6 * Introduction

Figure 6.1 Hurricanes form from rotating winds driven by warm temperatures over the ocean. Meteorologists forecast
the motion of hurricanes by studying the rotating vector fields of their wind velocity. Shown is Cyclone Catarina in the
South Atlantic Ocean in 2004, as seen from the International Space Station. (credit: modification of work by NASA)
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-/ Introduction

Hurricanes are huge storms that can produce tremendous amounts of damage to life and property, especially when they
reach land. Predicting where and when they will strike and how strong the winds will be is of great importance for
preparing for protection or evacuation. Scientists rely on studies of rotational vector fields for their forecasts (see

Example 6.3).

In this chapter, we learn to model new kinds of integrals over fields such as magnetic fields, gravitational fields, or
velocity fields. We also learn how to calculate the work done on a charged particle traveling through a magnetic field, the
work done on a particle with mass traveling through a gravitational field, and the volume per unit time of water flowing
through a net dropped in a river.

All these applications are based on the concept of a vector field, which we explore in this chapter. Vector fields have
many applications because they can be used to model real fields such as electromagnetic or gravitational fields. A deep
understanding of physics or engineering is impossible without an understanding of vector fields. Furthermore, vector
fields have mathematical properties that are worthy of study in their own right. In particular, vector fields can be used to
develop several higher-dimensional versions of the Fundamental Theorem of Calculus.
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576 6 Vector Calculus

6.1 Vector Fields

Learning Objectives
6.1.1 Recognize a vector field in a plane or in space.
6.1.2 Sketch a vector field from a given equation.
6.1.3 Identify a conservative field and its associated potential function.

Vector fields are an important tool for describing many physical concepts, such as gravitation and electromagnetism,
which affect the behavior of objects over a large region of a plane or of space. They are also useful for dealing with large-
scale behavior such as atmospheric storms or deep-sea ocean currents. In this section, we examine the basic definitions
and graphs of vector fields so we can study them in more detail in the rest of this chapter.

Examples of Vector Fields

How can we model the gravitational force exerted by multiple astronomical objects? How can we model the velocity of
water particles on the surface of a river? Figure 6.2 gives visual representations of such phenomena.

Figure 6.2(a) shows a gravitational field exerted by two astronomical objects, such as a star and a planet or a planet and
a moon. At any point in the figure, the vector associated with a point gives the net gravitational force exerted by the two
objects on an object of unit mass. The vectors of largest magnitude in the figure are the vectors closest to the larger
object. The larger object has greater mass, so it exerts a gravitational force of greater magnitude than the smaller object.

Figure 6.2(b) shows the velocity of a river at points on its surface. The vector associated with a given point on the river’s
surface gives the velocity of the water at that point. Since the vectors to the left of the figure are small in magnitude, the
water is flowing slowly on that part of the surface. As the water moves from left to right, it encounters some rapids
around a rock. The speed of the water increases, and a whirlpool occurs in part of the rapids.
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6.1« Vector Fields

(b)

Figure 6.2 (a) The gravitational field exerted by two astronomical bodies on a small object. (b) The vector velocity field of
water on the surface of a river shows the varied speeds of water. Red indicates that the magnitude of the vector is
greater, so the water flows more quickly; blue indicates a lesser magnitude and a slower speed of water flow.

Each figure illustrates an example of a vector field. Intuitively, a vector field is a map of vectors. In this section, we study
vector fields inR % and R 3.

Definition

Avector field FinR 2 is an assignment of a two-dimensional vector F (x, y) to each point (x, y) of a subset D of R 2,
The subset D is the domain of the vector field.
Avector field FinR 3 is an assignment of a three-dimensional vector F (x, y, z) to each point (x, y, z) of a subset D of

R 3. The subset D is the domain of the vector field.

Vector Fields in R2

Avector field inR 2 can be represented in either of two equivalent ways. The first way is to use a vector with components

that are two-variable functions:
6.1
F(x,y) = (P(x, ), 0(x, ). ©n
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578 6 Vector Calculus

The second way is to use the standard unit vectors:
F(x,y) = P(x, )i+ O(x, y)j.

A vector field is said to be continuous if its component functions are continuous.

EXAMPLE 6.1

Finding a Vector Associated with a Given Point

(6.2)

LetF(x,y) = (2y2 + x — 4)i + cos(x)j be a vector field in R 2 Note that this is an example of a continuous vector field
since both component functions are continuous. What vector is associated with point (0, —1)?

Solution
Substitute the point values for xand y:

F0,1) = 2(=1)% +0—4)i + cos(0)j
=-2i+]j.

6.1 Let G (x,y) = xzyi — (x + y) j be a vector field in R 2 What vector is associated with the point (=2, 3)?

Drawing a Vector Field

We can now represent a vector field in terms of its components of functions or unit vectors, but representing it visually
by sketching it is more complex because the domain of a vector field is in R 2 asisthe range. Therefore the “graph” of a

vector field in R 2 lives in four-dimensional space. Since we cannot represent four-dimensional space visually, we instead

draw vector fields inR 2 in a plane itself. To do this, draw the vector associated with a given point at the point in a plane.

For example, suppose the vector associated with point (4, —1) is (3, 1) . Then, we would draw vector (3, 1) at point

We should plot enough vectors to see the general shape, but not so many that the sketch becomes a jumbled mess. If
we were to plot the image vector at each point in the region, it would fill the region completely and is useless. Instead,
we can choose points at the intersections of grid lines and plot a sample of several vectors from each quadrant of a

rectangular coordinate system in R 2,

There are two types of vector fields in R 2 on which this chapter focuses: radial fields and rotational fields. Radial fields

model certain gravitational fields and energy source fields, and rotational fields model the movement of a fluid in a
vortex. In a radial field, all vectors either point directly toward or directly away from the origin. Furthermore, the
magnitude of any vector depends only on its distance from the origin. In a radial field, the vector located at point (x, y) is
perpendicular to the circle centered at the origin that contains point (x, y), and all other vectors on this circle have the
same magnitude.

EXAMPLE 6.2

Drawing a Radial Vector Field
y

Sketch the vector field F(x, y) = Ji+ 5.

Solution
To sketch this vector field, choose a sample of points from each quadrant and compute the corresponding vector. The
following table gives a representative sample of points in a plane and the corresponding vectors.

(x,¥) F(x,y) (x,¥) F(x,y) | (x,») F(x,y)

)

1,0) | ($.0) | @0 |0y | @D (3.

0=
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6.1+ Vector Fields 579

o0 |01y 102 O | LD | {(-3.3)
=L0) | (-1.0) | (=2.0) | (-1,0) | (=L.=D) | (-1.-3)
©,-1) | (0.=2) | 0,=2) | (0,-1) | (1,=1) | ($.-1)

Figure 6.3(a) shows the vector field. To see that each vector is perpendicular to the corresponding circle, Figure 6.3(b)

shows circles overlain on the vector field.
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Figure 6.3 (a) A visual representation of the radial vector field F(x, y) = %i + %j. (b) The radial vector field

F(x,y) = %i + %j with overlaid circles. Notice that each vector is perpendicular to the circle on which it is located.

6.2 Draw the radial field F(x, y) = —3i — %j.

In contrast to radial fields, in a rotational field, the vector at point (x, y) is tangent (not perpendicular) to a circle with
radius r = 1/x2 + y2. In a standard rotational field, all vectors point either in a clockwise direction or in a
counterclockwise direction, and the magnitude of a vector depends only on its distance from the origin. Both of the
following examples are clockwise rotational fields, and we see from their visual representations that the vectors appear
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to rotate around the origin.

6.1« Vector Fields

EXAMPLE 6.3

Chapter Opener: Drawing a Rotational Vector Field

Sketch the vector field F (x, y) = (y,

) Solution

Figure 6.4
—X).

(credit: modification of work by NASA)

Create a table (see the one that follows) using a representative sample of points in a plane and their corresponding
vectors. Figure 6.6 shows the resulting vector field.

.y | Fy | Gy | FGoy | (%) F(x,y)
(1,0) 0,-1) | (2,0) 0,-2) | (1,1 (1,-1)
©,1) (1,0) ©0,2) (2,0) -1 (1,1)
(-=1,0) | (0,1) (=2,0) | (0,2) L= | (-1, 1)
0,-1) | (=1,0) | (0,=2) | (=2,0) | (1,-1) (=1,-1)
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Figure 6.5 (a) A visual representation of vector field F (x, y) = (y, —x) . (b) Vector field F (x, y) = (y, —x) with circles
centered at the origin. (c) Vector F (a, b) is perpendicular to radial vector {a, b) at point (a, b) .

@ Analysis
Note that vector F (a, b) = (b, —a) points clockwise and is perpendicular to radial vector {a, b) . (We can verify this

assertion by computing the dot product of the two vectors: {a, b) - (—b, a) = —ab + ab = 0.) Furthermore, vector (b, —a)

has length » = v/a? + b2. Thus, we have a complete description of this rotational vector field: the vector associated with
point (a, b) is the vector with length rtangent to the circle with radius r, and it points in the clockwise direction.

Sketches such as that in Figure 6.6 are often used to analyze major storm systems, including hurricanes and cyclones. In

the northern hemisphere, storms rotate counterclockwise; in the southern hemisphere, storms rotate clockwise. (This is
an effect caused by Earth'’s rotation about its axis and is called the Coriolis Effect.)

EXAMPLE 6.4

Sketching a Vector Field
y

Sketch vector field F(x, y) = ——
xX“+y

: x
l —_——
x2+y2 ]

) Solution

N

To visualize this vector field, first note that the dot product F(a, b) - (ai + bj) is zero for any point (a, b) . Therefore, each
vector is tangent to the circle on which it is located. Also, as (a, b) — (0, 0), the magnitude of F (a, b) goes to infinity. To

see this, note that

[IF (a,b)|| =
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Since

1
a2+b2

6.1« Vector Fields

— 0 as (a,b) - (0,0), then ||F (a, b)|| = ® as (a, b) — (0,0). This vector field looks similar to the vector

field in Example 6.3, but in this case the magnitudes of the vectors close to the origin are large. The table below shows a
sample of points and the corresponding vectors, and Figure 6.6 shows the vector field. Note that this vector field models

the whirlpool motion of the river in Figure 6.2(b). The domain of this vector field is all of R 2 except for point (0,0) .

