁ

b L (n () = 2)

dx - X
X 1 3
236 | ——dx=1In|+6/+C
x3+6 3
237 4In2
d x2 2
238 a. e =X X (2x = 5)

dx X

Access for free at openstax.org




2.39

2.40

2.41
2.42

2.43
2.44
245

2.46
2.47

2.48

2.49

2.50

2.51

Answer Key 645

(e 2;)3 — 65

a4
dt
4
— —3x
Srdx = +C

4 4’ =4 (1n4) (48)

1o (w—+1) S

(In3)(x2+1)
2 x3 _
/x 2% dx = 3ln22x

There are 81,377,396 bacteria in the population after 4 hours. The population reaches 100 million bacteria after
244.12 minutes.

At 5% interest, she must invest $223,130.16. At 6% interest, she must invest $165,298.89.

38.90 months

The coffee is first cool enough to serve about 3.5 minutes after it is poured. The coffee is too cold to serve about
7 minutes after it is poured.

b.
a.
b.

A total of 94.13 g of carbon remains. The artifact is approximately 13,300 years old.
a. 4 (tanh (x? +3x)) = (sech? (x* +3x)) (2x +3)
b. di (sin}: 72 = dix(sinh x)_2 = —2(sinh x)_3coshx

. 4
sinh? x cosh x dx = % +C

b. / sech? (3x) dx = 23 4 ¢
d
d

a. oo (cosh'1 (3x)) = ﬁz
_ 3 3(coth™!
b. %(coth 1x) = ( — )

1
a. /—dx:cosh_] (3)+cC
x2 —4
1
/7dx = —sech™! (e¥) + C
V1—ex

52.95 ft

Section 2.1 Exercises

NUu w =

9.

2
3

—
(5]

W —
AN

100+
X) = —x% + 18x
NS

60+
401

f(x) = x?
204

-

243 square units
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3]
+

xY

<
£

11.

Yi
10+

13.

a0q) = ¥

W=

15.
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Yi
104
a4t
6+
4t
24
0
34
3
17.
Yi
104
gl = x2 — 2x f(x) = x3
54
_'.'"/ ; "
—2 +— 0 i — 5 x
-5+
—-10+
5
2
19.
Yi
51
a4t
3+
27 g(x) = 4x
1+
-15 -1 -05 05 1 1.5

0=

21.
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o

23.

o

25.

<
Il
ra| 5

Access for free at openstax.org



Answer Key 649

27.
1%’ y = xe*
10
y=¢ef
5
0 05 1 15 2X
e—2
29.
x=-y?+1 yi

I x=y3+2y2+1

31.

33.

y=x3-2x>-x+2

[SIE

35.
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2=

37.

2(v5-s)
39. 1.067
41. 0.852
43. 7.523
372—4
45. sz
47. 1429
49. $33,333.33 total profit for 200 cell phones sold

51. 3.263 mi represents how far ahead the hare is from the tortoise

343
53. ﬁ

55. 44/3
57. 71— 22

Section 2.2 Exercises
63. 8 units>
65. -2 units3

32

7 2 ee3
67. 3" h units

69.

Access for free at openstax.org




71.

73.

75.

2 units3
24 units

2 units3

Z_ units3
340 units

Answer Key 651
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40+
301
20+

104
~ i -
-1 0 1 2 3 4 5%
—104+

402& units3

77.

0.8 1
0.6+ y = x4
0.41

0.2+

02 O 02 04 06 08 1.0 1.2X
—024

8x

87 i3
9 units

79.

Yy = COS X

-05+

Z units3
7 units
81.

Access for free at openstax.org
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207z units3
83.
Yi
5.l
a4+
y=2x3
3l
21
14
~1-05 0] o5 | 15 2%
_1.-
4% nits3
<~ units
85.
Yi
31
Yy =4 —x?
2
14
1 0 1 2 3X
_1__
167 re3
TUnItS
87.
15
= ™
11 y‘? /
0.5+
X =secy
05 0| o5 1 15 2%
—0.5“
7 units3

89.
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y=4-x

91.

93.

—1058” units3

95.

Access for free at openstax.org
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97.

929.

97 units3
101.

#(75 - 41n° (2)) units?
103. #(lﬁ - a*) units®

105. 4“?—1’” units3

107. 272 units3

109. 2“{# units3

111V =223 =32 h + 1) units®
113. Z(h+ R) (h—2R)* units®




656 Answer Key

Section 2.3 Exercises
115.

14
y = 3x
10+
54
T 54 1 2 s 4%
—54
—-104+
54z units3
117.
14
y = 3x
10+
54
T 54 1 2 s 4%
—54
—-104+
817 units3
119.
254
y=2x
15+
10+
51
T 1 5 5 4%
_5__
227 nits3

7
121. 27 units3
123. ZT” units3
125. 27 units>
127. 45—” units3
129. 647” units3
131. % units®

Tz

133. Y

135. 487

1137
137. =

139, 2Lz
141. ()g—”units3

287 nits3
143. 15 units

3% imite3
145. 10 units

Access for free at openstax.org
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2/3
147, 7922 - )= £(12.2% — 1) 2.5286 units?

5 1 10
149. 0.9876 units3
151.
Yi y = cos(mx)
51
0 5 RX
y = sin(wx)
34/2 units3
153.
yi
151
10+
54+
~1 01
—54
4967 13
T units
155.
3987 i 3
T units
157.
y
3 -

15.9074 units3
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159, %m’zh units3
161. zr?h units3
163. 7a? units3

Section 2.4 Exercises

165. 21/26
167. 24/17
169. g<17\/ﬁ—5\/§)

134/13-8
7

171. 5

4
173. 3

175. 2.0035

123
177. 35

179. 10
181. 2

3
1
183 Lo (229\/229 - 8)

185. %(4 5+1n (9+4\/§)>

187. 1.201
189. 15.2341
191. B2

193. 7074/2
195. 87

197. 12074/26

199. %(17\/ﬁ—1)
201. 9v/2x
203. 1O\m”(n\/ﬂ—l)

27
205. 25.645
207. n(w+2)
209. 10.5017
211. 23 ft
213. 2
215. Answers may vary
217. For more information, look up Gabriel's Horn.

Section 2.5 Exercises

219. 150 ft-Ib
221. 2007
223. 1]

39
225. 5

227. 1n(243)

332x
229. =5

231. 100z

233. 2074/15

235. 6]

237. 5cm

239. 36)

241. 18,750 ft-Ib

243. Weight= 32 x 10°Ib
Work = % x 102 fi-Ib

245. 9.71 x 102N m

247. a. 3,000,000 Ib, b. 750,000 Ibs

Access for free at openstax.org
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249. 23.257x million ft-lb

2
ApH
251. 5

253. Answers may vary

Section 2.6 Exercises

|

255. 2
257. (%,%)
259. (1.%)
261. 3L
263. £
265. eiﬂ

2
267, =4
269. I (1+¢%)
271, (4.2)
273. (0, %)
275. (0,3)
277. (0,2)
29 (31)
281. 22
283. 7a’b
285. (%4—”,2%)
287. (3. %)
289. (0,3)

6 9
293. Volume: 272 a? (b+a)

2 4
291. Center of mass: <£ 4%) _volume: 27r9a

Section 2.7 Exercises
205 L

X

297, ——L
x(In x)2

299. In(x+ 1)+ C
301. In(x)+1
303. cot(x)
7
305. L
307. csc(x)secx
309. —2tanx
1 5
311. JIn(3)
313. 2— 1In(5)
1
315. n -
317. 1In(2)
319. 1(Inx)’
321, 20
VaZ+1v/x2-1
323, x 2~ (Jpx — 1)
325, ex¢”!
327. 1

1
329. — =z

331. 7—1n(2)
1
333 1
335. ¢5 — 6 units?
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337.
339.
341.

In(4) — 1 units?
2.8656
3.1502

Section 2.8 Exercises

349.
351.
353.
355.
357.
359.
361.
363.
365.
367.
369.
371.
373.
375.

True
False; k =
20 hours
No. The relic is approximately 871 years old.

71.92 years

5 days 6 hours 27 minutes

12

8.618%

$6766.76

9 hours 13 minutes

239,179 years

P’ (1) = 439016047 The population is always increasing.
The population reaches 10 billion people in 2027.

P’ (1) = 2.259¢0-06407" The population is always increasing.

In (2)
t

Section 2.9 Exercises

377.
379.
381.
383.
385.
387.
389.

391.

393.
395.
397.
399.
401.
403.
405.

407.

409.
411.

413.

415.
417.
419.
421.
423.
425.
427.

e*ande™

Answers may vary
Answers may vary
Answers may vary
3sinh(Bx + 1)
—tanh (x) sech (x)
4 cosh (x) sinh (x)
X sechz(\/x2+1)

Y x2+1
6 sinh® (x) cosh (x)
Lsinh 2x + 1)+ C
%sinh2 (xz) +C
%cosh3 x)+C
In(1 + cosh(x)) + C
cos£1 (x) + sinh (x) + C

1-16x2
sinh(x)

\/coshz(x)+1
—csc (x)

(x2-1)tanh~ 1 (x)
%tanh_1 (%) +C
Vx2+14C
cosh™! (e¥) + C
Answers may vary
37.30

y= %cosh(cx)
—0.521095

10

Review Exercises

435.
437.

False
False

Access for free at openstax.org
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439. 164/3 units®

s, 1oz
1287z 64rn

443. a. 4, b. - C. 5
445. a.1.949,b.21.952, c. 17.099

31 4527 31x
447. a. 6 b. 15 C. 5
449. 245.282
451. Mass: % center of mass: (% %)

453. /17 + £1n(33 +8+/17)

455. Volume: 3—”, surface area: & (\/E —sinh™! M+ sinh~! (16) — —V12657>

)
457. 11:02a.m.

459. 7(1 + sinh(1)cosh(1))
Chapter 3

Checkpoint

3.1 xe*dx = %erx - %ezx +C
3.2 %lenx - %xz +C

3.3 —x%cosx + 2xsinx + 2cosx + C
3.4 % -1

3.5 ésinsx +C

3.6 %sin3x - %sinsx +C

3.7 %x+%sin(2x)+c

3.8 sinx — %Sin3x+C

3.9 Tx+ 5sin(6x)+C
3.10 Isinx + 55 sin(11x)+C
3.11 Lltanx+C

312 dgecdx - %sec7x +C

O|—

1 3

3.13 sec®x dx = Zsec3xtanx+ % /sec X

~—~

3.14 125sin30d0

32tan®@sec3 040
X + \/ x2 —4
2 2

3.17 x—=SIn|x+2|+C
318 ZIn|x+3|+2In|x-2|+C

3.15

—

+C

—_
=

3.16

39 —x2__ A 4 B, _C_, D , F
33 (=42 3 (43)2 0 (433 ) (x4
3.20 X% 43x+1 __A B c Dx+E | _Fx+G

E+Dx-32(2447 PR T e e (24g)7

3.21 Possible solutions include sinh™! (%) + Cand ln|\/ x2 +4+ x| +C.
3.22 %

323 11
3.24 0.0074, 1.1%
3.25 L

3.26 2

3.27 & , converges
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3.28 +, diverges

+00 +00
1 Inx
3.29 Since/ —dx=+00,/ ——dx diverges.
e X e X

Section 3.1 Exercises

. u=x3

1

3. u=y3

5. u = sin(2x)

7. —x+xlnx+C
9. xtan~'x — 2In(1 + x?) + C

11. —%xcos(Zx)+ %sin(Zx)+C
13. e ¥ (-1-x)+C

15. 2xcosx + (—2+x2)sinx+C
17. 21+ 2x) (=1 +1n(1 +2x)) + C

19. %ex (—cosx + sinx) + C

2
21. -¢ 5 +C
23. —1xcos [In(2x)] + Jxsin [In2x)] + C

25. 2x—2xlnx+x(1nx)2+C
3
27. <—%+%x3lnx>+c
29. — 31 -4x? +xcos™12x) + C
31. —(—2+x2)cosx+2xsinx+C
33. —x (—6+x2)cosx+3(—2+x2)sinx+C

35. %x(—‘/l—%+x~sec_1x)+c
X

37. —coshx + xsinhx + C

39. %—ﬁ
41. 2
43. 2r
45. 2+~

47. —sin(x) + In[sin(x)] sinx + C
49. Answers vary
51. a. 2(1+ %) (-3+202 + Cb. 2(1 + %) (-3 +20*? + C

53. Do not use integration by parts. Choose u to be Inx, and the integral is of the form /uzdu.
55. Do not use integration by parts. Letu = x% — 3, and the integral can be put into the form /e“du.

57. Do not use integration by parts. Choose uto beu = 3x3 4+ 2and the integral can be put into the form /sin(u)du.
59. The area under graph is 0.39535.

Yi
2-.

14

_1 =+
24
y = e *sin(mx)
_4 <4
_5 =+

61. 2re
63. 2.05

Access for free at openstax.org
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65. 12«
67. 82

Section 3.2 Exercises
69. cos’x
71. 1—0025(2x)

-4
Sin " X
73. v +C
75. Ltan®(2x)+C
2
77. sec (%) +C
79. —cosx + %cos3x +C

81. —%coszx + Cor %Sinzx +C
83. —%cos3x+ %cossx— %COS7X+C

) 3
85. g(sinx)Z +C

87. secx+C
89. %secxtanx - —ln (secx +tanx) + C
3
91. 2”‘% + 3 sec(x)ztanx—tanx+ “m X4C

93. —In |cotx +csex|+C

95. Sm3(ax> +C
a

sm(6x) +C

109. Approximately 0.239

11. V2

113. 1.0
115. 0

117. 3% — _Lsin(270) + 51— sin(476) + C = f (x)
119, 1n(\/§)

T
121. / sin(2x)cos(3x)dx = 0
-7
123. \/tan(x)x(gt;‘% + %sec x’tanx) + C = f(x)

125. The second integral is more difficult because the first integral is simply a u-substitution type.

Section 3.3 Exercises

127. 9tanZ0
129. a*cosh26

131. 4(x - %)2

133, —(x+1)% +5

135, ln~x + 1/ —-d? +x2| +C
137. %ln|\/9x2 +1+3x|+C
139, - VI +C

141.

@Jr
143. —%\/ - (18+02)+C

- 6_,8
s, (RN

x
3

| +c
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147. - ——=—+C

9v/-9+x2
149. %<ln|x+ \/x2—1|+x\/x2—1>+C
151, M2 o

X

153, §<x (5—2x )\/1—x2+3arcsinx>+C
155. lnx—ln.1+\/l—x2.+C
157. —7”_”’“2 +1n|x+ \/—1+x2|+C

159. —'l+x+arcsmhx+C
161, —-L 4C
163. arcsin(ﬂ)+c

165. 92” ; area of a semicircle with radius 3
167. arcsin(x) + C is the common answer.

169. %ln (1 + xz) + Cis the result using either method.

171. Use trigonometric substitution. Let x = sec(@).

173. 4.367

2
z P4
175. S + y

177. y—% n|[x8|+3

179. 24.6 m>

2n
181. 5

Section 3.4 Exercises
2 5 1
185. L +3

x2 x
187. 2x% +4x +8+ 15

1 1 1
189, — 5 — %+

1 1 1
191. T2(x=2) + 2(x—1) ~ 6x +
193, L 4 2+l
x;l x24x+1
195, = 4 X - —
L7 3244 (x2+4)2
197. In|x —2|+2In|x+4|+C
199. 1lnf4 - x2|+C
201. 2 (x + = arctan ( 1tx )) +C
203. 2In|x| - 3ln|1+x|+C

_1_
6(x—3)

205. 7c(- == —In|-2+x[+In2+x]) +C
207. 30< 2farctan[1\;i‘ +2In|-4 + x| — 1n|6+2x+x2|

209. —;+4ln|x+2|+x+c

211. —In[3 - x|+ JIn|x? +4[+ C
213. In|x—2| - ZIn[x? +2x + 2|+ C
215. —x+1In|l - €e¥|+C

217. lin|Sexti| ¢

219. —

+C
221. 2 1+x—21n~1+\/1+x~+C
223. ln{ sinx {+C

1-sinx
225, é

227. x—In(1+e")+C
229. 6x16 —3x13 +24/x —6In(1+x0) +C
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231. %ﬁarctanh [%] = %ﬂln4
233. x=-In|t-3|+In|t —4|+In2
235. x=In|t-1] - \/Earctan (\/§t> - %ln (12 + %) + \/Earctan (2\/5) + %ln4.5
2 28
237. gﬂ'lnﬁ
m[%]
239. +lln|1+x|—lln|1—x+x2|+C
\/3? 3 6
241. 2.0in2
243. 3(-8+x)13
a(— 1/3
_2 3arctan M
V3

—2In [2 4 (-8 + x)13]
+In [4-2(-8 + )3 + (-8 +x)*3| + C

Section 3.5 Exercises

245, %ln |x2 +2x+ 2| +2arctan(x+ 1)+ C
247. cosh™! (XTH) +C

2
2X -1
249. +C

251. arcsin (%) +C
253. —%csc Qw)+C

255. 9 —64/2
257. 2 — %
259. ﬁtand' (3x) — %tan2 (Bx)+ %ln [sec(3x)| + C

261. 2c0t(%) —2csc (%) +w+C

1 2(5+4sint—3cost)
263. 5 In | 4cost+3sint

265. 6x/6 —3x13 1 24/x —6In[1 + x| + C
267. —x3cosx + 3x2sinx + 6xcosx — 6sinx + C
2

269. %<x2+ln|1+e‘x )+C

271. 2arctan (\/x - 1) +C

273. 05= 5
275. 8.0
277. %arctan(

279. %arctan (%1) +C

281. In (ex + \/—4+e2’<) +C

arctan x3

283. Inx— ¢ln(x0+1) - ———~+C

3x3
285. ln‘x + V16 + x2| +C

287. —%cot(2x) +C
289. %arctan 10
291. 1276.14

293. 7.21
2424/2
5

+
295. \/5-1/2+In s

297. larctan(3) ~ 0.416

Section 3.6 Exercises

299. 0.696
301. 9.484
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303. 0.5000

305. T, = 18.75

307. 0.500

309. 1.129

311. 0.6577

313. 0.0213

315. 1.5629

317. 1.9133

319. T(4) =0.1088

321. 1.0

323. Approximate error is 0.000325.
1

325. =53

81
327. 25,000

329. 475

331. 174

333. 0.1544

335. 6.2807

337. 4.606

339. 3.41ft

341. Ti¢ = 100.125; absolute error = 0.125
343. about 89,250 m?

345. parabola

Section 3.7 Exercises

347. divergent
349.
351.
353. Converges

355. Convergesto 1/2.
357. 4

350. &

361. diverges

363. diverges

365. 1.5

367. diverges

369. diverges

371. diverges

373. Both integrals diverge.
375. diverges

377. diverges

379. «©

381. 0.0

383. 0.0

385. 6.0

z
387. 5

389. 8In(16) —4
391, 1.047
303, -1+ =

\/5

SIS

395. 7.0
397. Z

399. 37
401. L s>0

S
403. zs ,s>0

s<+4
405. Answers will vary.
407. 0.8775
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Answer Key 667

Review Exercises

409. False

C
(4In(2 = x) + 5In(x + 1) = 9In(x + 3)) + C

+

x2+16
16x

411. False

413.
415

4—sin? (x)

L
© 10

+C

X
(x2+2)"? (3x —4) +C

2

sin(x)

417.

x2 +2x42
x2 —2x+2

3312,T,

15
421, 1L1n(

423. My

1

419.

tan~! (1-x)+ %tan‘1 x+1H)+C

1

8

)

3.326

425. My = —0.982, T4 = —0.917, .5, = —0.952

427. approximately 0.2194

3.354,8, =

Answers may vary. Ex: 9.405 km

431.

f .
t
f

2x% +3x 42
X3 —2x% +3x — 6" + 14

1

3

- o . -~ -

-—— - ~—4 -

- e - -

., = -

!./* R —-

/+.\1 —_-—— —

} o i — -

A N —

A—— +—+ +

F i e ——— —

y -~ 5 o -

>~ 4o - -

-~ » | - -

-— - - - —

-— - - 4 - -

—-— . -4 -

- - -— -
+l.rl.rll...|...l...ll|lljlljlllllllll.rlf
'

4.6 v(t) = —9.8¢

4.7

Checkpoint

4.2 5

Chapter 4

43 y
45 y

4.8
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The equilibrium solutions are y = —2 and y = 2. For this equation, y = —2 is an unstable equilibrium solution, and
y = 2 is a semi-stable equilibrium solution.

Yn = Yn—1 + hf(xu_1,Yn-1)

0|1 |-2

L L1} yr =yo+hf(xp.y0) =—1.5

2 112 yy =y + hf(x1,y)) = —1.1419

3 |13 y3 =y2+hf(x2,y2)=—-0.8387

4 |14 ys = y3 + hf(x3,y3) = —0.5487

5 | 15| ys =ys+ hf(xs,ys) = —0.2442

6 | 16|y = ys + hf(xs,ys) = 0.0993

7 | L.7| y7 = y6 + hf(xe,y6) = 0.5099

8 | 1.8 |ys =y7 +hf(x7,y7) =1.0272

9 | 19| y9 =yg+hf(xg,yg)=1.7159

1012 | yio = y9 + hf(xg,y9) = 2.6962

2
410 y =2+ CeX 3%
_ 4+14ex2+x
1_7ex2+x
4.12 Initial value problem:
du _ _ 2u _
v =24 55 u=3
Solution: u (f) = 30 — 27e~2/25
-2t
Concentration: 30 — 27e 25

4.13 a. Initial value problem
4L = k(T =70), T(0) =450
b. T (t) =70 + 380e"
c. Approximately 114 minutes.

a1 y
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dP _ P —
414 a. 42004 (1--5), P0) =200

b.

041
P (f) = 3000

C.
11+4¢-04

d. After 12 months, the population will be P(12) =~ 278 rabbits.

, 10x—2 10x-20
415 y' + %);= %;p(x): % and g (x) = ==

_ x+x“+C
416 y= ) ; O,

— 2 1 X
417 y= 2;6 5+ 5e

v frd f— —
418 a. @ = 7 o8
v(0) = 0

b. v(®)=98(e"—1)
c. limo()=lim (9.8 (e7" —1)) = -9.8 m/s ~ —21.922 mph

{—o00 t—00

4.19 Initial-value problem:

8q + —0})2(1 =20sin5t, q0)=4
; —6.25¢
10sin 518 cos 51+172
q () Osin 5t 8005451t+ T2e

Section 4.1 Exercises

1. 1
3.3
5 1
7. 1
4
19. y=4+3
2
21. y= %ex
23. y=2¢ ¥
25. u=sin~! (e71*7)
27. y= -
V1-x

29. y=C— x + xInx — In(cos x)

4.X
31. y=C+m

33. y=3Vi2+16 (2 +16) +C
35 x=5\4+1 (37 +41-32) +C
37. y=Cx

2

30 y= -2 y=_L
- V= Z,Y— 2

4. y=e ' y=—e""!