—=— j. This vector field could be used to model

.y | F&xy | ey | Fy | (x) F(x,y)
1 1 1
o) |-y |-y |an | (-1
1 1 1
O | Loy [0 |(Lo) | | (L)
1 1 1
Lo | .1 |20 | (0.d) | 1-n | (-1.1)
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Figure 6.6 A visual representation of vector field F(x, y) = ﬁi — x2j-y2

whirlpool motion of a fluid.

6.3

EXAMPLE 6.5

Sketch vector field F (x, y) = (—2y, 2x) . Is the vector field radial, rotational, or neither?

Velocity Field of a Fluid

Suppose that v (x, y) =

x2 + y2

2x
x2+y2

(Assume the units of speed are meters per second.)

) Solution

To find the velocity of the fluid at point (1, —1), substitute the point into v:

j is the velocity field of a fluid. How fast is the fluid moving at point (1, —1)?

583



584 6 Vector Calculus

2(_1)i+zﬂlj=i+j

l-1)=—
V=D =—T7i+ 7

The speed of the fluid at (1, —1) is the magnitude of this vector. Therefore, the speed is |[i + j|| = \/5 m/sec.

6.4 Vector field v(x, y) = (4 |x|, 1) models the velocity of water on the surface of a river. What is the speed of
the water at point (2, 3)? Use meters per second as the units.

We have examined vector fields that contain vectors of various magnitudes, but just as we have unit vectors, we can also
have a unit vector field. A vector field F is a unit vector field if the magnitude of each vector in the field is 1. In a unit
vector field, the only relevant information is the direction of each vector.

EXAMPLE 6.6

A Unit Vector Field

Show that the vector field F (x, y) = is a unit vector field.

y _ X
[x24y2 /x2+y2
Solution

To show that F is a unit field, we must show that the magnitude of each vector is 1. Note that

2 2
SR R S R A R <
2.2 2.2 x24y2 0 X242
x“+y x“+y
N
x2+y2

Therefore, F is a unit vector field.

6.5 Is vector field F (x, y) = (—y, x) a unit vector field?

Why are unit vector fields important? Suppose we are studying the flow of a fluid, and we care only about the direction in
which the fluid is flowing at a given point. In this case, the speed of the fluid (which is the magnitude of the
corresponding velocity vector) is irrelevant, because all we care about is the direction of each vector. Therefore, the unit
vector field associated with velocity is the field we would study.

IfF = (P, Q, R) is a vector field, then the corresponding unit vector field is <ﬁ % ﬁ> . Notice that if

F (x,y) = (y, —x) is the vector field from Example 6.3, then the magnitude of F is 1/x2 + y2, and therefore the
corresponding unit vector field is the field G from the previous example.

If Fis a vector field, then the process of dividing F by its magnitude to form unit vector field F/ ||F|| is called normalizing
the field F.

Vector Fields in R3

We have seen several examples of vector fields in R 2; let's now turn our attention to vector fields in R 3. These vector

fields can be used to model gravitational or electromagnetic fields, and they can also be used to model fluid flow or heat
flow in three dimensions. A two-dimensional vector field can really only model the movement of water on a two-
dimensional slice of a river (such as the river’s surface). Since a river flows through three spatial dimensions, to model
the flow of the entire depth of the river, we need a vector field in three dimensions.

The extra dimension of a three-dimensional field can make vector fields in R 3 more difficult to visualize, but the idea is

the same. To visualize a vector field inR 3, plot enough vectors to show the overall shape. We can use a similar method

Access for free at openstax.org



6.1« Vector Fields

to visualizing a vector field in R 2 by choosing points in each octant.

Just as with vector fields in R 2 we can represent vector fields in R 3 with component functions. We simply need an extra

component function for the extra dimension. We write either

F(x,3.2) = (P(x,3.2).0 (x.7.2). R (x.7.2)) (6:3)

or

EXAMPLE 6.7

Sketching a Vector Field in Three Dimensions
Describe vector field F (x,y,z) = (1,1, z) .

F(x,y,2)=P(x,y,2)i+ O (x,y,2)j+ R(x,y,2) k. (6.4)

Solution
For this vector field, the x and y components are constant, so every point in R 3 has an associated vector with x and y

components equal to one. To visualize F, we first consider what the field looks like in the xy-plane. In the xy-plane, z = 0.
Hence, each point of the form (a, b, 0) has vector (1, 1, 0) associated with it. For points not in the xy-plane but slightly
above it, the associated vector has a small but positive zcomponent, and therefore the associated vector points slightly
upward. For points that are far above the xy-plane, the zcomponent is large, so the vector is almost vertical. Figure 6.7
shows this vector field.

ol

Figure 6.7 A visual representation of vector field F (x, y,z) = (1, 1, z) .

6.6 Sketch vector field G (x, y, z) = <2,

).

[SS11]

In the next example, we explore one of the classic cases of a three-dimensional vector field: a gravitational field.

EXAMPLE 6.8

Describing a Gravitational Vector Field
Newton’s law of gravitation states that F = -G

mymy

2
gravitational field exerted by an object (object 1) of mass m; located at the origin on another object (object 2) of mass my
located at point (x, y, z) . Field F denotes the gravitational force that object 1 exerts on object 2, ris the distance between
the two objects, and T indicates the unit vector from the first object to the second. The minus sign shows that the
gravitational force attracts toward the origin; that is, the force of object 1 is attractive. Sketch the vector field associated
with this equation.

T, where G is the universal gravitational constant. It describes the
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586 6 ° Vector Calculus

) Solution
Since object 1 is located at the origin, the distance between the objects is given by r = 1/x2 + y2 4 z2. The unit vector
from object 1 to object 2is T = ”g’i’i;“ ,and hence T = (% % %) . Therefore, gravitational vector field F exerted by

object 1 on object 2 is
x y z
F=-Gmm <—,—,—>-
M2\ 33
This is an example of a radial vector field in R3.

Figure 6.8 shows what this gravitational field looks like for a large mass at the origin. Note that the magnitudes of the
vectors increase as the vectors get closer to the origin.
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Figure 6.8 A visual representation of gravitational vector field F = —Gm|m, <

x Y z

373073 > for a large mass at the origin.
.

~
<

6.7 The mass of asteroid 1 is 750,000 kg and the mass of asteroid 2 is 130,000 kg. Assume asteroid 1 is located
at the origin, and asteroid 2 is located at (15, —5, 10) , measured in units of 10 to the eighth power
kilometers. Given that the universal gravitational constant is G = 6.67384 X 1071 m3 kg’] s72, find the
gravitational force vector that asteroid 1 exerts on asteroid 2.

Gradient Fields

In this section, we study a special kind of vector field called a gradient field or a conservative field. These vector fields
are extremely important in physics because they can be used to model physical systems in which energy is conserved.
Gravitational fields and electric fields associated with a static charge are examples of gradient fields.

Recall that if f is a (scalar) function of xand y, then the gradient of f is
grad f = Vf = fi(x, Di+ fy(x, ).

We can see from the form in which the gradient is written that V f is a vector field in R 2, Similarly, if £ is a function of x,

v, and z, then the gradient of f is
grad f =V f = fx(x,y, 2)i+ fy(x,y, 2)j + fz(x, y, D)K.

The gradient of a three-variable function is a vector field in R 3,

A gradient field is a vector field that can be written as the gradient of a function, and we have the following definition.
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6.1+ Vector Fields 587

Definition

Avector field FinR2 orinR3 is a gradient field if there exists a scalar function f such that Vf = F.

EXAMPLE 6.9

Sketching a Gradient Vector Field
Use technology to plot the gradient vector field of f (x, y) = x%y2.

) Solution
The gradient of fis V f = <2xy2, 2x2y> . To sketch the vector field, use a computer algebra system such as
Mathematica. Figure 6.9 shows V f.
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Figure 6.9 The gradient vector field is V f, where f (x,y) = xzyz.

6.8 Use technology to plot the gradient vector field of f (x, y) = sin x cos y.

Consider the function f (x,y) = x2y2 from Example 6.9. Figure 6.11 shows the level curves of this function overlaid on
the function’s gradient vector field. The gradient vectors are perpendicular to the level curves, and the magnitudes of the
vectors get larger as the level curves get closer together, because closely grouped level curves indicate the graph is
steep, and the magnitude of the gradient vector is the largest value of the directional derivative. Therefore, you can see
the local steepness of a graph by investigating the corresponding function’s gradient field.
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Figure 6.10 The gradient field of f (x,y) = xzy2 and several level curves of f. Notice that as the level curves get closer
together, the magnitude of the gradient vectors increases.

As we learned earlier, a vector field F is a conservative vector field, or a gradient field if there exists a scalar function f
such that V f = F. In this situation, f is called a potential function for F. Conservative vector fields arise in many
applications, particularly in physics. The reason such fields are called conservative is that they model forces of physical
systems in which energy is conserved. We study conservative vector fields in more detail later in this chapter.

You might notice that, in some applications, a potential function f for F is defined instead as a function such that
—V f =F. This is the case for certain contexts in physics, for example.

EXAMPLE 6.10

Verifying a Potential Function
Is f(x,y,2) = x2yz — sin (xy) a potential function for vector field

F(x,y,z) = <2xyz — ycos(xy), x*z—x cos(xy), x2y>?

) Solution
We need to confirm whether V f = F. We have

Sx =2xyz—ycos(xy), fy = x*z— xcos(xy), and f; = x2y.

Therefore, Vf = F and f is a potential function for F.