43. y=2(2+5),1=3/5




670 Answer Key

45. y=10e"% 1t = —%ln (11—0)
47. y= %(41 - e_4’) , never

49. Solution changes from increasing to decreasing at y(0) =0
51. Solution changes from increasing to decreasing at y(0) = 0
53. v(t)=-32t+a

55. 0 ft/s

57. 52.354 meters

59. x =50r — %cos(m) + %,2 hours 1 minute
T V5

61. y=4e
63. y=3-2t+1*
65. y=%(ek’—l)andy=x

Section 4.2 Exercises

67.
yi
20y 0\ o\ T oL o\ b ]
RN
AT TR TR U N W N W
N W W N \Z:\”‘_\ \I : j__
¥t e
AN Y
RIENNE NN,
-2 -1 0 1 2
69. y = (is a stable equilibrium
71.
. .y
I T
s EA LR B L]
ol R
0-.: ',: ": ',: "; ‘\‘L-‘: .‘: ': ::J =
A 2
N3 1205 N

73. y =0is a stable equilibrium and y = 2 is unstable
75. General solutionis y = ¢’ + C.
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Yi
N T - — - T T
B e r ¥ -
4t == — - ry ‘_
RS —_— E/ 4-
2L - ] L2404 4-
R r x/ 7 |
O\ e 44
-—D'——'-V-”/’I « J-t
_2_-—11’.:111 £ d-
- - o o7 o |-
k- - - - oy o £ {
L o ¥y oy 1 |-
_6'. . ) . 1 . ) . ]
-2 -1 0 1 2
. General solutionis y = ¢’ (1 —1) + C.
Yi
2-11&*&.--—'/’ *-
-"‘"‘t"""t"‘i--ﬁ-/’ ’_
l—‘-n‘-u-mm—»—b-/’ "_
I My *-
OF e~ » M ‘
T
e e A/ $
—l-:k 4 ’—
e o e A4
—2'N+ 4 *'
2 -1 o0 1 2
y
R
A A A AN A A A
1= = = = 2 = = =
[ oW W W W TR W Wy
O R R RN
Do W W W T W Yy
—1}f - - e e e e e e
A A A A A A A
I T A A A
£ 1 W L @
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%
gt K i fenn g
+X —— —— -— —— mw —_
R .4 A v v . . — W mw e -
B -‘\‘\1 \\. > -— -— -—— — _w P —
N ¥ I | \ \ EArd o — W . B P
> ) =
“..".\*J /. * "\_E‘O .— .— . W .w i e |
L‘x\\’ I\_\\\‘ -~ - w X 1 7 o . - _W\
O
o g ; S AN R B NN N B BN A g5
| X
N Y 4 A v v _» \.‘\‘\‘\_w/‘!’f‘f hﬁwey%
o <t
- a4 > o ey | e {0 ﬂ%m
g wee - i | L oy = | =N
o~ — o — o~ ™ = o — o~ MBM
! _ _ _ WO <UaN T
m BNO =MW N O
00 00 00 60 O OO OO

.1
101. 1.345, exact: T
103. —4, exact: —1/2

105.
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1+ Ce™t

e —1

-5

i
i
A
i
- h
. I 1 m e 7 L N .
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117. 4.0741e710
Section 4.3 Exercises

119. y
121. y
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125, y= —1

127, y=—2—

129. y=Ce* (x+1)+1
131. y=sin(Int+ C)
133. y = —In(e™)

135, y= —1

2—ex2

2
137. y =tanh™! (%)
139. x =sin(l — ¢+ tlnt)

141. y = In(In(5)) - In(2 — 5%)

143. y=Ce > + 1

=

* F=

|
=
"‘-—h“‘.\'\*"’f'

[ TR A Ry S o

e S S SR T
e S N T R

L | L "
Ha S L -

e S O O WA AV e
—Sath M Ny S e

A e et el p A AT e

"“‘-i“‘k“‘t\"\‘}""'

145. y=

[=]

[ary

M F

>V

L | L .
-
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-

NN A e e
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1t
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w
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4
4
oy
|4

o
=
Mk
xY

O 1
-2 -1

149. y=L(1-e)
151. y(r) = 10 — 90
153. 134.3 kilograms
155. 720 seconds
157. 24 hours 57 minutes
159. T(t) = 20 + 50e~0-125
161. T(t) = 20 + 38.5¢~0-125
163. y = (c+ %)e”x —%
165. y(t) = cL + (I — cL)e™ "L
167. y =40 (1 —e~%17), 40 g/cm?

Section 4.4 Exercises

T
i
IERRERERREN
IR RREEE
EERRRENEE
EERE R
VAR
VLAY
TENONNONNONONNN ]
ENN L EE LR )
NN

-2 -1

P = 0 semi-stable

10x
— 10e
171. P= 10X 17
173. P (1) = 1000000

150+50¢0-02¢
175. 69 hours 5 minutes
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o
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185.
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Time
0.009¢
_ 850+4500e
191 P() = ==
193. 13 years months
195.

R

1,200 +
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197. 31.465 days

199. September 2008

K+T
ml-jr

203. r = 0.0405
205. « = 0.0081
207. Logistic: 361, Threshold: 436, Gompertz: 309.

Section 4.5 Exercises
209. Yes
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211. Yes

213, y' — X’y =sinx

215, y + 8Dy

217. % —yx(x+1)=0

219. ¥

221. —In(coshx)

223 y=Ce¥™ -2

225. y = Cx? + 6x?

227. y=Ce*2 -3

229. y = Ctan (%) — 2x +4tan (%) In (sin (%))
231. y= Cx3 —x?

233. y=C(x+27+1

235 y= % + 2sin(31)

237. y=C(x+17> —x2 -2x-1

239, y=CeSihx _ 9

241. y=x+4e* -1

243 y=-3(x>-1)

245 y=1- etan™lx
247. y=(x+2)n (££2)

249. y=2e2\/;—2x—2 x—1
251. o(r) = &2 (1 - e~kim)

253. 40.451 seconds

255. \/%

257. y=Ce* —a(x+1)

259, y= Ce2 _ g

261. y= < ==

Review Exercises

263. F

265. T

267. y(x) = % +xcos lx—y1-x24C
269. y(x) =1In(C —cosx)

C:
271. y(x)= e "
273. y(x) =4+ %xz + 2x —sinx
275. -2 @
y(X) 1+3(x2+2 sin x)

277. y(x) = —2x2 —2x — % — %33)6
279.




680 Answer Key

Yi
3t 1 NN N N )]
-4 “u ~ AN S ]
2t 4 ~ N M
L4 R T N
1. .l — — — .
L4 - e L T
0 ; R s
I A A S R
s A A A A A
) A S
Ll VY A
L 7 1 f 1 1]
_al VY A

(=]
(=]
w
=
=1
w
%]
[\
w

y(x) =Ce™ +1Inx
-2
281. Euler: 0.6939, exact solution: y(x) = 3 i

X—e
2+In(3)
40
283. 19 second

285. x(1) = 5000 + 245 — 49, _ 245 ,~5% ; = 307.8 seconds
287. T(t) =200 (1 — e—t/lOOO)

0.02t
289 P(f) = _1600000¢
@ 9840+160¢0-02¢

Chapter 5
Checkpoint

-1 n+1
5.1 ay = %

5.2 a, =6n-10

5.3 The sequence converges, and its limit is 0.

5.4 The sequence converges, and its limit is \/%
55 2

5.6 0.

5.7 The series diverges because the kth partial sum S > k.
5.8 10.

5.9 5/7

5.10 475/90

511 e—-1

5.12 The series diverges.

5.13 The series diverges.

5.14 The series converges.

5.15 S5 = 1.09035, R5 < 0.00267

5.16 The series converges.

5.17 The series diverges.

5.18 The series converges.

5.19 0.04762

5.20 The series converges absolutely.

5.21 The series converges.

5.22 The series converges.

5.23 The comparison test because 2"/ (3" + n) < 2"/3" for all positive integers n. The limit comparison test could also
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be used.

Section 5.1 Exercises

1. a, =0ifnisoddand a, =2ifnis even
3. {ay}=1{1,3,6,10,15,21,...}

5 _ n(n+l)

. n — T

7. a, =4n-"17

9. g, =3.101"" =30.10™"
M. a,=2"1-1

_ =l

3. an =77
15. f(n)=2"

17. f(n) = n!/2"2
19. Terms oscillate above and below 5/3 and appear to converge to 5/3.

Y
21

19+
18+
1.7+

16+

15+

144

13+

12+

11+

14

0 5 10 15 20 25X
21. Terms oscillate above and below y = 1.57... and appear to converge to a limit.

Y
21

19+
18+
1.7+

16+

15+

144

13+

12+

11+

23. 7
25. 0
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27.
29.
31.
33.
35.
37.

39.

41.
43.
45.

47.
49.

51.
53.

55.

57.
59.

61.

63.
65.

Answer Key

0
1
bounded, decreasing forn > 2
bounded, not monotone
bounded, decreasing
not monotone, not bounded
ay, is decreasing and bounded below by 2. The limit a must satisfy a = \/Z so a = 2, independent of the initial
value.
O
: |sinx| < |x| and |sinx| < 1 so —l <a, < }11)
Graph oscillates and suggests no I|m|t

y
11

0.8+
0.6+
0.4+
0.2+
0
25"
_02 -+
—0.44
_06 -+
—0.8'
_1 -+

ntm = 1and 2" > 1, s0 a, = 0
since (1 + 1/n)" — e,onehas (1 —=2/n)" ~ (1 + k) % - e 2 ask — o,

2" +3"<2-3"and3"/4" - 0asn —> ©,s0a, > 0asn — .

"';1—:1 =nll(n+ D)(n+2)- (2n) = m < 1/2".1n particular, a,,/a, < 1/2,50a, - 0asn — .
Xpp1 =Xn = (Gon = D* =2) 2(xp = Dsx =1+ V2. x~24142,n=5

Xprl =Xp — X (n(xy) = 1);x=e,x=2.7183,n =35

a. Without losses, the population would obey P, = 1.06P,_; . The subtraction of 150 accounts for fish losses. b.
After 12 months, we have Py ~ 1494,

a. The student owes $9383 after 12 months. b. The loan will be paid in full after 139 months or eleven and a half
years.

by =0,x1 =2/3,by =1, x, =4/3 — 1 = 1/3, so the pattern repeats, and 1/3 = 0.010101....

For the starting values a; = 1, a, = 2,..., a; = 10, the corresponding bit averages calculated by the method
indicated are 0.5220, 0.5000, 0.4960, 0.4870, 0.4860, 0.4680, 0.5130, 0.5210, 0.5040, and 0.4840. Here is an
example of ten corresponding averages of strings of 1000 bits generated by a random number generator: 0.4880,
0.4870, 0.5150, 0.5490, 0.5130, 0.5180, 0.4860, 0.5030, 0.5050, 0.4980. There is no real pattern in either type of
average. The random-number-generated averages range between 0.4860 and 0.5490, a range of 0.0630, whereas
the calculated PRNG bit averages range between 0.4680 and 0.5220, a range of 0.0540.