6.9 Is f(x,y,z) = xzcos(yz) + y222 a potential function for
F(x,y,z) = <2x cos(yz), —x2z sin(yz) + 2yz2, y2 >?

EXAMPLE 6.11

Verifying a Potential Function

2 2 2
The velocity of a fluid is modeled by field v (x, y) = <xy, XT — y> . Verify that f(x,y) = % — yT is a potential function
forv.
) Solution

2
To show that f is a potential function, we must show that V f = v. Note that fy = xy and f) = XT — y. Therefore,

2
Vf= <xy, XT - y> and f is a potential function for v (Figure 6.11).
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Figure 6.11 Velocity field v (x, y) has a potential function and is a conservative field.

6.10 Verify that f (x,) = x*y? + x is a potential function for velocity field v (x, ) = (3x%)%,2x>y) .

If F is a conservative vector field, then there is at least one potential function f such that V f = F. But, could there be
more than one potential function? If so, is there any relationship between two potential functions for the same vector
field? Before answering these questions, let's recall some facts from single-variable calculus to guide our intuition. Recall
that if k (x) is an integrable function, then k has infinitely many antiderivatives. Furthermore, if Fand G are both
antiderivatives of k, then Fand G differ only by a constant. That is, there is some number Csuch that F (x) = G (x) + C.

Now let F be a conservative vector field and let f and g be potential functions for F. Since the gradient is like a
derivative, F being conservative means that F is “integrable” with “antiderivatives” f and g. Therefore, if the analogy with
single-variable calculus is valid, we expect there is some constant Csuch that f (x) = g(x) + C. The next theorem says
that this is indeed the case.

To state the next theorem with precision, we need to assume the domain of the vector field is connected and open. To be
connected means if P; and P, are any two points in the domain, then you can walk from P; to P, along a path that
stays entirely inside the domain.

Theorem 6.1

Uniqueness of Potential Functions
Let F be a conservative vector field on an open and connected domain and let f and g be functions such that Vf = F
and Vg = F. Then, there is a constant Csuch that f = g + C.

Proof
Since f and g are both potential functions for F, then V(f —g) =Vf - Vg=F —F =0. Let h = f — g, then we have
Vh = 0. We would like to show that his a constant function.

Assume his a function of x and y (the logic of this proof extends to any number of independent variables). Since Vi = 0,
we have hy = 0 and hy, = 0. The expression hy = 0 implies that his a constant function with respect to x—that is,
h(x,y) = ki (y) for some function k. Similarly, h,, = 0 implies & (x, y) = kj (x) for some function k. Therefore, function
h depends only on y and also depends only on x. Thus, h (x, y) = C for some constant C on the connected domain of F.
Note that we really do need connectedness at this point; if the domain of F came in two separate pieces, then k could be
a constant C; on one piece but could be a different constant C, on the other piece. Since f — g = h = C, we have that
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590 6 ¢ Vector Calculus

f =g+ C, as desired.
O

Conservative vector fields also have a special property called the cross-partial property. This property helps test whether
a given vector field is conservative.

Theorem 6.2

The Cross-Partial Property of Conservative Vector Fields
Let F be a vector field in two or three dimensions such that the component functions of F have continuous first-order
partial derivatives on the domain of F.

If F(x, y) = (P(x, y), O(x, y)) is a conservative vector field in R 2, then %—y = %. If
F(x,y,z)=(P(x,y,2),0(x,y,2), R(x,y, z)) is a conservative vector field in R3, then

0P 00 00 OR a JR 0P
— = —,— = —,and — = —.
dy dx 0z dy dx 0z

Proof
Since F is conservative, there is a function f(x, y) such that V f = F. Therefore, by the definition of the gradient, fx = P
and f, = Q. By Clairaut’s theorem, fy, = fyx, But, fx, = Py and fyx = Qx, and thus P, = Q.

O
Clairaut’s theorem gives a fast proof of the cross-partial property of conservative vector fields in R 3, just as it did for

vector fields in R 2.

The Cross-Partial Property of Conservative Vector Fields shows that most vector fields are not conservative. The cross-
partial property is difficult to satisfy in general, so most vector fields won't have equal cross-partials.

EXAMPLE 6.12

Showing a Vector Field Is Not Conservative
Show that rotational vector field F (x, y) = (y, —x) is not conservative.

) Solution
Let P(x,y) = yand QO (x, y) = —x. If Fis conservative, then the cross-partials would be equal—that is, P, would equal
Q. Therefore, to show that F is not conservative, check that P, # Qy. Since P, = 1 and Qx = —1, the vector field is not

conservative.

6.11 Show that the vector field F (x, y) = yi — xzxyj is not conservative.

EXAMPLE 6.13

Showing a Vector Field Is Not Conservative
Is vector field F (x, y, z) = (7, -2,x3 > conservative?

) Solution

Let P(x,y,z)=7,0(x,y,z) = =2,and R(x, y,z) = x3. If F is conservative, then all three cross-partial equations will be
satisfied—that is, if F is conservative, then P, would equal Oy, Q; would equal Ry, and Rx would equal P;. Note that
Py, = Ox = Ry = Q7 =0, so the first two necessary equalities hold. However, Ry = 3x2 and P, =0so Ry # P;.
Therefore, F is not conservative.

6.12 Is vector field G (x, y, z) = (y, x, xyz) conservative?
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6.1« Vector Fields

We conclude this section with a word of warning: The Cross-Partial Property of Conservative Vector Fields says that if F is
conservative, then F has the cross-partial property. The theorem does not say that, if F has the cross-partial property,
then F is conservative (the converse of an implication is not logically equivalent to the original implication). In other
words, The Cross-Partial Property of Conservative Vector Fields can only help determine that a field is not conservative; it

3
does not let you conclude that a vector field is conservative. For example, consider vector field F(x, y) = <x2 V, XT> .

This field has the cross-partial property, so it is natural to try to use The Cross-Partial Property of Conservative Vector
Fields to conclude this vector field is conservative. However, this is a misapplication of the theorem. We learn later how to
conclude that F is conservative.

L

SECTION 6.1 EXERCISES

1. The domain of vector field
F =F (x,y) is a set of points
(x,y) in a plane, and the
range of F is a set of whatin
the plane?

For the following exercises, determine whether the statement is true or false.

2. Vector field F = <3x2, 1> is 3. Vector field F = o is 4. Vector field F = o is

24,2 24,2
a gradient field for both x“+y x=+y
@1 (x,y) = x3 + yand constant in direction and neither a radial field nor a
dr (x,y)=y+ x3 +100. magnitude on a unit circle. rotation.

For the following exercises, describe each vector field by drawing some of its vectors.

5. [MF(x,y) =xi+yj 6. [MF(x,y) =—yi+xj 7. MF(x,y) =xi—yj
8. [MF(kx,y)=i+j 9. [T1F(x,y) =2xi+ 3yj 10. [T1F(x,y) =3i+ xj
11. [T]1F(x,y) = yi + sin xj 12. [T] 13. [T]
F(x,y,z) = xi+ yj + zk F(x,y,z) = 2xi—2yj — 2zk

14. MF(x,y,z)=2i-2j

For the following exercises, find the gradient vector field of each function f.
15. f(x,y) =xsiny+cosy 16. f(x,y,z) = ze ™V 17. f(x,y,z)=x2y+xy+y2z
18. f(x,y)=xzsin(5y) 19. f(x,y):ln(1+x2+2y2) 20. f(x,y,z):xcos(y)

zZ
21. What is vector field F (x, y)
with a value at (x, y) that is
of unit length and points
toward (1,0)?

For the following exercises, write formulas for the vector fields with the given properties.

22. All vectors are parallel to 23. Allvectors point toward the  24. All vectors are of unit
the x-axis and all vectors origin and have constant length and are
on a vertical line have the length. perpendicular to the
same magnitude. position vector at that

point.
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e n oo

25. Give a formula 26. Is vector field
F(x,y) = M(x, )i+ N(x, p)j F(x,y) = (P(x, ), 0(x,y)) = (sinx + y)i+ (cos y + x) j
for the vector field in a plane a gradient field?

that has the properties that
F =0at (0,0) and that at
any other point (a, b), Fis
tangent to circle

x2+y2 =a% + b* and
points in the clockwise
direction with magnitude

|IF||= Va2 + b2.

27. Find a formula for vector
field
F(x,y) = M(x, p)i+ N(x, y)j
given the fact that for all
points (x, y), F points toward

the origin and ||F||= = .
ginand |IF|= —'%;

For the following exercises, assume that an electric field in the xy-plane caused by an infinite line of charge along the

x-axis is a gradient field with potential function V' (x, y) = cIn (—"0 , wherec > 0 is a constantandrg is a
x2+y2

reference distance at which the potential is assumed to be zero.
28. Find the components of 29. Show that the electric field

the electric field in the x- at a point in the xy-plane is

and y~directions, where directed outward from the

E(x,y)=-VV(x,y). origin and has magnitude

IIE||= 7

T

A flow line (or streamline) of a vector field F is a curver (t) such that dr/dt = F (xr (t)) . IfF represents the velocity field of
a moving particle, then the flow lines are paths taken by the particle. Therefore, flow lines are tangent to the vector field.
For the following exercises, show that the given curve c (t) is a flow line of the given velocity vector field F (x, y, z) .

30. c(t)=(eZ’,lnltl,%),t#O;F(x,y,z)=<2x,z,—zz> 31. c(t)=(sint,cost,e’);F(x,y,Z)=(y,—x,z)

For the following exercises, letF = xi + yj, G = —yi + xj, and H = xi — yj. Match F, G, and H with their graphs.

32 ; 33, . 34, 1
t Wy 43 ., w % & i & 7 -
/ -l ] . |
# / " z-i_ - W .-. ' 3+ - - w LY 2+ i &5 & -
N # 1 " T 1
J s 1% 5% N - o ?E o - = w wil & & = -
i | - P I I - |
; — i b i e = ’J'r % Sk G — - - n‘t [ il
B 2§ 3= =1 I:I: 1 ‘?"]- 4, 5% & —f =3 =3 =} i 1- 2 3 4 5%
PR L S - | I ——— - - - - * LY w = -
i 'l / 5.4 -3 2 -1 O L 2 3 & &N ‘|
'.". 7 . J - - 'L].IL P - - £ F l_zf NN N -
LT - p= - Sl -, w5 - - R % LN -
3| }: :;i_
= L T | I ¢ I’
3l
8 .

For the following exercises, letF = xi + yj, G = —yi + xj, and H = xi- yj. Match the vector fields with their graphs in
@O -av).

F+G
F+H
G+H
-F+G
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6.2 Line Integrals

Learning Objectives
6.2.1 Calculate a scalar line integral along a curve.
6.2.2 Calculate a vector line integral along an oriented curve in space.
6.2.3 Use a line integral to compute the work done in moving an object along a curve in a vector field.
6.2.4 Describe the flux and circulation of a vector field.

b
We are familiar with single-variable integrals of the form / f (x) dx, where the domain of integration is an interval
a

[a, b] . Such an interval can be thought of as a curve in the xy-plane, since the interval defines a line segment with
endpoints (a, 0) and (b, 0)—in other words, a line segment located on the x-axis. Suppose we want to integrate over any

curve in the plane, not just over a line segment on the x-axis. Such a task requires a new kind of integral, called a line
integral.

Line integrals have many applications to engineering and physics. They also allow us to make several useful

generalizations of the Fundamental Theorem of Calculus. And, they are closely connected to the properties of vector
fields, as we shall see.

Scalar Line Integrals

Aline integral gives us the ability to integrate multivariable functions and vector fields over arbitrary curves in a plane
or in space. There are two types of line integrals: scalar line integrals and vector line integrals. Scalar line integrals are
integrals of a scalar function over a curve in a plane or in space. Vector line integrals are integrals of a vector field over a
curve in a plane or in space. Let's look at scalar line integrals first.

A scalar line integral is defined just as a single-variable integral is defined, except that for a scalar line integral, the
integrand is a function of more than one variable and the domain of integration is a curve in a plane or in space, as
opposed to a curve on the x-axis.

For a scalar line integral, we let Cbe a smooth curve in a plane or in space and let f be a function with a domain that
includes C. We chop the curve into small pieces. For each piece, we choose point P in that piece and evaluate f at P. (We
can do this because all the points in the curve are in the domain of f.) We multiply f (P) by the arc length of the piece
As, add the product f (P) As over all the pieces, and then let the arc length of the pieces shrink to zero by taking a limit.
The result is the scalar line integral of the function over the curve.

For a formal description of a scalar line integral, let C be a smooth curve in space given by the parameterization
r()={(x@),y),z()),a <t <b. Let f(x,y,z)be afunction with a domain that includes curve C. To define the line
integral of the function f over C, we begin as most definitions of an integral begin: we chop the curve into small pieces.
Partition the parameter interval [a, b] into n subintervals [ti_l,ti] of equal width for1 <i < n,wheretg =aandt, =b
(Figure 6.12). Let 7} be a value in the ith interval [t,»_l, ti] . Denote the endpoints of r (¢y) ,r (t1),...,r (t,) by Py,..., P,.
Points P; divide curve C into n pieces Cy, Cs,..., Cy, with lengths Asy, Asy,..., As,, respectively. Let P* denote the
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594 6+ Vector Calculus

endpoint of r(r}) for 1 < i < n. Now, we evaluate the function f at point P for 1 <i < n. Note that P is in piece C;,

and therefore P is in the domain of f. Multiply f (Pl*) by the length As; of C;, which gives the area of the “sheet” with

base C;, and height f (Pl*) . This is analogous to using rectangles to approximate area in a single-variable integral. Now,
n

we form the sum Z f (P[*) As;. Note the similarity of this sum versus a Riemann sum; in fact, this definition is a
i=1
generalization of a Riemann sum to arbitrary curves in space. Just as with Riemann sums and integrals of form

b
/ g (x) dx, we define an integral by letting the width of the pieces of the curve shrink to zero by taking a limit. The
a

result is the scalar line integral of f along C.s

¥4

x
Figure 6.12 Curve C has been divided into n pieces, and a point inside each piece has been chosen.

You may have noticed a difference between this definition of a scalar line integral and a single-variable integral. In this
definition, the arc lengths Asy, Asy,..., As, aren't necessarily the same; in the definition of a single-variable integral, the
curve in the x-axis is partitioned into pieces of equal length. This difference does not have any effect in the limit. As we
shrink the arc lengths to zero, their values become close enough that any small difference becomes irrelevant.

Definition

Let f be a function with a domain that includes the smooth curve C that is parameterized by
r(t)=(x@),y@),z()),a <t <b. The scalarline integral of f along Cis

¥, z)ds = li y P*) As; (6.5)
/Cf(xyZ)s im Y 7 (Py) As

n—o j—|

if this limit exists (] and As; are defined as in the previous paragraphs). If Cis a planar curve, then Ccan be
represented by the parametric equations x = x (t),y = y(t),and a <t < b. If Cis smooth and f (x, y) is a function of
two variables, then the scalar line integral of f along Cis defined similarly as

/f(x,y)ds = lim ) f(PF)Asi,
©

n—o j=1

if this limit exists.

If fis a continuous function on a smooth curve C, then / fds always exists. Since / fds is defined as a limit of
c C

b
Riemann sums, the continuity of f is enough to guarantee the existence of the limit, just as the integral / g(x)dx
a
exists if g is continuous over [a, b] .

Before looking at how to compute a line integral, we need to examine the geometry captured by these integrals.
Suppose that f (x, y) > 0 for all points (x, y) on a smooth planar curve C. Imagine taking curve C and projecting it “up”
to the surface defined by f (x, y), thereby creating a new curve C’ that lies in the graph of f (x, y) (Figure 6.13). Now we
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drop a “sheet” from C’ down to the xy-plane. The area of this sheet is / f(x,y)ds. If f(x,y) <0 for some pointsin C,
c

then the value of/ f(x,y)ds is the area above the xy-plane less the area below the xy-plane. (Note the similarity with
Cc

b
integrals of the form / g(x)dx.)
a

o
1-::.n1.__:'-x-_';£- -

i

o 20y

Figure 6.13 The area of the blue sheet is / f(x,y)ds.
c

From this geometry, we can see that line integral / f (x,y)ds does not depend on the parameterization r (¢) of C. As
c

long as the curve is traversed exactly once by the parameterization, the area of the sheet formed by the function and the
curve is the same. This same kind of geometric argument can be extended to show that the line integral of a three-
variable function over a curve in space does not depend on the parameterization of the curve.

EXAMPLE 6.14

Finding the Value of a Line Integral

Find the value of integral / 2ds, where C is the upper half of the unit circle.
Cc

) Solution
The integrand is f (x,y) = 2. Figure 6.14 shows the graph of f (x, y) = 2, curve C, and the sheet formed by them. Notice

that this sheet has the same area as a rectangle with width 7 and length 2. Therefore, / 2ds = 2r.
c

Figure 6.14 The sheet that is formed by the upper half of the unit circle in a plane and the graph of f (x,y) = 2.

To see that / 2ds = 2z using the definition of line integral, we let r () be a parameterization of C. Then, f(r(#;)) =2
c
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for any number ¢; in the domain of r. Therefore,

Jofds = 1im X0, f (v () As;

n— 00

n— o
21im 3, As;

n—o

= 2 (length of C)

=2r.

6.13 Find the value of/ (x + y)ds, where C'is the curve parameterized by x =1,y = 1,0 <t < 1.
c

Note that in a scalar line integral, the integration is done with respect to arc length s, which can make a scalar line

integral difficult to calculate. To make the calculations easier, we can translate / fds to an integral with a variable of
c

integration that is t.

Letr(t) = (x(1),y(®),z()) fora <t < bbe a parameterization of C. Since we are assuming that C is smooth,

r @)= (x’ ®,y @®,7 (t)) is continuous for all ¢ in [a, b] . In particular, x' (¢), ' (t), and z’ (¢) exist for all ¢ in [a, b] .

According to the arc length formula, we have

t
length (C;) = As; = / e )|l dt.
fi—1

i

If width At; = t; — t;_; is small, then function / " @l dr =01 (¢3)]|Ati, Ie” ()] is almost constant over the
Ti—1

interval [1;_1,1;] . Therefore,

t.
/ DI @lldr ~ ||Y @) A,
t

i—1

and we have

n n
N e nasi = Y faa) |[F @] A, ©6)
i=1 i=1
See Figure 6.15.
At o =
-‘H""\-u.
Curve C e

Small segment of
curve 15 almost inear

Figure 6.15 If we zoom in on the curve enough by making At; very small, then the corresponding piece of the curve is
approximately linear.

Note that

n b
im Y foee) @) An = / FE@) I @) dr.

n—0 j=1
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n
In other words, as the widths of intervals [¢;_;, ;] shrink to zero, the sum Z fa@)) ||’ (@)|| At; converges to the
i=1

b
integral / F@@®) I’ @] dt. Therefore, we have the following theorem.
a
Theorem 6.3

Evaluating a Scalar Line Integral
Let f be a continuous function with a domain that includes the smooth curve C with parameterizationr (#),a <t < b.

Then
b
[;Ms=/mf@mHWOmdt ©7)

Although we have labeled Equation 6.6 as an equation, it is more accurately considered an approximation because we
can show that the left-hand side of Equation 6.6 approaches the right-hand side as n — . In other words, letting the
widths of the pieces shrink to zero makes the right-hand sum arbitrarily close to the left-hand sum. Since

I 0l = /& @F + (' 0 + & @
we obtain the following theorem, which we use to compute scalar line integrals.
Theorem 6.4
Scalar Line Integral Calculation

Let f be a continuous function with a domain that includes the smooth curve C with parameterization
r(t)={(x@,y@),z()),a<t<b Then

b
/Cf(x,y, 2)ds =/ 12030) \/(x’ 0) + (Y 0) + (2 ®) .