Section 5.2 Exercises
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71.
73.
75.

77.

79.

81.

83.
85.

87.

89.
91.

93.

95.

97.

929.

101.
103.

105.

107.

109.

111.
113.

115.

Answer Key

1,3,6,10
1,1,0,0
an =S8 —S-1 = n+1 - % Series convergesto S = 1.

a":Sn_Sn—lz\/ﬁ—\/m:m

S1=1/3,8,=1/3+2/4>1/34+1/3=2/3,83 =1/3+2/4+3/5>3-(1/3) = 1.In general S} > k/3. Series
diverges.

S1=123)=16=2/3-1/2,

S, =1/23)+1/(3.4)=2/12+1/12 = 1/4 = 3/4 — 1/2,

S3 =1/2.3)+ 1/(3.4)+ 1/ (4.5) = 10/60 + 5/60 + 3/60 = 3/10 = 4/5 — 1/2,

Sy =1/23)+1/(3.4)+ 1/(4.5) + 1/(5.6) = 10/60 + 5/60 + 3/60 + 2/60 = 1/3 = 5/6 — 1/2.

The patternis S = (k+ 1)/ (k + 2) — 1/2 and the series converges to 1/2.

0

-3

. Series diverges because partial sums are unbounded.

00
1
diverges, Z —
n=1001 "
convergent geometric series, r = 1/10 < 1
convergent geometric series, r = z/e? < 1
00
Z 5-(=1/5)", converges to —5/6
n=1

00

Z 100 - (1/10)", converges to 100/9

n=1

x Z (_x)n — 2 (_l)n—lxn
n=0 n=1

D (=1)"sin®" (x)

n=0

Sy =2=2Yk+D) _, Jask - o,

Sk =1—+/k+ 1diverges

Y nn—In(n+1),8 =-In(k+1)

n=1
ap = - — and Sy =

1 1
Tnn ln(n+1 ) -

ln(2) ~ Tnk+D) In(2)

00

Yan=f)-f Q2
n=1
C()+C1+C2+C3 +C4—0

1 2
= e Se = (L= 1 13) + (1223 + 1/4)

+(1/3=2/4+1/5)+(1/4=2/5+1/6) + --- = 1/2
t; converges to 0.57721...t is a sum of rectangles of height 1/k over the interval [k, k + 1] which lie above the
graph of 1/x.

683
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0.554
0.5
0.451
0.4
0.351

0.3+

§
0

3

10 20 30 40 50 60 70 80 90 100%

117. N =22, Sy =6.1415

119. N =3, Sy = 1.559877597243667...

121. a. The probability of any given ordered sequence of outcomes for n coin flips is 1/2". b. The probability of coming
up heads for the first time on the n th flip is the probability of the sequence TT...T H which is 1/2". The

00

probability of coming up heads for the first time on an even flip is Z 1/2°" or 1/3.
n=1

123. 5/9

00

125. £ = Z n/2"*! =1, as can be shown using summation by parts
n=1

127. The part of the first dose after n hours is dr”, the part of the second dose is dr"=N  and, in general, the part
n—mN

remaining of the mth dose is dr SO
< < < < (m+1)N
A(n) = ;)dr"_m = ;) dpk+m=DN — qz(‘)drkJqu =dr* qZ(‘)qu = drk —1_2_#\] -,n=k+mN.

129. Sn41 =an+1 + SN 2 SN

131. Since S > 1,ap > 0,andsincek < 1,8, =14+a, <1+(S-1)=S8.1fS, > S for some n, then thereis a
smallest n. For thisn, S > S,_1,508, = S,—1 + k(S —S,-1)=kS+ (1 - k)S,—1 <., acontradiction. Thus
Sy < Sandayyq > 0forall n, so S, isincreasing and bounded by S. Let Sy = 1lim S,,. If S, < S, then
6 = k(S — Sx) > 0, but we can find nsuch that Si. — S, < 6/2, which implies that S, 1 = Sy + k(S — Sy)

> Sy + 6/2, contradicting that .S}, is increasing to Si. Thus .S,, — S.
k

133. Let S, = 2 ay and S — L. Then Sy eventually becomes arbitrarily close to L, which means that
n=1
00
L-SN= Z a, becomes arbitrarily smallas N — o.
n=N+1

o0
135 L=(1+3) D 12" =3
n=1

137. Atstage one a square of area 1/9 is removed, at stage 2 one removes 8 squares of area 1/92, at stage three one

removes 82 squares of area 1/93, and so on. The total removed area after N stages is
N-1

> 8NN = L(1—@®/9)N) /(1 -8/9) > 1
n=0
as N — o The total perimeteris4 + 4 2 gN 3N+ |

n=0

Section 5.3 Exercises

139. lim a, = 0. Divergence test does not apply.

n—o
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141. lim a, = 2. Series diverges.

n— 0o
143. lim @, = % (does not exist). Series diverges.
n— 0o

145. lim a, = 1. Series diverges.

n— oo

147. lim a, does not exist. Series diverges.

n—o

149. lim a, = 1/¢*. Series diverges.

n—oo

151. lim @, = 0. Divergence test does not apply.

n—o
153. Series converges, p > 1.
155. Series converges, p =4/3 > 1.
157. Series converges, p =2e — 7 > 1.
dx
x
1+ x2
2x

1+ x4
165. 27" = 1/n"2 Since In2 < 1, diverges by p-series.
167. 272" = 1/42I02 gince 2In2 — 1 < 1, diverges by p-series.

00

00
159. Series diverges by comparison with /
1

dx.

00
161. Series diverges by comparison with /
1

dx.

o
163. Series converges by comparison with /
1

* dt
169. RIOOO S/ t—2 = —% =0.001
1000

1000

® o dt
171. Rjg0 < / = tan~! o — tan~!(1000) = /2 — tan~! (1000) ~ 0.000999
1000 1+ 12

00

d

173. RN</ & = UN.N > 10*
N X

00
d
175. Ry </ l—z = 100N 001 N > 10600
n x1Ol

00
d
177. Ry </ X 22— tan! (N), N > tan (7/2 = 1073) » 1000

N 1 + x2
® 12
179. Ry < / —~ = eN, N >5In (10), okay if N = 12; z e =0.581973.... Estimate agrees with 1/ (e — 1) to
N € n=1
five decimal places.
181. Ry < [y dx/x* = 13N3, N > (10*3)'""”, okay if N = 15;

15
Z 1/n* = 1.08226.... Estimate agrees with the sum to three decimal places.
n=1
183. In(2)
185. T =0.5772...
187. The expected number of random insertions to get Bto the top is n + n/2 + n/3 + -« + n/ (n — 1) . Then one more
insertion puts B back in at random. Thus, the expected number of shuffles to randomize the deck is
n(l1+12+ -+ 1/n).
189. Set b, = ay+n and g(t) = f (t + N) such that f is decreasing on [¢, ).
191. The series converges for p > 1 by integral test using change of variable.

100 43
193. N =¢° ~ 10" terms are needed.
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Section 5.4 Exercises

195.
197.
199.
201.
203.

205.

207.
209.
211.
213.
215.
217.
219.
221.
223.
225.
227.

229.

231.

233.

235.

237.

239.

241.

243.

245.

247.

Converges by comparison with 1/n?.

The sum is one half times a harmonic series, which diverges.
ap=1/m+1)(n+2)< 1/n?. Converges by comparison with p-series, p = 2.
sin (1/n) < 1/n, so converges by comparison with p-series, p = 2.

sin (1/n) < 1, so converges by comparison with p-series, p = 3/2.

Since \/n+1-— \/_ =1/ (\/n + 12 + \/ﬁ) < 2/\/5, series converges by comparison with p-series for p = 1.5.

Converges by limit comparison with p-series for p > 1.

Converges by limit comparison with p-series, p = 2.

Converges by limit comparison with 477,

Converges by limit comparison with 1/e!1n,

Diverges by limit comparison with harmonic series.

Converges by limit comparison with p-series, p = 3.

Converges by limit comparison with p-series, p = 3.

Diverges by limit comparison with 1/n.

Converges for p > 1 by comparison with a p series for slightly smaller p.

Converges for all p > 0.

Converges for all r > 1. If r > 1 then r" > 4, say, once n > In (2)/In (r) and then the series converges by limit
comparison with a geometric series with ratio 1/2.

o0

The numerator is equal to 1 when n is odd and 0 when n is even, so the series can be rewritten anl ﬁ
which diverges by limit comparison with the harmonic series.

(a— b)2 =a? —2ab+ b? or a* + b* > 2ab, so convergence follows from comparison of 2a, b, with azn + bzn.
Since the partial sums on the left are bounded by those on the right, the inequality holds for the infinite series.
(Inp)™n7 = ~In(Inin() 1£ , is sufficiently large, then Inlnn > 2, so (Inn) ™" < 1/n%, and the series converges
by comparison to a p — series.

ap — 0,50a%, < |ay, | for large n. Convergence follows from limit comparison. Z 1/n? converges, but Z 1/n

00 00

does not, so the fact that Z az,, converges does not imply that 2 ay, converges.

n=1 n=1
24
No. Z 1/n diverges. Let by = O unless k = n? for some n. Then Z bilk = Z 1/k? converges.
n=1 k
|sint| < |t|, so the result follows from the comparison test.
00 00
By the comparison test, x = Z bp/2" < Z 12" = 1.
n=1 n=1
00
If by = 0, then, by comparison, x < Z 12" = 1/2.
n=2

Yes. Keep adding 1 -kg weights until the balance tips to the side with the weights. If it balances perfectly, with
Robert standing on the other side, stop. Otherwise, remove one of the 1 -kg weights, and add 0.1 -kg weights one
at a time. If it balances after adding some of these, stop. Otherwise if it tips to the weights, remove the last

0.1 -kg weight. Start adding 0.01 -kg weights. If it balances, stop. If it tips to the side with the weights, remove the

last 0.01 -kg weight that was added. Continue in this way for the 0.001 -kg weights, and so on. After a finite
N

number of steps, one has a finite series of the form A + 2 sp/10"™ where A is the number of full kg weights and
n=1

dp, is the number of 1/10" -kg weights that were added. If at some state this series is Robert’s exact weight, the

process will stop. Otherwise it represents the Nth partial sum of an infinite series that gives Robert's exact

weight, and the error of this sum is at most 1710V,

a. 107 = 1091 < 104 b. h(d) < 94 ¢, m(d) = 10971 +1d. Group the terms in the deleted harmonic series

together by number of digits. /# (d) bounds the number of terms, and each term is at most 1/m (d) .
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00 00

Answer Key 687

2 h(d)/m(d) < 2 9‘1/(10)‘1_1 < 90. One can actually use comparison to estimate the value to smaller than 80.

d=1 d=1
The actual value is smaller than 23.
Continuing the hint gives Sy = (1 + 1/N2) (1 +1/(N=-12..(1+ 1/4)) .Then

In(Sy)=In(1+1/N?) +1In(1+ /(N - 1)*) + - +1In(1 + 1/4). Since In (1 + 1) is bounded by a constant

N

1
timest,when0 <t < lonehasIn(Sy) <C Z > which converges by comparison to the p-series for p = 2.
n

n=1

Section 5.5 Exercises

251.
253.

255.
257.

259.
261.

263.
265.

267.
269.
271.
273.

275.

277.
279.
281.
283.
285.
287.
289.

291.

293.

295.

297.

299.

301.

Does not converge by divergence test. Terms do not tend to zero.

Converges conditionally by alternating series test, since v/n + 3/n is decreasing. Does not converge absolutely by

comparison with p-series, p = 1/2.
Converges absolutely by limit comparison to 3"/4", for example.
Diverges by divergence test since lim |a,| = e.
n— 0o
Does not converge. Terms do not tend to zero.
lim cos?(1/n) = 1. Diverges by divergence test.

n—o

Converges by alternating series test.

Converges conditionally by alternating series test. Does not converge absolutely by limit comparison with

p-series,p=m—e
Diverges; terms do not tend to zero.

Converges by alternating series test. Does not converge absolutely by limit comparison with harmonic series.

Converges absolutely by limit comparison with p-series, p = 3/2, after applying the hint.

Converges by alternating series test since n(tan~! (n + 1)—tan~'n) is decreasing to zero for large n. Does not

converge absolutely by limit comparison with harmonic series after applying hint.
1

Converges absolutely, since a, = % — 547 areterms of a telescoping series.

Terms do not tend to zero. Series diverges by divergence test.

Converges by alternating series test. Does not converge absolutely by limit comparison with harmonic series.

In(N +1)> 10, N + 1 > e!0, N > 22026; Sy = —0.9743...

2N+1 5 10% or N + 1 > 6In(10)/In(2) = 19.93. or N > 19; S}9 = 0.333333969...

(N + 1) > 10° or N > 999; 000 ~ 0.822466.

True. b, need not tend to zero since if ¢, = b, — lim by, then ¢p,,_1 — ¢2,, = by—_1 — boy-
True. b3,_1 — b3, > 0, so convergence of Z b3,—> follows from the comparison test.
True. If one converges, then so must the other, implying absolute convergence.

00

Yes. Take b, = 1ifa, > 0and b, =0ifa, <0.Then Z apb, = 2 ap converges. Similarly, one can show

n=1 n:ap>0
Z a, converges. Since both series converge, the series must converge absolutely.
n:ap<0
Not decreasing. Does not converge absolutely.

00

1

1 1
Not alternating. Can be expressed as Z (——+— - 3—) , which diverges by comparison with
n

3n—2 3n-1

n=1

1
z43n—2'

Letat, =ay ifa, >0anda*, =0ifa, <0.Thena®, < |a,| for all n so the sequence of partial sums of a*, is

00

increasing and bounded above by the sequence of partial sums of |a, |, which converges; hence, 2 at,

converges.
For N = 5 one has |[Ry b = 6'°/10!. When 0 = 1, Rs < 1/10! x 2.75 x 10~7. When 6 = /6,

Rs < (7/6)!19/10! ~ 4.26 x 10719, When 6 = z, Rs < z10/10! = 0.0258.

n=1
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303. Leth, = 1/(2n—2)!.Then Ry < 1/(2N)! < 0.00001 when (2N)! > 10° or N = 5 and
- L+ 4 - % + g7 = 0.540325...., whereas cos 1 = 0.5403023...

1000
1
305 LetT =) —.ThenT —S=1T,505=T/2.(6 x Y 1/n* =3.140638...;
n
n=1

1000
12 x Z (=D Vn? =3.141591...;

n=1
7w = 3.141592.... The alternating series is more accurate for 1000 terms.
307. N =6, S5y =0.9068
309. In(2). The 3nth partial sum is the same as that for the alternating harmonic series.
311. The series jumps rapidly near the endpoints. For x away from the endpoints, the graph looks like 7 (1/2 — x) .

184
14
0.51
0

01 02 0.3 04 05

—-05+

14

—15+

313. Hereis a typical result. The top curve consists of partial sums of the harmonic series. The bottom curve plots
partial sums of a random harmonic series.

Y
gl

74

0 L i L L L i L i L -
200 400 600 800 1000%
14

315. By the alternating series test, |S, — S| < b,41, SO one needs 10* terms of the alternating harmonic series to

00

1
estimate In(2) to within 0.0001. The first 10 partial sums of the series Z o are (up to four decimals)
n
n=1

0.5000, 0.6250, 0.6667,0.6823,0.6885,0.6911,0.6923,0.6928,0.6930,0.6931 and the tenth partial sum is within
0.0001 of In(2) = 0.6931....

Section 5.6 Exercises

317. a,41/a, = 0. Converges.
2
319, Zntl l(%) — 1/2 < 1. Converges.

an 2
321. a"'z—;:l — 1/27 < 1. Converges.
323. ai;_:l — 4/e* < 1. Converges.
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325.
327.

329.
331.
333.
335.

337.
339.

341.
343.

345.

347.
349.
351.

353.
355.

357.
359.

361.

363.
365.

367.

369.
371.

373.

375.

377.

Answer Key 689

a . . . .
’;—:1 — 1. Ratio test is inconclusive.
a
= 1/e2. Converges.
n

(ax)V* - 2 > 1. Diverges.
(a,,)l/" — 1/2 < 1. Converges.

(ax)Vk = 1/e < 1. Converges.
a" = % + % - % < 1. Converges.
arlx/" = w — 0 by LU'Hépital's rule. Converges.
YU+l _ 1 .
o = A T 0. Converges by ratio test.

(a,,)l/’1 — 1/e. Converges by root test.

a}(”‘ — In(3) > 1. Diverges by root test.
2n+1
il _ 37 — 0. Converge.
- 53n243n+1

Converges by root test and limit comparison test since x, — \/E
Converges absolutely by limit comparison with p — series, p = 2.
lim a, = 1/e% # 0. Series diverges.

n—oo

Terms do not tend to zero: a; > 1/2, since sin®x < 1.

n = m, which converges by comparison with p — series for p = 2.

a = 2k1.2.k
k = Qk+D)(2k+2)--3k

a

< (213)k converges by comparison with geometric series.

In

2 .
ap ~ eIk = 1/k2. Series converges by limit comparison with p — series, p = 2.

If by = ¢! K/(c — 1) and ay = k, then bygy; — by = —c ¥ andn;cik =aib+ A7 Y k= ﬁ
6+4+1=11

x| <1

ff <

All real numbers p by the ratio test.

r<l1/p

0 < r < 1. Note that the ratio and root tests are inconclusive. Using the hint, there are 2k terms r\/; for
® © (k+1)2-1 ®

K2 <n< (k + 1)2, and for r < 1 each term is at least r*. Thus, Z r\/; = Z Z ,.\/5 > Z 2kr*, which
n=1 k=1 ;2 k=1

converges by the ratio test for r < 1. For r > 1 the series diverges by the divergence test.
Onehasa; =1,ay = a3 =1/2,... ap, = apyy1 = 1/2". The ratio test does not apply because a,,1/a, = 1ifnis
even. However, a,.7/a, = 1/2, so the series converges according to the previous exercise. Of course, the series is

just a duplicated geometric series.
1 _ntl n+2 . _2n
2 n+l4x n+24x 2n4x

product is less than (1 + x/ (2n))™" ~ ™2 Thus for x > 0, ?—n” < %e"‘/z. The series converges for x > 0.

ay,lap = . The inverse of the kth factoris (n + k + x)/(n + k) > 1 + x/(2n) so the

Review Exercises

379.
381.
383.
385.
387.
389.
391.
393.
395.
397.
399.

false

true

unbounded, not monotone, divergent
bounded, monotone, convergent, 0
unbounded, not monotone, divergent
diverges

converges

converges, but not absolutely
converges absolutely

converges absolutely
1

2
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401. .0, x
403. S;( ~ 383, lim S, = 400

n—o

Chapter 6
Checkpoint

6.1 The interval of convergence is [-1, 1) . The radius of convergenceis R = 1.
6.2

08 -04 04 08 X

© xn+3
6.3 26 Z"T with interval of convergence (-2, 2)
n=

6.4 Interval of convergenceis (-2,2).
00
1 ! " Thei | of i 1,1
6.5 z;) -1+ Py x". The interval of convergenceis (-1, 1).
n=
6.6 f(x)= % The interval of convergence is (-3, 3).
6.7 1+2x+3x +4x3 + -

6.8 Z(n+2)(n+l)x”
n=0
(_1)nxn
a9’2;;?;:73
6.10 pg (x)=1;
pr(x)=1=-2(x-1);
p(x)=1-2(x—=1)+30x-1?%
p3(x)=1-2(x—-1D+3(x—-1)%—-4x-1)
6.11 po(x)=1;
p1(x)=1-x;
pz(x)=1—x+x2;

p3(x)=1—x+x2—x3;

Pn(x)=1—x+x>=x3 + - +(=1)"x" = YJ_, (=Dkxk
612 p; () =2+3(x-4):ip () =2+ F(x -4 - L(x- 4%
p1 (6) = 2.5; py (6) = 2.4375;
[R; (6)] < 0.0625;|R, (6)| < 0.015625
6.13 0.96593
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6.14

6.15

6.16

6.17

6.18

6.19
6.20

6.21

6.22

Answer Key 691

00

2 _ n
2 al . The interval of convergence is (0,4).
o 2n+2

i (=" xZn
2n) !

n=0

the series converges to cosx

By the ratio test, the interval of convergence is <— ) Since |R;, (x)| £ ——— ( +1), s

for all real x.

00

Z(—l)"(n+1)x"
n=0

( l)n 4n+2
Z Qn+1)!
» (=)' 1:3-5-@n=1) ,
n=1 ! 2
y = 5e>*

4 8 5 9

y=a(l-f5+5izs ) +o(x - d5 + e )

00

_1\ntl
C+n§( AT Y

The estimate is approximately 0.3414. This estimate is accurate to within 0.0000094.

The definite integral is approximately 0.514 to within an error of 0.01.

Section 6.1 Exercises

1.
3.

11.

13.

15.

17.

19.

21.

23.
25.

27.

True. If a series converges then its terms tend to zero.

False. It would imply that a, x"* — 0 for |x| < R.If a, = n", then a,x" = (nx)" does not tend to zero for any
x # 0.

It must converge on (0,6] and henceat:a. x = 1; b. x =2; c. x = 3;d. x = 0; e. x = 5.99; and f. x = 0.000001.

n+1 _ n+1
apy127 X _ .an+1 | _ 1
PRCTE =2 x| ar - 2|x|soR= 5
n+l _p+1
i1 (€)X Nzl | anl IRy -
an(Z)"x" e |Tan
e
a _pyntl2n+2
mel OV X7 |y — ¥ so R=1
ap(=1)xn
_ Apy1X _ 1 _ 1 e i : . _ 1 .
ap = 5750 —— = 2x.s0 R = 7 When x = 7 the series is harmonic and diverges. When x = -3 the series is

alternating harmonic and converges. The interval of convergence is I = [—%, %) )

ay = so n+l

2n % so R = 2. When x = +2 the series diverges by the divergence test. The interval of

convergence is I =(-2,2).

n2
a, = 7= so R = 2. When x = +2 the series diverges by the divergence test. The interval of convergence is

2}’1
I=(-22).
ap = k—,, so R=—.Whenx = i% the series is an absolutely convergent p-series. The interval of convergence is
— 1 1
I=[-7.%].
71 a X
a, = &, Sntl” _ 10x 0 < 1 so the series converges for all x by the ratiotestand I = [ —00, 00 ).
n! an n+1
2 2
_ (&Y +1 _ (k4D 1
Ak = Gpr S° ~a - = Tk 3 SO R=4
_ k! G+l _ k41 1
A = 1350061 ° “ay = kg1 2 SOR=2
"2 2
ay = —— so Intl _ (D7 2p0 _ _ (n4]) lsoR=4

< 2n > an (2n+2)! (n!)2 (2n+2)(2n+1)

n
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29.
31.