(6.8)

Similarly,

b
[ remas= [ reon/ o) + 0 o)
© a

if Cis a planar curve and f is a function of two variables.

Note that a consequence of this theorem is the equation ds = ||/ (¢)|| dt. In other words, the change in arc length can be
viewed as a change in the t domain, scaled by the magnitude of vector r’ ().

EXAMPLE 6.15

Evaluating a Line Integral

Find the value of integral / (x2 +y7 + z) ds, where C is part of the helix parameterized by r (f) = (cos t,sint,1),
c

0<t<2nm.

Solution
To compute a scalar line integral, we start by converting the variable of integration from arc length s to t. Then, we can
use Equation 6.8 to compute the integral with respect to t. Note that f (r (¢)) = cos?t +sin’t +7=1+rand

VE O+ 0) + (2 0) = Vsin@) +cos? () + 1
_\a

Therefore,
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2
/(x2+y2+z)ds=/ (1+1)+/2dr.
c

0
Notice that Equation 6.8 translated the original difficult line integral into a manageable single-variable integral. Since

2z 2z
/ (1+1)y/2dt = \/§t+\/§t2]
0 0

2

= 2\/§7r + 2\/57[2,

we have

/ (x2 +y2 +z) ds = 2\/§7r+2\/§7rz.
C

6.14 Evaluate / (x2 +y2 + z) ds, where Cis the curve with parameterization
c

r () = (sin(31),cos (31),1),0 < t < 2.

EXAMPLE 6.16

Independence of Parameterization
Find the value of integral / (x2 + y2 + z) ds, where C is part of the helix parameterized by
Cc

r(t) = (cos (2t),sin (2t),2¢t),0 < t < z. Notice that this function and curve are the same as in the previous example; the
only difference is that the curve has been reparameterized so that time runs twice as fast.

) Solution
As with the previous example, we use Equation 6.8 to compute the integral with respect to t. Note that
£ @ ®) = cos? (21) + sin? 2t)+2t=2t+1and

VE O + (0 0) +@ 02 = st +cosi+4)
=22
so we have
/ (x* +* +z) ds =2ﬁ/”(1+2t)dt
C 0

=22t + %]
=2\/§(7r+7rz).

Notice that this agrees with the answer in the previous example. Changing the parameterization did not change the
value of the line integral. Scalar line integrals are independent of parameterization, as long as the curve is traversed
exactly once by the parameterization.

6.15 Evaluate line integral / (x2 + yz) ds, where C is the line with parameterization
C
r(t) = (2t,5t,—t),0 <t < 10. Reparameterize Cwith parameterization s(t) = (4¢,10¢,-2t) ,0 <t < 5,
recalculate line integral / (x2 + yz) ds, and notice that the change of parameterization had no effect on
C

the value of the integral.

Now that we can evaluate line integrals, we can use them to calculate arc length. If f(x,y, z) = 1, then
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Jo [oy.2)ds = lim T, f(P) As;

n—oo

lim Y7 | As;

n—o

lim length (C)

n— oo

= length (C).

Therefore, / 1ds is the arc length of C.
C

EXAMPLE 6.17

Calculating Arc Length
A wire has a shape that can be modeled with the parameterization r (¢) = (cos t,8int, %13’2> ,0 <t <4r. Find the
length of the wire.

Solution

The length of the wire is given by / 1ds, where Cis the curve with parameterization r. Therefore,
o

The length of the wire = / lds
C

4
- / I’ o)l ar
0

6.16 Find the length of a wire with parameterizationr (1) = (3t + 1,4 —=2¢,5+2t),0 <t < 4.

Vector Line Integrals

The second type of line integrals are vector line integrals, in which we integrate along a curve through a vector field. For
example, let

F(x,y,2)= P(x,y,2) i+ Q(x,y,2)j+ R(x,y,2)k

be a continuous vector field in R 3 that represents a force on a particle, and let C be a smooth curve in R 3 contained in

the domain of F. How would we compute the work done by F in moving a particle along ¢?

To answer this question, first note that a particle could travel in two directions along a curve: a forward direction and a
backward direction. The work done by the vector field depends on the direction in which the particle is moving.
Therefore, we must specify a direction along curve C; such a specified direction is called an orientation of a curve. The
specified direction is the positive direction along C; the opposite direction is the negative direction along C. When C has
been given an orientation, Cis called an oriented curve (Figure 6.16). The work done on the particle depends on the
direction along the curve in which the particle is moving.

A closed curve is one for which there exists a parameterization r (), a < ¢t < b, such thatr (@) = r (b), and the curve is
traversed exactly once. In other words, the parameterization is one-to-one on the domain (a, b) .
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Curve C
(a) Onented curve (b} Closed curve

Figure 6.16 (a) An oriented curve between two points. (b) A closed oriented curve.

Let r (r) be a parameterization of Cfor a <t < b such that the curve is traversed exactly once by the particle and the
particle moves in the positive direction along C. Divide the parameter interval [a, b] into n subintervals

[t,-_l s t,-] ,0 <i < n, of equal width. Denote the endpoints of r (tg),r (1) ,...,r (t;) by Py,..., P,. Points P;divide Cinto n
pieces. Denote the length of the piece from Pj.; to P;by As;. For each j, choose a value ¢} in the subinterval [t,»_l s ti] .
Then, the endpoint of r(z}") is a point in the piece of Cbetween P,_; and P;(Figure 6.17). If As; is small, then as the
particle moves from P;_; to P; along C, it moves approximately in the direction of T (P;), the unit tangent vector at the
endpoint of r(z}). Let P denote the endpoint of r(z}). Then, the work done by the force vector field in moving the
particle from P,_; to Pjis F (P#) - (As;T (P})), so the total work done along Cis

™-

Il
—

F(B7)- (8T (B7)) = 3R (P) T (B) Ay

n
i=1

Figure 6.17 Curve Cis divided into n pieces, and a point inside each piece is chosen. The dot product of any tangent
vector in the ith piece with the corresponding vector F is approximated by F (P;‘) -T (P,*) .

Letting the arc length of the pieces of C get arbitrarily small by taking a limit as n — @ gives us the work done by the

field in moving the particle along C. Therefore, the work done by F in moving the particle in the positive direction along C

is defined as
W = / F-Tds,
C

which gives us the concept of a vector line integral.
Definition

The vector line integral of vector field F along oriented smooth curve Cis

n
/F.Tds= lim Y F (PF)-T(PF)As;
€

n—o j=1

if that limit exists.

With scalar line integrals, neither the orientation nor the parameterization of the curve matters. As long as the curve is
traversed exactly once by the parameterization, the value of the line integral is unchanged. With vector line integrals, the
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6.2 * Line Integrals

orientation of the curve does matter. If we think of the line integral as computing work, then this makes sense: if you
hike up a mountain, then the gravitational force of Earth does negative work on you. If you walk down the mountain by
the exact same path, then Earth's gravitational force does positive work on you. In other words, reversing the path
changes the work value from negative to positive in this case. Note that if Cis an oriented curve, then we let -C represent
the same curve but with opposite orientation.

As with scalar line integrals, it is easier to compute a vector line integral if we express it in terms of the parameterization

function r and the variable t. To translate the integral [ F - Tds in terms of t, note that unit tangent vector T along Cis

c
/
givenby T = ﬁ (assuming |[r’ (#)|| # 0). Since ds = ||¥’ (¢)|| dt, as we saw when discussing scalar line integrals, we
have
B @ B ,
F-Tds=F(r()- m”r Olldt =F@ @) v @) dr.

Thus, we have the following formula for computing vector line integrals:

b
6.9
/F-Tds:/ F(r(n)-r' (ar. (6:9)
C a
Because of Equation 6.9, we often use the notation/F-drfortheIine integraI/F-Tds.
C C

Ifr (1) = (x (1), y(t), z(1)), then dr denotes vector differential (x’ (1), ) (1), 2" (t))dt.

EXAMPLE 6.18

Evaluating a Vector Line Integral

Find the value of integral / F - dr, where C is the semicircle parameterized by r(¢) = (cost,sint),0 <t < 7 and
C
F = <_y7 X) .

Solution
We can use Equation 6.9 to convert the variable of integration from s to t. We then have

F(r(t)) = (=sint,cos t) and ' (r) = (—sint,cos?).

Therefore,
V1
/ F-dr = / (—sint,cost) - (—sint,cost) dt
C 0
V4
= / sin’t + cos2tdt
0

v
:/ ldt = x.
0

See Figure 6.18.
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Figure 6.18 This figure shows curve r () = (cos t,sint),0 <t < xin vector field F = (—y, x) .

EXAMPLE 6.19

Reversing Orientation

Find the value of integral /
C

F=(-y.x).

) Solution

Notice that this is the same problem as Example 6.18, except the orientation of the curve has been traversed. In this
example, the parameterization starts at r (0) = (~1,0) and ends atr () = (1,0) . By Equation 6.9,

v
/ F.-dr = / (=sint,cos (t + 7)) - (—sin (f + x), cos t) dt
C 0

F - dr, where C is the semicircle parameterized by r () = {cos (t + z),sint) ,0 <t < 7 and

T
= / (—sint, —cost) - {sint,cost) dt
0
V/a
= / (—sinzt - coszt) dt
0

P
=/ —1dt
0

= —T.

Notice that this is the negative of the answer in Example 6.18. It makes sense that this answer is negative because the
orientation of the curve goes against the “flow” of the vector field.

Let Cbe an oriented curve and let -C denote the same curve but with the orientation reversed. Then, the previous two

/ F-dr:—/F~dr.
-C C

That is, reversing the orientation of a curve changes the sign of a line integral.

examples illustrate the following fact:

6.17 Let F = xi + yj be a vector field and let C be the curve with parameterization <t, 12> for 0 <t < 2.Which
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6.2 * Line Integrals

is greater:/F~Tds or/ F - Tds?
c -C

Another standard notation for integral /
Cc

we think of dr as vector {dx, dy, dz) . To justify this convention, recall that dr = Tds =1’ (¢) dt = <d—x dy ﬂ> dt.