33.

35.

37.

39.

41.

43.

w

45.
47.

49.

51.

)

53.
5

Ll

57.

59.

Answer Key

3
9+l _ (n+1) i 3
an .~ GGG 27 °° R=27
— nl Apyl _ (n4+1)! o B L on i _
an = nh an n! (n+1)"+1 - (n+_1) - - soR=c¢

f(x)= 2(1 —x)"onI=(0,2)
n=0

Z ¥tlonr=(-1,1)

n=0

Z (=1)"'x>"*2 onT=(-1,1)

n=0

00
Z 2"x" on (—% %)
n=0

00
Z4nx2n+2 on (_%, %)
n=0

00
mUn — g, |x| > |x|rasn — @ and |x| r < 1 when |x| < 1 Therefore, 2 anx" converges when |x| < 1
n=1

|@nx

by the nth root test.

k
a = (375) so (@) > L <1soR=2
n = (nlln - ])n 50 (ap)" > 0so R = o

oo

We can rewrite p (x) = Z apyy X2

n=0
function, for which, by definition p(x) = p(-x).

and p (x) = p(—x) since only even powers of x remain, p(x) is an even

00

Ifxe[0,1],theny=2x—-1€[-1,1]so0pR2x—-1)=p(y) = Z a,y" converges.
n=0
Converges on (—1, 1) by the ratio test
Consider the series Z bkxk where b, = ay ifk = n? and b, = 0 otherwise. Then by < aj and so the series

converges on (—1, 1) by the comparison test.

ag !
25 ¢
20 |

15 +

xY

-1 -05 0

1

The approximation is more accurate near x = —1. The partial sums follow =

more closely as N increases but are
never accurate near x = 1 since the series diverges there.
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" 08 -04-—0 04 08 X

61.

The polynomial curves have roots close to those of sinx up to their degree and then the polynomials diverge from
sinx.

Section 6.2 Exercises

00

2n

X 2o+l
63. $(f () +g(x) = ;) ST 2nd 70/ (0~ g () = %W

4 _ 1 1 _ 1 1 _ 1 X\" non _ n+1 1 n
65 G3HGFD =33 T - _3(1_%) T T _§'§)<§) _';(—1) x" = ; <(—1) +_ 3t >x
67. > =l 1 i

1 m_ 1y n(x i+l 1Y 2n
= -+ = =20 X" =7 Lo GV (5 _Zn 1+ (=1)- X
(x2+4)(x2_1) x2-1 4 1+(%>2 0 4 0 (2) 0( )

2n+2

100 1 1
69;2—}1:— = —

71. 1 =_x3




694 Answer Key

1— (1+r)

.When

73. P= P| + - + Py where P, = 10,00 (1 = 10,000

20
= 10,000

kz 1+ r)
r=0.03, P~ 10,000 x 14.8775 = 148,775. When r = 0.05, P ~ 10,000 x 12.4622 = 124,622. When r = 0.07, P ~ 105,940.
C(l—(1+r)_N)
S/

for Nyears of payouts, or C = ﬁ For N =20 and P = 100,000, one has C = 6721.57
T

when r = 0.03; C = 8024.26 when r = 0.05; and C ~ 9439.29 when r = 0.07.
_C _C _ 104 _
77. Ingeneral, P= =.Thus,r =5 =5 X 106 = 0.05.

75. Ingeneral, P =

2_.3
79. (x+x2 —x3) (1+x3 +x6+.-.) — X-I-1x_2x3x3
1. (= =) (120 0 ) = 22

00

83. a, =2,by =nsocy = Zbkan_k =22k=(n)(n+l)andf(x)g(x)= Zn(n+ D x"

k=0 k=0 n=1
00
X\
85. 4y =by =27 50, = Zbka,, =27 Z =2 and f()g()= Yn (5)
k=1 n=1
00
87. The derivative of f is — (1+1x)2 = - Z D" (n+1)x".

89. The indefinite integral of fis ——— Z (=1)"x?",
(2] 00
o91. = n— , l = i 1-— -1 = 1 =4 L =
S ) Z(,)x =/ (3) ; = &= =02 |12 SOE 2
1 n (1 nn—1) 42 1 2 nn-1)
93. =L =Y - =—2_| =16 At Y
S0 = Z = (2) 25 on=2 ) x=12  (1-0)3 |x=112 % Z& 2"

( 1)"(x— 1)n+]
95. 1-x)"dx = D'"(x-1D"d -
/Z( %)dx = /Z( N Y
2 2 2 2+l i
1 X X
97. — —dt = — dx — =-— —
/:0 1—1 Z/ x ngo n+1 ~on

n=0~0 1
x2
X2 ) 2nl * an+2
99. = 1 tdt = 1 = -1"
/0 1+t2 _()/ ()2+1 Z()2n+1
n= t= n=0
101. Term-by-term integration gives
= 3, iy G0 Z( 1y (= 1" = (= D)1 +Z< DCEEU
ntdt = -— —1)In =xInx — x.
0 = n(n+1) n +1 x . =xix—=x
103 Wehaveln(l—x)=—2£soln(l+x) e 1)”1 - Thus, In (12) Z (1+1") x—_zz x
. n=1 n n=1 1 =1 n 2n—1"
00
1 1
When x = 5 we obtainln (2) =2 ————  Wehave 2 —— =0.69300..., while
3 2 32n ](2n ) Z 32n 1(2}1 )
4
1
2 2 —— =0.69313... and In (2) = 0.69314...; therefore, N = 4.
32-12p - 1)
105. Z — =-In(l —x)so Z o - 6 (1 —-X ).The radius of convergence is equal to 1 by the ratio test.
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107.

109.
111.

113.

115.

Answer Key 695

00

If y=27%, then 2 Y= 1% =% = + If aj =27k then k =27* < 1 when x > 0. So the series converges

k=1

forall x > 0.
Answers will vary.

The solid curve is Ss. The dashed curve is Sy, dotted is S3, and dash-dotted is Sg

_ 1
Whenx——— —In (2) = Z o S'”CEZ =11 n2" Z 2" IO

n=11
In (2) = 0.69314...; therefore, N = 10

6SN< >_2\f2( 1" 3n(2 it .One has 7 — 654 (%) =0.00101... and 7 — 655 <%> =0.00028...

N =5 is the smallest partial sum with accuracy to within 0.001. Also, 7 — 6.57 ( > = 0.00002... while

NG

7w — 68y <%> = —0.000007... so N = 8 is the smallest N to give accuracy to within 0.00001.

Section 6.3 Exercises

117.
119.

121.
123.
125.

127.

129.

131.

133.

135.

fED =L ==L (D=2 f(x)=1 —(x+ D+ (x + 1)?
[T (%) =2cos (2x); f" (x) = —4sin (2x);pp (x) = =2 (x — §)
=3/ @=-5ip@=0+&x-1- %(x— 1y
pz(x)=e+e(x—1)+£(x—1)2

2
a3 _
R 5/3

x3 ~ p; (27) =3+ 221 which gives (28)3 » 3 + - = 3.037, while (28)!"% ~ 3.03658.

510
10, <0. 000283 we can use the Taylor expansion of order 9 to estimate eXat x = 2. as

9
2 xpg(2) =1 +2+—+ Sy -+ 37 =7.3887... whereas e* ~ 7.3891.
1000 (_1)n_1
n

> —0.00092... when x > 28 so the remainder estimate applies to the linear approximation

Usmg the estimate =+

Since —(lnx) = (-1)r! (" 1)' , Rigoo =~ 1001 One has p1ggo (1) = z =~ 0.6936 whereas

n=1

~ 0.6931--

n
1 N 4 x6 N X8 xlO N x12 J
x* 2 "6 "24 120 "720) "

1
3 5 7 9 11 13 2
1 1 1 1 1 1 ~ —X ~
=l-F+5 Tt Tt E R 0.74683 whereas/0 e ™ dx ~ 0.74682.

Since f(”+1) (z)is sinz or cos z, we have M = 1. Since |x — 0| < 2 we seek the smallest nsuch that
n+l
2”+1(n+1)!

Since f"*1 (z) = +e™% onehas M = 3. Since |x — 0] < 3, one seeks the smallest n such that 3( +1)' <0.001.

< 0.001. The smallest such value is n = 7. The remalnder estimate is R7 < 0.00092.

— = 0.69306...

wherea

SO
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137.

139.

141.

143.

145.

147.

149.

151.
153.

155.

The smallest such value is n = 14. The remainder estimate is Ry4 < 0.000220.

Yi

0.7+
0.6+
0.5+
0.4+
0.3+

(0.5966, 0.2)
0.2 RY

0.1+

0 01 02 03 04 05 06 07 08 09 1X

Since sinx is increasing for small x and since sin”x = —sinx, the estimate applies whenever R?sin(R) < 0.2,
which applies up to R = 0.596.

Yi
0.25

(0.44720, 0.2) /
0.20 N

0.15+

0.10+

0.05+

0] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5%

Since the second derivative of cos x is —cos x and since cos x is decreasing away from x = 0, the estimate applies
when R%Zcos R < 0.2 or R < 0.447.
x4+13 =2+ 1% +2(x+1)

n

00
L. _ _ (x—2m)~" 2n
Values of derivatives are the same as for x = 0 so cosx = Z -1 o
n=0
o ( _)2n+1
cos (%) =0, —sin (%) =—1socosx = Z( ! W which is also —cos (x — %) )
n=0
00
— 1"
The derivatives are f(") (1)=esoe* =e Z u
n=0 :

2 ° n+2)(n+1)x"
(e T (42420

n=0
2—-x=1—-(x-1)
((x—l)—l)z:(x—1)2—2(x—1)+1

T—(=x) (1 o) 2( D (x =
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Answer Key 697

00 00 (o]
157 x )1 2"(1 =)™ = Y 2"(x = 4 Y 2" (x =
n=0 n=0 n=0

oo
n n
159, &2 = 20D =2 3 2"(x - D"
n=0 n!

2o 34913
161. x =e¢"; S0 = 75 7.3889947

163. sin(27) = 0; 579 = 8.27 x 107
165.

Yi
1.0+

0.9+
0.8+
0.7+
06+
05+
04+
0.3+
02+

0.1+

-4 -3 -2 -1 0l 1 2 3 aXx

The difference is small on the interior of the interval but approaches 1 near the endpoints. The remainder
5
estimate is |Ry| = {55 ~ 2.552.
167.

g -0.051 \

I

I

I

I '5
! -0.154 {2 — (—)
i

[ -0.24

!

-0.25+4

The difference is on the order of 10~% on [—1, 1] while the Taylor approximation error is around 0.1 near +1. The

S5(0\2 2 (55)?

TNEY ) and the lower dashed plot shows = — (C_4> .

169. a. Answers will vary. b. The following are the x, values after 10 iterations of Newton's method to approximation a
rootof py (x) —2=0:for N =4,x =0.6939...; for N =5,x = 0.6932...; for N = 6, x = 0.69315...; . (Note:

In (2) = 0.69314...) c. Answers will vary.

1n(1—x2)

top curve is a plot of tan®x — (

171. - —1
x2 2
1_£+x__... —1
cos(/x)—1 < 274 ) 1
173. 2x ~ 2x -7y
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Section 6.4 Exercises
1/3 -1

175. (1+x%)" 3

177. (1 -2x)23 = Z (=1)m2" <

S W

)
>xn; (] <2)

> 1
181, V2x—x2=11—-(x—1)?so V2x —x2 = Z(—l)” < 2 >(x— 121
n

S =

179. V2 +x2 = Z 2(1/2)=n (

n=0

n=0

* 1
183. =2./1+ X2 =Y ol-2n( 2 — 4y
\/)_c 2 so\/_ Zﬁ <n>(x )
2 1
185. \/_=231‘3"<2>(x—9)”
n=0 n

1
187. 10(1+ == 1/3 Z 101737 [ 3 ) x". Using, for example, a fourth-degree estimate at x = 1 gives
n

1000
1 1 1 1
100H3 =~ 10(1 + < 3 ) 1073 + < 3 > 1076 + ( 3 ) 1079 + ( 3 ) 10—12>
1 2 3 4 whereas
_ 11 5 10 _
= 10(1 R T 243'1012) 10.00333222...

(1001)3 = 10.00332222839093 ... Two terms would suffice for three-digit accuracy.
189. The approximation is 2.3152; the CAS value is 2.23....
191. The approximation is 2.583...; the CAS value is 2.449....

193.
2 4 6 8
V]—x2 =1 X2 _xT x> 5,
1—-x=1 5 3 6 s + . Thus
\/ T e _x x5
/ l-x"dx=x-"c -4~ 7% ~ 513 +

Z =1570...
(1+40)% = (1+4x)(1 +4x)17

3 3 4
195. = <1+4x>(1+4_x_ 16x7 | 320x7 _ 2560x )

~o_1_ 1 _ 1 _
~?2 3T~ 30 " 36 9128+err0r_1590 whereas

9 81 243
32,2 256,3 , 1280 4 _ 10240 5
=1+ x+;3 TRt Y T ap X
197. (1+(x+37) 7 =1+ $(x+3)> - $(x+3)" + Z(x +3)0 - 22 (x +3)8 +
199. Twice the approximation is 1.260... whereas 213 =1.2599....
201. f<99> 0 =0
In (2) x)"
203, Z (0 2))
@n+1)/2 n
X X
205. For x > 0, sin ( )= (-1)'—.
Z \/’(2 n+1)! nz:;) C2n+1)!

3 X
207. ¢ = Z
n!
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k2k12k
2 (=1)"2
209. sin x——z 20

B (_1)kx2k+l
211, tanlx= Yy ———
an - x Zg) 2k +1

00
1 2n+1
213. sin lx = Z 2 L
n ] @Cn+1)n!

n=0
® . xn+1
215, F(x)=n§)(—1) n+1)@2n)!

217. F(x) = Z( 1)"+1x

n=1

219. x+—+ +

x4

3
221. 1+x—T—7+

223 1+4+x2+ 2~
225. Using the expansion for tanx gives 1 + % + ==

00
227. ﬁ = Z (=1)"x*" so R = 1 by the ratio test.
n=0
( 1)'1 1 2
229. In (1 +x? Z ———x?" s0 R = 1 by the ratio test.

n=1
00

x2n

231. Add series of e* and e™ term by term. Odd terms cancel and coshx = Z .
o 2n)!

233.
Yi

0.01+

0.008 +

1
]
1
1
I
I
.006 + :
I
1
1
1
r

1
'

8 -pa O\ 04 08X

S”(x) ; approximates tanx better than does py () =x+%5+ 5=+ 1371"5 for N > 3. The dashed

tan for n = 1, 2. The dotted curve corresponds to n = 3, and the dash-dotted curve corresponds

The ratio

curves are C_n -
to n = 4. The solid curve is p7 — tanx.
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oo 00 oo

235. By the term-by-term differentiation theorem, y’ = Z napx""!soy = 2 napx""! xy' = 2 na,x", whereas

n=1 n=1 n=1
00 00
y = Z nn—1)a,x"2soxy’ = Z nn—1)a,x"
n=2 n=2
(b-wlo 2
237. The probability is p = / e ¥ '“dx where a = 90 and b = 100, that is,
ﬁ @l
5
—x212 2 n 1
dx 1 — 1) ———— ~ 0.6827.
\/_ / Z( ) \/2_7[ r;)( ) (2n+1)2"n!
239.
y
0.5+
As in the previous problem one obtains a, = 0ifnisoddanda, = —(n+2)(n+ 1)a,; ifniseven,soag =1
_ ot
leads to ap, = T
00 00
241. y" = Z n+2)(n+ Daox"andy = Z (n+ 1) a,41x" soy” —y' +y=0implies that
n=0 n=0
Qa,_ a,__
m+2)y(n+Dayr —(n+1)ayy; +a, =00ra, = "n L_ n(Z_%) foralln-y(0)=ag=1andy’ (0)=qa; =0,
soap = é,a3 = é,a4 =0, and a5 = —%
243. a. (Proof) b. We have R < @n ~ 0.0082 < 0.01. We have
" . 2 ooxt X0 a8 ien BB A2 1850 wh
. —T-F?——"'a X—ﬂ'—ﬁ+ﬁ—ﬁ+9—— , whereas
7 sint ) .
Tdt = 1.85194..., so the actual error is approximately 0.00006.
0
245.
yi
14

0.8+
0.7
0.6+
0.51
0.4+
034
0.2+

0.1+
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247.

249.

251.

Answer Key

Z fn Z pAnt2
Since cos ([2) = Z (—l)n (2]1) ] and sin ([2) = Z (—l)n (ZTI)!, one has
n=0 n=0
o0 00
" x4nt3 " XA+l .
S(X) = r;)(—l) W and C(X) = ;0(—1) m The sums of the first 50 nonzero

terms are plotted below with Csq (x) the solid curve and S5 (x) the dashed curve.

2 .3 4 5
X _xt _x? St Tx
0 \ﬁ(l 278 T 16 128 256)‘1"
=293 _ 1295 _ 1297 _ 1 209 _ 5 25-11_ 7 2,-13 _
32 3 22 3 72 i6 92 5% 112 756 132 = 0.0767732...

)
T = 2my/ % <1 + W) ~ 6.453 seconds. The small angle estimate is T = 27/ % ~ 6.347. The relative

error is around 2 percent.

/2
4040 = 3z ~og. L o9 44
/0 sin" 0do = 16.HenceTNZn: R (1+ 7 +256k )

Review Exercises

253.
255.
257.
259.

261.

263.

265.

267.

269.

271.

273.

275.
277.

True

True

ROC: 1;10C: (0,2)
ROC: 12;I0C: (—16,8)

R G VL T 2 TOC
I ST X ; ROC: 3;10C: (=3, 3)

) . =" 2
t tion: —2 n+l
integration %2n+ 1( X)

pa () = (x +3)% = 11(x + 3)% + 39 (x + 3) — 41; exact

i (—1)" (32"
= 2n!

e
F(x)_nz(f)(Zn+1)(2n+1)!x

Answers may vary.
2.5%

Chapter 7
Checkpoint

71

701
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x(t)=3t+2
yo=£-1
-3=t=2
t=2
8 1 2 3 475 6 7 8%
t=0
-2+
72 x=2+ %, ory=-1+ % This equation describes a portion of a rectangular hyperbola centered at (2, —1).
Yi
6_-
5+ t=6
3
47 x(t)=2++
34 yty=t-1
2=1t=6
21
1+ t=2
1 9 1 2 3 a sX
—14

7.3 One possibilityisx () =t, y@) = 12 + 2t. Another possibility is
x()=2t=3, y@)=Qr=3)%*+2Q2t-3)=4r> -8 +3.
There are, in fact, an infinite number of possibilities.

d 2_ 2_
74 X' ()=2t—4andy (1) =612 — 6,50 L = L=b = I3

This expression is undefined when t = 2 and equal to zero when ¢t = +1.

V|
t=23 35+

30+

254
x(t) = t2 — 4t
201 y(t) = 23 — 6t

-2=t=3
15+

|
o -
|
|
N4
I 4
o -
oo 4
=
(::/
ot
Y

—10+

7.5 The equation of the tangent line is y = 24x + 100.
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a2y _ 32-12043 o .

7.6 — = =—=>"= (ritical points (5,4),(=3,—4),and (—4,4).
= points (5,4), (=3, —4) ,and (=4,4)

7.7 A = 3x (Note that the integral formula actually yields a negative answer. This is due to the fact that x () is a
decreasing function over the interval [0, 2z] ; that is, the curve is traced from right to left.)

7.8 5 =2(10%2 - 2%2) ~ 57.589

7(494+/13+128)
79 A= ——F—>
7.10 (8\/5, 54—”) and (—2,2\/§>
7.11
[
L
)] | e

712
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r =4+ 4cosf

The name of this shape is a cardioid, which we will study further later in this section.
713 y= xZ, which is the equation of a parabola opening upward.
7.14 Symmetric with respect to the polar axis.

[

r= 2cos30

=

715 A =37x/2

4
716 A= 42\/3
717 s=3x

718 x=2(y+3)2 -2
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oD | 0-2%
7.19 T + = 1

9x2 + 16y2 + 18x — 64y — 71 =10

2 2
720 2% (oD

5 = 1. This is a vertical hyperbola. Asymptotes y = —2 + %(x -1.

721 e= £ = @ ~ 1.229

7.22 Here e = 0.8 and p = 5. This conic section is an ellipse.
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-1

7.23 The conic is a hyperbola and the angle of rotation of the axes is 8 = 22.5°.

Section 7.1 Exercises
1.

Yi

qa
LT~

orientation: bottom to top
3.

w
B4
x¥

orientation: left to right
2
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11.

13.

25+

20+

15+

\

05 10 15 20 25 30

E
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—21

_4__

15.

-6+

Asymptotesarey =xandy = —x
17.

0 + } + } -
1.0 15 20 25 3.0%

19.
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[
41

2y 0{ 5 10 15 20 25X

_2_

-4

_6_

_8_
21, y=- );H;domain:x S [—1,00> .

2

23, X—G + % = 1; domain x € [-4,4].
25. y = 3x + 2; domain: all real numbers.
27. (x— 1)2 + (y 3)2 = 1; domain: x € [0,2].
29. y= \/ ; domain: x € (—o0, —1].
31. y2 = domaln x € [-1,1].

33. y= ln x; domain: x € [1, ).
35. y =In x; domain: x € (0, ®).

37. X2 + y2 = 4; domain: x € [-2,2].
39. line

41. parabola

43. circle

45. ellipse

47. hyperbola

51. The equations represent a cycloid.

254

15+

10+

53.

CEENUERNY

55. 22,092 meters at approximately 51 seconds.

57.

Answer Key 709
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x = 2tan(t), y = 3sec(t)

y
204

59.