F.dris / Pdx + Qdy + Rdz. In this notation, P, Q, and R are functions, and
Cc

dr’ dt’ dt
Therefore,

F-dr=(P,0,R)-(dx,dy,dz) = Pdx + Qdy + Rdz.

If dr = (dx,dy,dz), then % = <%, %, %> , which implies that dr = <%, %, %> dt. Therefore

/CF-dr =/Cde+Qdy+RdZ (6.10)

= [(P@@) % +0@) 4 + REW) %)dt.

EXAMPLE 6.20

Finding the Value of an Integral of the Form / Pdx + Qdy+ Rdz
c

Find the value of integral /

zdx + xdy + ydz, where Cis the curve parameterized by r () = <t2, \/; t> ,1 <t <4,
C

Solution
As with our previous examples, to compute this line integral we should perform a change of variables to write everything
in terms of t. In this case, Equation 6.10 allows us to make this change:

4
1
zdx + xdy + ydz :/ @) +12 | — )+ /1 ) dr
./c 1 ( 24/t Vi
4o
= 2 e
/l <t +— +\/;>dt

283, 52 a3
13 5 3
793

15

t=1

6.18 Find the value of/ 4xdx + zdy + 4y*dz, where C is the curve parameterized by
C

r(t) = (4cos(2t),2sin(21),3),0 <t < %

We have learned how to integrate smooth oriented curves. Now, suppose that Cis an oriented curve that is not smooth,
but can be written as the union of finitely many smooth curves. In this case, we say that Cis a piecewise smooth curve.
To be precise, curve Cis piecewise smooth if C can be written as a union of nsmooth curves Cy, C;,..., C, such that the
endpoint of C; is the starting point of C;;1 (Figure 6.19). When curves C; satisfy the condition that the endpoint of C; is
the starting point of C;; |, we write their unionas C; + Cy + -+ + Cj,.

Cy

Cy

Figure 6.19 The union of Cy, C;, Cj3 is a piecewise smooth curve.
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604 6 ¢ Vector Calculus

The next theorem summarizes several key properties of vector line integrals.

Theorem 6.5

Properties of Vector Line Integrals
Let F and G be continuous vector fields with domains that include the oriented smooth curve C. Then

i. /(F+G)-dr:/F-dr+/G-dr
c c c

ii. / kF - dr = k/ F - dr, where kis a constant
Cc C

ii. / F-dr:—/F-dr
-C @

Suppose instead that Cis a piecewise smooth curve in the domains of F and G, where C = C; + Cy + -- + Cy,
and Cy, C;,...,C, are smooth curves such that the endpoint of C; is the starting point of C; ;. Then

/F-ds:/ F-ds+/ F-ds+---+/ F - ds.
c C (e} Cn

Notice the similarities between these items and the properties of single-variable integrals. Properties i. and ii. say that
line integrals are linear, which is true of single-variable integrals as well. Property iii. says that reversing the orientation of
a curve changes the sign of the integral. If we think of the integral as computing the work done on a particle traveling
along G, then this makes sense. If the particle moves backward rather than forward, then the value of the work done has

-E.

b a
the opposite sign. This is analogous to the equation / f(x)dx =— / S (x)dx. Finally, if
a b
lay,a3],[ap,a3],..., [a,,_l s an] are intervals, then

/nf(x)dx=/2f(x)dx+/3f(x)dx+---+/n f(x)dx,
al al 02 a_l

n

which is analogous to property iv.

EXAMPLE 6.21

Using Properties to Compute a Vector Line Integral

Find the value of integral / F - Tds, where Cis the rectangle (oriented counterclockwise) in a plane with vertices
C
0,0),(2,0),(2,1), and (0,1), and where F = (x — 2y, y — x) (Figure 6.20).
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Figure 6.20 Rectangle and vector field for Example 6.21.

() Solution

Note that curve Cis the union of its four sides, and each side is smooth. Therefore Cis piecewise smooth. Let C
represent the side from (0, 0) to (2,0), let C; represent the side from (2,0) to (2, 1), let C3 represent the side from (2, 1)
to (0, 1), and let C4 represent the side from (0, 1) to (0, 0) (Figure 6.20). Then,

/F~Tdr=/ F-Tdr+/ F~Td1‘+/ F~Tdr+/ F-Tdr.
c C e} C3 Cy

We want to compute each of the four integrals on the right-hand side using Equation 6.8. Before doing this, we need a
parameterization of each side of the rectangle. Here are four parameterizations (note that they traverse C
counterclockwise):

Cp:(,0),0<1<2

Cr:{(2,1),0<1t<1

Cy:{(2-11),0<t<L2

Cy:(0,1-1),0<1< 1.

Therefore,
Je, F-Tdr = [PF@@) v (0)dr
= [T (t=2(0),0—1)-(1,0)dr = [ tdt

Notice that the value of this integral is positive, which should not be surprising. As we move along curve C; from left to
right, our movement flows in the general direction of the vector field itself. At any point along C;, the tangent vector to
the curve and the corresponding vector in the field form an angle that is less than 90°. Therefore, the tangent vector and
the force vector have a positive dot product all along Cy, and the line integral will have positive value.

The calculations for the three other line integrals are done similarly:
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606 6 ¢ Vector Calculus

1
/ F-dr =/ (2-2t,1-2)-(0, 1) dt
C 0

1
=/ (t —2)dt
0

2 1

t 3
— —QJ] —-=,
[2 0 2

2
/F-Tds =/ (@=D=2,1-@2=0)-(—1,0)dt
C3 0

2
:/ tdt =2,
0

1
/F-dr =/ (=21 =1),1=1)-(0,—1) dt
Cy 0

1
=/ (t—=1)dt
0
1

2
' 1
1] 2.
[2 0 2

and

Thus, we have / F-dr=2.
c

6.19 Calculate line integral / F - dr, where F is vector field <y2, 2xy + 1 > and Cis a triangle with vertices
c

(0,0),(4,0), and (0,5), oriented counterclockwise.

Applications of Line Integrals

Scalar line integrals have many applications. They can be used to calculate the length or mass of a wire, the surface area
of a sheet of a given height, or the electric potential of a charged wire given a linear charge density. Vector line integrals
are extremely useful in physics. They can be used to calculate the work done on a particle as it moves through a force
field, or the flow rate of a fluid across a curve. Here, we calculate the mass of a wire using a scalar line integral and the
work done by a force using a vector line integral.

Suppose that a piece of wire is modeled by curve Cin space. The mass per unit length (the linear density) of the wire is a
continuous function p (x, y, z) . We can calculate the total mass of the wire using the scalar line integral / p(x,y,z)ds.
C

The reason is that mass is density multiplied by length, and therefore the density of a small piece of the wire can be
approximated by p (x*, y*, z*) As for some point (x*, y*, z*) in the piece. Letting the length of the pieces shrink to zero

with a limit yields the line integral / p(x,y,z)ds.
c

EXAMPLE 6.22

Calculating the Mass of a Wire
Calculate the mass of a spring in the shape of a curve parameterized by (¢,2 cost,2sint),0 <t < % with a density

function given by p(x, y, z) = e* + yz kg/m (Figure 6.21).
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6.2 « Line Integrals

Figure 6.21 The wire from Example 6.22.

() Solution
To calculate the mass of the spring, we must find the value of the scalar line integral / (ex + yz) ds, where Cis the
C

given helix. To calculate this integral, we write it in terms of t using Equation 6.8:

/2
/ e* + yzds =/ <(e’ +4costsint) \/1 +(=2cost) + (2 sint)2> dt
C 0

/2
=/ ((et+4costsint) \/g)dt
0
=/ [e" + 2 sin?1] Zg/z

:\/g(e”/2+l).

Therefore, the mass is \/g (e”/2 + 1) kg.

6.20 Calculate the mass of a spring in the shape of a helix parameterized by r (r) = {cos t,sint,7),0 <t < 6,
with a density function given by p (x,y,z) = x + y + z kg/m.

When we first defined vector line integrals, we used the concept of work to motivate the definition. Therefore, it is not
surprising that calculating the work done by a vector field representing a force is a standard use of vector line integrals.
Recall that if an object moves along curve Cin force field F, then the work required to move the object is given by

/F-dr.
c

EXAMPLE 6.23

Calculating Work
How much work is required to move an object in vector force field F = (yz, xy, xz) along path r(¢) = <t2, 1, t4> R
0 <t < 1?SeeFigure 6.22.
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) Solution

Let C denote the given path. We need to find the value of/ F - dr. To do this, we use Equation 6.9:
C

1
/F-dr =/ ((£.72.1) (211,48 )) at
C 0
1
=/ (20 + 1 +41%) ar

0
2l o4 20 s
S|\ T T Tt T o
0.0

00,

Figure 6.22 The curve and vector field for Example 6.23.

Flux and Circulation

We close this section by discussing two key concepts related to line integrals: flux across a plane curve and circulation
along a plane curve. Flux is used in applications to calculate fluid flow across a curve, and the concept of circulation is
important for characterizing conservative gradient fields in terms of line integrals. Both these concepts are used heavily
throughout the rest of this chapter. The idea of flux is especially important for Green’s theorem, and in higher
dimensions for Stokes’ theorem and the divergence theorem.

Let Cbe a plane curve and let F be a vector field in the plane. Imagine Cis a membrane across which fluid flows, but C
does not impede the flow of the fluid. In other words, Cis an idealized membrane invisible to the fluid. Suppose F
represents the velocity field of the fluid. How could we quantify the rate at which the fluid is crossing C?

Recall that the line integral of F along Cis / F - Tds—in other words, the line integral is the dot product of the vector
C
field with the unit tangential vector with respect to arc length. If we replace the unit tangential vector with unit normal

vector N(#) and instead compute integral / F - Nds, we determine the flux across C. To be precise, the definition of
C

integral / F - Nds is the same as integral / F - Tds, except the T in the Riemann sum is replaced with N. Therefore,
C C

the flux across Cis defined as
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n
/F~Nds= lim ) F(PF)-N(P})As;,
C

n—o j=1

where P and As; are defined as they were for integral / F - Tds. Therefore, a flux integral is an integral that is
Cc
perpendicular to a vector line integral, because N and T are perpendicular vectors.

If F is a velocity field of a fluid and Cis a curve that represents a membrane, then the flux of F across Cis the quantity of
fluid flowing across C per unit time, or the rate of flow.

More formally, let Cbe a plane curve parameterized by r(r) = (x(¢), y(t)),a <t < b. Letn(t) = (y’ ®), —x’(t)) be the
vector that is normal to C at the endpoint of r(¢) and points to the right as we traverse Cin the positive direction (Figure

6.23). Then, N(t) = DO _ i the unit normal vector to Cat the endpoint of r(¢) that points to the right as we traverse C.
[

Definition
o n(r)
The flux of F across Cis line integral F- s.
c In@I
1
i
F i
¥ r--“'__.__;--_
n o 4
Lo f /
! {
Curve C :
f
i
' '
| Vectar field F
T T

/

Figure 6.23 The flux of vector field F across curve Cis computed by an integral similar to a vector line integral.

We now give a formula for calculating the flux across a curve. This formula is analogous to the formula used to calculate
a vector line integral (see Equation 6.9).

Theorem 6.6

Calculating Flux across a Curve
Let F be a vector field and let C be a smooth curve with parameterization r(¢) = (x(t), »(t)) ,a <t < b. Let
n() = (y’(t), —x'(t)> . The flux of F across Cis

b
/ F - Nds = / F (r(1) - n(t)dr (6.11)
C a

Proof
The proof of Equation 6.11 is similar to the proof of Equation 6.8. Before deriving the formula, note that
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In|l = 1Ky @), —x" )| = V' @) + (x'(0)? = [’ (0)]| . Therefore,

n(?)
F-Nds = F-——d
/c ’ /c mon

b n@
=/ F. "0l
L F el

b
= / F (r(r)) - n(t)dt.

d

EXAMPLE 6.24

Flux across a Curve
Calculate the flux of F = (2x, 2y) across a unit circle oriented counterclockwise (Figure 6.24).
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- A R L5 L T T T, T,

Figure 6.24 A unit circle in vector field F = (2x,2y) .

(V) Solution
To compute the flux, we first need a parameterization of the unit circle. We can use the standard parameterization
r(t) = (cost,sint),0 < ¢t < 2z. The normal vector to a unit circle is {cos ¢, sin t) . Therefore, the flux is

2r
/ F-Nds = / (2cost,2sint) - (cost,sint) dt
C 0

2r ) ) 2r ) )
=/ (2cost+23in t) dt=2/ (cost+sin t) dt
0 0

2z
:2/ dt =4r.
0

6.21 Calculate the flux of F = (x + y, 2y) across the line segment from (0, 0) to (2, 3), where the curve is
oriented from left to right.

Let F(x, y) = (P(x, y), O(x, y)) be a two-dimensional vector field. Recall that integral / F - Tds is sometimes written as
C

/ Pdx + Qdy. Analogously, flux / F - Nds is sometimes written in the notation / —Qdx + Pdy, because the unit
c c C
normal vector N is perpendicular to the unit tangent T. Rotating the vector dr = (dx, dy) by 90° results in vector

(dy,—dx) . Therefore, the line integral in Example 6.21 can be writtenas | —2ydx + 2xdy.
c

Now that we have defined flux, we can turn our attention to circulation. The line integral of vector field F along an

oriented closed curve is called the circulation of F along C. Circulation line integrals have their own notation: }1{ F-Tds.
C
The circle on the integral symbol denotes that Cis “circular” in that it has no endpoints. Example 6.18 shows a calculation

of circulation.
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To see where the term circulation comes from and what it measures, let v represent the velocity field of a fluid and let C
be an oriented closed curve. At a particular point P, the closer the direction of v(P) is to the direction of T(P), the larger
the value of the dot product v(P) - T(P). The maximum value of v(P) - T(P) occurs when the two vectors are pointing in
the exact same direction; the minimum value of v(P) - T(P) occurs when the two vectors are pointing in opposite

directions. Thus, the value of the circulation v - Tds measures the tendency of the fluid to move in the direction of C.

C
EXAMPLE 6.25

Calculating Circulation
Let F = (—y, x) be the vector field from Example 6.16 and let C represent the unit circle oriented counterclockwise.
Calculate the circulation of F along C.

Solution
We use the standard parameterization of the unit circle: r(f) = (cos t,sint),0 <t < 2x. Then, F (r(¢)) = (—sint, cos t)
and r’ (t) = (—sint,cost) . Therefore, the circulation of F along Cis

2z
Y{F-Tds =/ (—sint,cost) - (—sint,cost) dt
C 0
2z
=/ (sin2t+cos2t) dt
0

2r
= / dt = 2.
0

Notice that the circulation is positive. The reason for this is that the orientation of C“flows” with the direction of F. At any
point along the circle, the tangent vector and the vector from F form an angle of less than 90°, and therefore the
corresponding dot product is positive.

In Example 6.25, what if we had oriented the unit circle clockwise? We denote the unit circle oriented clockwise by —C.

Then
?{ F-Tds=—}1{F-Tds=—27r.
-C c

Notice that the circulation is negative in this case. The reason for this is that the orientation of the curve flows against
the direction of F.

6.22 Calculate the circulation of F(x, y) = <—%

X
x“+y“ x2 +y2
EXAMPLE 6.26

Calculating Work
Calculate the work done on a particle that traverses circle C of radius 2 centered at the origin, oriented counterclockwise,
by field F(x, y) = (=2, y) . Assume the particle starts its movement at (1, 0).

> along a unit circle oriented counterclockwise.

Solution

The work done by F on the particle is the circulation of F along C: jl{ F - Tds. We use the parameterization
C
r(t) = (2cost,2sint),0 <t < 2z for C. Then, 1’ (t) = (—2sint,2 cos t) and F (r(t)) = (—2,2sint) . Therefore, the

circulation of F along Cis
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2r
}{ F - Tds =/ (=2,2sint) - (—2sint,2 cost) dt
C 0

2z
=/ (4sint+4sintcost)dt
0

= [-4cost+4 sin? 1] 3”

= (—4 cos(27) + 2 sin®(27)) — (=4 cos(0) + 4 sin? (0))
- _4+4=0.

The force field does zero work on the particle.

2
Notice that the circulation of F along Cis zero. Furthermore, notice that since F is the gradient of f(x, y) = —2x + yT’ F

is conservative. We prove in a later section that under certain broad conditions, the circulation of a conservative vector
field along a closed curve is zero.

6.23 Calculate the work done by field F(x, y) = (2x, 3y) on a particle that traverses the unit circle. Assume the
particle begins its movement at (—1, 0).

L

SECTION 6.2 EXERCISES
39. True or False? Line integral 40. True or False?Vector 41. True or False?
. e 2.
/ f(x, y)ds is equal to a functions ry =i +1°j, / (Pdx + Qdy) = / (Pdx — Qdy)
c 0<t<1,and -C c
definite integral if Cis a rn=>0-ni+- t)zj,
smooth curve defined on 0 <t <1, define the same
[a, b] and if function f is oriented curve.

continuous on some region
that contains curve C.

42. True or False? A piecewise 43. True or False?If Cis given
smooth curve C consists of by
a finite number of smooth x(t)=t,yt)=1,0<t<1,
curves that are joined ! 2
together end to end. then /C xyds = /0 .

For the following exercises, use a computer algebra system (CAS) to evaluate the line integrals over the indicated path.

a4. 1] / (x + y)ds 45. [T] / (x — y)ds 46. [T] / (x> +y* + 2%)ds
c c c
Cix=t,y=(10-1,z=0 C:r(t) = 4ti + 3tj when C:r(t) = sinti + cos tj + 8tk
from (0, 1, 0) to (1, 0, 0) 0<t<2 whenOgtﬁ%
47. [T] Evaluate / xy*ds, 48. [T] Evaluate / 4x3ds,
c C
where Cis the right half of where Cis the line
circle x2 + y* = 16 and is segment from (-2, —1) to
traversed in the clockwise (1, 2).
direction.
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For the following exercises, find the work done.

49. Find the work done by vector
field
F(x,y,z) = xi+ 3xyj — (x + 2)k
on a particle moving along a line
segment that goes from (1, 4,2)
to (0,5, 1).

52. Find the work done by
vector field

F(x,y) = yi+ 2xjin
moving an object along
path C, the straight line
which joins points (1, 0)
and (0, 1).

53.

50. Find the work done by a
person weighing 150 Ib
walking exactly one
revolution up a circular,
spiral staircase of radius 3
ft if the person rises 10 ft.

Find the work done by force
F(x,y) =2yi+3xj+ (x + yk
in moving an object along
curve

r(t) = cos()i + sin(1)j + ¢k,
where 0 <t < 2x.

For the following exercises, evaluate the line integrals.

55, Evaluate/F~dr, where
C

F(x,y) = —1j,and Cis the
part of the graph of

y= %x3 — x from (2,2) to
(-2,-2).

58. Let Cbe the line segment
from point (0, 1, 1) to point
(2, 2, 3). Evaluate line
integral / yds.

c

61. [T] Use a CAS to evaluate
line integral

/ xydx + ydy over path C
gif/en by x =2t,y = 10¢,
where0 <t < 1.

64. [T] Use a CAS to evaluate

/nyds, where Cis

x=ry=41,0<t< 1.

59.

62.

-1
56. Evaluate/(x2 +y2 +z2) ds,

Y
where y is the helix

x=cost,y=sint,z=t(0<t<T).