61.

x =cosht, y=sinht

15 20 25 3.0 3.5%

Section 7.2 Exercises

63. 0
=3
65. =
67. Slope =0;y=S8.
69. Slope is undefined; x = 2.
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71. tant = =2 '
(53) (%)
(#%)

73. No points possible; undefined expression.
75. y=—(%)x+5

77. y=-2x+3
79, Z 3z 3z Tz

3’7’ 4°74
y — _
81. = = tan(z)

2
83. % = % and % = 0, so the curve is neither concave up nor concave down at ¢ = 3. Therefore the graph is linear
X

and has a constant slope but no concavity.

2
dy _ 4 4%y
85. k=43

87. No horizontal tangents. Vertical tangents at (1, 0), (—1, 0).
89. —sec’ (zt)
91. Horizontal (0, —=9) ; vertical (+2, —6).
93. 1
95. 0
97. 4
99. Concaveupont > 0.
b1

= —6\/5; the curve is concave down at 8 =

N

e2 -1
101. =

3z
103. =5
105. 674>
107. 2rxab

109. %(2\/5— 1)

111. 7.075
113. 6a

115. 61/2
2n(247\/ﬁ+64)

119. 315
121. 59.101

123, 83—”<17\/17 - 1)

Section 7.3 Exercises
125.

ola

127.
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[
i
6
129.
[
k
0
131,
K
2
L
A
L ]
133. B(3.=£) B(-3.%)
ix

135. D (5, 2Z)D(-5,%)
137. (5, 5.356) (-5, 2.214)
139. (10, 2.214)(- 10, 5.356)
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141. (2\6, —5.759) (—2\/§,2.618>

3. (~y3 -1)

145. ( \/5

147. (0, 0)

149. Symmetry with respect to the x-axis, y-axis, and origin.
151. Symmetric with respect to x-axis only.

153. Symmetry with respect to x-axis only.

155. Liney=x

157. y=1

159. Hyperbola; polar form rzcos(20) =16 or 2 = 16 sec (20).

Yi
6+
0 6 X
_6__
_ 2
161. r= 3 cos f—sin
Yi
401
30+
20+
10+
5 10 15%

163. x2 +y2 =4y
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165. xtany/x2 +y2 =y

167.

Access for free at openstax.org

10



y-axis symmetry
169.

0.5

15

2.0

y-axis symmetry
171.

Answer Key 715
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X- and y-axis symmetry and symmetry about the pole
173.

05 10 15

X-axis symmetry
175.
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X- and y-axis symmetry and symmetry about the pole
177.

D

no symmetry
179.
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P

aline
181.

20

40

60

80

183.
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120°

185.

187. Answers vary. One possibility is the spiral lines become closer together and the total number of spirals increases.

Section 7.4 Exercises

T
189. %/ sin%6 do
0

/2
191. 32 / sin®(20)do
0

2
193, %/ (1 — sin )>do
T

/2
195, / (2 — 3sin 6)*do
sin—1(2/3)
T /3
197. (1 =2 cos 9)%19—/ (1 —2cos 0)2de
/3 0

/3 /2
199 4/ do + 16/ (00526) do
0 T

/3
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201. 97

Iz
203. v

Iz
205. <

207. —18”'227‘/5

4
209. §<47r—3\/§>
211. %(47:—3\/5)

213. 27— 4
2

215. / \/(1+sin0)2+00820d9
0

1
217. \/E/ do
0
VIO (6 _

219. 1)
221. 32
223. 6.238
225. 2
227. 439
2 7
229. A= n(§> =z and%/o (1+2sinfcosf)dd = %

a
231. C:2ﬂ(%)=37rand/ 3d0 =3
0

T
233. C=2x(5) =10z and / 10d0 = 10z
0

dy _ f'(0)sin 6+£(6) cos 0

dx = 110) 00519— f(©)sin 0

237. Theslopeis %

239. Theslopeis 0.

241. At(4,0), the slope is undefined. At (=4, 5) , the slope is 0.
243. The slope is undefined at 6 = 7.

245. Slope =-1.

247. Slopeis =2

T

249. Calculator answer: -0.836.
251. Horizontal tangent at (1\/5, %) s (i\/_, —%) .
1

253. Horizontal tangents at

235.

. Vertical tangents at %, 3% and also at the pole (0, 0).

z /zx Ln
2267 6 6

Section 7.5 Exercises

255. 12 = 16x

257. x2 =2y

259. xZ = —4(y—23)
261. (x+3)2=8(y—3)

263. %+%=1
265. % %:
267. (y]é)z + ("Tg)z =1
269. %+%=1
271. %-%:1
s B
275. %2—%=1
277. %—§—2=1
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279. e =1, parabola
281. e = %,ellipse
283. e = 3, hyperbola
_ 4
285. r = 5+C289
287. r= 1+2sin 6
289.
Yi
21
1+
+ /——\ +
-4 -3 -2 A1 1IN2 3 aX
_1__
—2.4
_3__
291.
yi
15+
10+
—2|0 —l|5 —1|0 —l:') / IS}
—104
—154+
293.
Yi
8+

295.

IB 1ID 1I2 1I4

Answer Key 721
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—-514
297.
Yi
| %
299.
yi
51
5 i sX
—-54
301.
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303.

|
B
|
w4+
|
s
|
=
=)
=
s
w4+
s
xY

305.

15+

1.0+
0.5+

~15-1.0-05 O
~054

-1.0+

-157

—-2.0+

307. Hyperbola

309. Ellipse

311. Ellipse

313. Atthe point 2.25 feet above the vertex.




724 Answer Key

315. 0.5625 feet
317. Length is 96 feet and height is approximately 26.53 feet.

_ 2616
319. F'= 130595 cos 0
321. r= i

140.0484 cos 6

Review Exercises

323. True.
325. False.Imaginey=t+1,x=—-t+1.
327.
y
51
05 0| 05 I %5 2 25 3X
54
_10__
—154+
_20__
y=1- x3
329.

331.
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Symmetric about polar axis

333 2= —4
sin26—cos20

335.

|
w
u

2
337.

[4
7
339. 94/10
341. (y+5)% =-8x+32

o+tD?  +2)?
345. e = %, ellipse

¥ 2
347. X+ X —1,e=0.2447
19.032  19.632
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Index
A

absolute convergence 441
absolute error 280

air resistance 356

Airy’s equation 520

algebraic function 233
alternating series 437
alternating series test 439
angular coordinate 567
annuities 494

annuity payments 534

aphelion 55

arclength 150

Archimedean spiral 577
Archimedes 6

area density 163

area under the curve 16
arithmetic sequence 375
asymptotically semi-stable
solution 321

asymptotically stable solution 321
asymptotically unstable solution
321

autonomous differential equation
334

average value of the function 35

B
bald eagle 70
binomial series 514

bounded above 386

bounded below 386
bounded sequence 386

[ex(e))

C

carbon dating 209

cardioid 575

carrying capacity 345
catenary 219

center of mass 178

centroid 181

chambered nautilus 535, 576
change of variables 75
cissoid of Diocles 591
comparison test 426
compound interest 205
computer algebra systems (CAS)
272

conditional convergence 441
conic section 592
convergence of a series 396
convergent sequence 378
coupon collector’s problem 425
cross-section 119

curtate cycloid 547

cusps 544

cycloid 543

D

deceleration 69

definite integral 24

density function 162
differential equation 308
direction field (slope field) 319
directrix 592

discriminant 606

disease epidemics 332

disk method 125
displacement 29, 57
divergence of a series 396
divergence test 414
divergent sequence 378
doubling time 207

drugs in the bloodstream 342
dummy variable 6, 24

E

Earth's orbit 536
eccentricity 603
elliptic integral 523
epitrochoid 550
equilibrium solution 321
Euler transform 448
Euler’'s constant 407
Euler's formula 534
Euler's Method 325
evaluation theorem 46
even function 61
explicit formulas 374
exponential decay 207
exponential growth 204

F
fave 35

federal income tax 70

Fibonacci numbers 389

focal parameter 604

focus 592

Fresnel integrals 529

fruit flies 88

frustum 154

Fundamental Theorem of Calculus
41

Fundamental Theorem of Calculus,
Part1 43

Fundamental Theorem of Calculus,
Part2 46

G

Gabriel's Horn 290
general form 594

general solution 309

Index 727

geometric sequence 375
geometric series 400
golden ratio 390
Gompertz equation 355
growth of bacteria 87
growth rate 344

H

half-life 209

hanging cables 219
harmonic series 398
Hooke's law 166
Hoover Dam 173
hydrostatic pressure 170
hypocycloid 543

I

iceboat 60

improper integral 288
indefinite integrals 237
index 6

index variable 374

infinite sequence 374
infinite series 396

initial population 344
initial value 310

initial velocity 313
initial-value problem 310
integrable function 24
integral test 415
integrand 24

integrating factor 359
integration by parts 232
integration by substitution 74
integration tables 272
interval of convergence 472

J

joule 165

K

Koch’s snowflake 40

L

lamina 181

Laplace transform 298, 301
left-endpoint approximation 10
Leibniz 24

limagon 575

limit comparison test 430
limit of the sequence 378
limits of integration 24

linear 357

logarithmic function 233
logistic differential equation 345
lower sum 17
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M

Maclaurin polynomials 499
Maclaurin series 498

major axis 596

Mean Value Theorem for Integrals
41

method of cylindrical shells. 140
method of equating coefficients
264

method of exhaustion 6
method of strategic substitution
264

midpointrule 277

minor axis 597

moment 178

monotone sequence 387

N

nappes 591

net change theorem 57

net signed area 28

Newton 41

Newton’s law of cooling 208, 339
Newton’s second law of motion
312

nonelementary integral 521
numerical integration 276

o

odd function 61

order of a differential equation
309

orientation 538

P

p-series 419

parameter 537
parameterization of a curve 542
parametric curve 537
parametric equations 537

partial fraction decomposition 262

partial sum 396
particular solution 310
partition 10

Pascal’s principle 171
pascals 170
perihelion 55

phase line 345

Access for free at openstax.org

polar axis 569

polar coordinate system 566
polar equations 573

pole 569

Population growth 204
power reduction formulas 248
power series 470
power-reducing identities 242
present value 485
price-demand function 85
probability 291

probability density function 301
prolate cycloid 548

R

radial coordinate 567
radial density 163

radius of convergence 472
Ramanujan 458

rate of change 57

ratio test 449

rational functions 262
RCcircuit 364

recurrence relation 374, 374
regular partition 10
relative error 280
remainder estimate 421
Riemannsum 16
Riemann sums 276

right-endpoint approximation 11

root test 452
rose 575

S

separable differential equation
334

separation of variables 334
Sierpinski triangle 413

sigma notation 6
simple interest 205
Simpson’s rule 282
skydiver 50
slicing method
smooth 150
solid of revolution 122

solution concentrations 337
solution curve 320

solution to a differential equation

U

—
—

308

space-filling curves 544

spring constant 166

standard form 358, 593

step size 324

summation notation 6

sums and powers of integers 8
Surface area 153

symmetry 578

symmetry principle 181

T

Taylor polynomials 498

Taylor series 498

Taylor's theorem with remainder
503

telescoping series 406

term 374

term-by-term differentiation of a
power series 489
term-by-term integration of a
power series 489

theorem of Pappus for volume
189

threshold population 352

total area 30

Tour de France 67

traffic accidents 291
trapezoidal rule 278
trigonometric integrals 241
trigonometric substitution 250

U

unbounded sequence 386
upper sum 17

\')

variable of integration 24
velocity 57
vertex 592
von Bertalanffy growth 412

w

washer method 130
wingsuits 51
witch of Agnesi 545
work 165
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