[T] Use a computer algebra
system to evaluate the line

integral / yzdx + xdy,
C

where Cis the arc of the
parabola x =4 — y? from
(-5,-3)to (0, 2).

Evaluate line integral
/ 2x —y)dx+(x+3y)dy,
C

where Clies along the x-axis
fromx =0tox =5.

6.2 « Line Integrals

51. Find the work done by force
field
F(x,y,z) = —%xi - %yj + %k
on a particle as it moves along
the helix
r(t) = cos ti + sin zj + tk from
point (1,0, 0) to point
(-1,0,37).

54. Find the mass of a wire in
the shape of a circle of
radius 2 centered at (3, 4)
with linear mass density

p(x, ) =)

57. Evaluate
/ yzdx + xzdy + xydz
C

over the line segment from
(1,1,1)to (3,2,0).

60. [T] Use a computer algebra

system to evaluate the line
integral / (x + 3y2) dy
C

over the path C given by
x = 2t,y = 10t, where
0<r<l1.

63. [T] Use a CAS to evaluate

/ $ds, where Cis
c 2x2 —y?

x=ty=t1<t<5.

In the following exercises, find the work done by force field F on an object moving along the indicated path.

65. F(x,y) = —xi—2yj
C:y = x3 from (0, 0) to (2, 8)

66. F(x,y) =2xi+ yj

C: counterclockwise
around the triangle with
vertices (0, 0), (1, 0), and (1,
1)
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614 6 ¢ Vector Calculus

67. F(x,y,z)=xi+yj—5zk 68. Let F be vector field
C:r(t)=2costi+2sintj+1k,0 <t <2zx F(x,y) = (y* +2xe¥ + 1) i+ (2xy + x%e’ +2y) .

Compute the work of integral [ F - dr, where Cis

Q

the path r(r) = sin#i + cos#j,0 <t <

I\)|§I

69. Compute the work done by  70. EvaIuate/F~dr,where
C

force

F(x, ,z) = 2xi + 3yj — zk F(x,y) = i+ mydand
along path Cis the segment of the
r(t) =ti+ tzj + t3k, where unit circle going

0<t<l1. counterclockwise from

(1,0)to (0, 1).

71. Force F(x,y,z) = zyi+ xj + z2xkactsona  72. Find the work done by vector

particle that travels from the origin to point (1, field
2, 3). Calculate the work done if the particle F(x,y,z) = xi + 3xyj — (x + 2)k
travels: on a particle moving along a line
a. along the path segment that goes from (1, 4, 2)
(0,0,0) - (1,0,0) = (1,2,0) — (1,2,3) to (0, 5, 1).

along straight-line segments joining each
pair of endpoints;
b. along the straight line joining the initial and

final points.
c. Isthe work the same along the two paths?
(1.2.3)
X 1 u 1
0.0 ' -
1.0 TN f?
l'r J7 F__'rhl:—'- e |
'. £ AT
! P 2 i | "
?ll," ":;'J".-._.. o ‘r.r I
o .1;-'--- i
L s T B / {0.0.0
s L/
0007 n 2,0)

73. How much work is required ~ 74. A vector field is given by 75. Evaluate the line integral of
to move an object in vector F(x,y) = 2x + 3y)i + (3x + 2y)j. scalar function xy along
field F(x, y) = yi + 3xj Evaluate the line integral of the parabolic path y = x2
along the upper part of field around a circle of unit radius connecting the origin to
eII|pse x2 + y — 1 from traversed in a clockwise fashion. point (1, 1).

(2,0) to( 2,0)?

76. Find 77. Find

/yzdx+(xy—x2)dy /yzdx+(xy—x2)dy
c Cc

along C: y = 3x from (0, 0) along C y2 = 9x from (O,

to (1, 3). 0) to (1, 3).
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6.2 * Line Integrals

For the following exercises, use a CAS to evaluate the given line integrals.

78. [T] Evaluate

F(x,y,z) = x2zi+ 6yj + yzzk,

where Cis represented by

r()=tri+2j+Inrk, 1<t <3

81. [T] Evaluate line integral
/ (y2 — xy) ds, where y is
Y

curve y = In x from (1, 0)
toward (e, 1).

79. [T] Evaluate line integral

/xeyds where, 7 is the
Y
arc of curve x = ¢¥ from

(1,0) to (e, 1).

82. [T] Evaluate line integral
/xy4ds, where y is the

Y
right half of circle
X%+ y2 = 16.

80. [T] Evaluate the integral

/xyzds, whereyis a
Y
triangle with vertices (0, 1,

2),(1,0,3),and (0,-1,0).

83. [T] EvaIuate/F-dr,where
C

F(x,y,2) = x*yi + (x — 2)j + xyzk
and
Cri)=ti+2j+2k 0<r<1.

84. 85. Find the line integral of

Evaluate / F - dr, where
C

F(x, y) = 2x sin(»)i + (xzcos(y) -3)%)j
and
Cis any path from (—1,0) to (5, 1).

F(x,y, z) = 12x2%i — 5xyj + xzk
over path Cdefined by y = x2,
z = x> from point (0, 0, 0) to
point (2, 4, 8).

86. Find the line integral of

/ (1 + x2y) ds, where C
C

is ellipse
r(t) =2costi+ 3sinzj
from0 <t <=z

For the following exercises, find the flux.

87. Compute the flux of
F = x%i + yj across a line
segment from (0, 0) to (1,

2).

90. LetF = —yi+xjandlet C
r(t) = cos ti + sin zj
(0 <t < 2x). Calculate the

flux across C.

93. Aspring is made of a thin
wire twisted into the shape
of a circular helix
x=2cost,y=2sint,z=t1.
Find the mass of two turns
of the spring if the wire has

constant mass density.

88. LetF = 5iandlet Cbe
curvey=0,0<x <4.
Find the flux across C.

91. Let
F = (x2 + y3) i+ (2xy)j.
Calculate flux F orientated
counterclockwise across
curve G x2 + y2 = 9.

94. A thin wire is bent into the
shape of a semicircle of
radius a. If the linear mass
density at point P is directly
proportional to its distance
from the line through the
endpoints, find the mass of

the wire.

89. LetF = 5jandlet Cbe
curvey=0,0<x <4.
Find the flux across C.

92. Find the line integral of

/ 2dx + ydy + 2ydz,
C

where C consists of two
parts: C; and C,. C| is the
intersection of cylinder

xZ +)? =16 and plane

z =3 from (0, 4, 3) to
(—4,0,3). C, is aline
segment from (—4,0, 3) to
0,1, 5).

95. An object moves in force
field
F(x,y,z) = y*i + 2(x + 1)yj
counterclockwise from
point (2, 0) along elliptical
path x% +4y> =4to
(—2,0), and back to point
(2, 0) along the x-axis. How
much work is done by the
force field on the object?
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616 6 * Vector Calculus

96. Find the work done when an object 97. If aninverse force field F is
moves in force field given by
F(x,y,z) =2xi— (x+ 2)j+ (y — 0k F(x,y,z) = ﬁr, where k
r

along the path given by
r() =i+ (2 —1)j+3k,
0<r<1.

is a constant, find the work
done by F as its point of
application moves along
the x-axis from

A(1,0,0) to B(2,0,0).

98. David and Sandra plan to

evaluate line integral [/ F.dr
C
along a path in the xy-plane

from (0, 0) to (1, 1). The force
field is

F(x,y) = (x +2p)i + (=x + 7).
David chooses the path that
runs along the x-axis from (0, 0)
to (1, 0) and then runs along the
vertical line x = 1 from (1, 0) to
the final point (1, 1). Sandra
chooses the direct path along
the diagonal line y = x from (0,
0) to (1, 1). Whose line integral is
larger and by how much?

6.3 Conservative Vector Fields

Learning Objectives
6.3.1 Describe simple and closed curves; define connected and simply connected regions.
6.3.2 Explain how to find a potential function for a conservative vector field.
6.3.3 Use the Fundamental Theorem for Line Integrals to evaluate a line integral in a vector field.
6.3.4 Explain how to test a vector field to determine whether it is conservative.

In this section, we continue the study of conservative vector fields. We examine the Fundamental Theorem for Line
Integrals, which is a useful generalization of the Fundamental Theorem of Calculus to line integrals of conservative
vector fields. We also show how to test whether a given vector field is conservative, and determine how to build a
potential function for a vector field known to be conservative.

Curves and Regions

Before continuing our study of conservative vector fields, we need some geometric definitions. The theorems in the
subsequent sections all rely on integrating over certain kinds of curves and regions, so we develop the definitions of
those curves and regions here.

We first define two special kinds of curves: closed curves and simple curves. As we have learned, a closed curve is one
that begins and ends at the same point. A simple curve is one that does not cross itself. A curve that is both closed and
simple is a simple closed curve (Figure 6.25).

Definition
Curve Cis a closed curve if there is a parameterization r () ,a < t < b of Csuch that the parameterization traverses
the curve exactly once and r (a) = r (b) . Curve Cis a simple curve if Cdoes not cross itself. That is, Cis simple if there

exists a parameterization r (t) ,a <t < b of Csuch that r is one-to-one over (a, b) . It is possible for r (a) = r (b),
meaning that the simple curve is also closed.
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6.3 * Conservative Vector Fields

S

(&) Simple, not closead () Simple, closed () Not simple, (d) Not simple,

closed ol closed
EXAMPLE 6.27

Figure 6.25 Types of curves that are simple or not simple and closed or not closed.
Determining Whether a Curve Is Simple and Closed

Is the curve with parameterization r(¢) = <cos t, %@» ,0 <t < 2rasimple closed curve?

) Solution
Note that r (0) = (1,0) = r (2x) ; therefore, the curve is closed. The curve is not simple, however. To see this, note that

r (%) =(0,0)=r (37”) , and therefore the curve crosses itself at the origin (Figure 6.26).

sinf{21} |

r{t) = {eost, —;

08}

-0.5

Figure 6.26 A curve that is closed but not simple.

6.24 Is the curve given by parameterization r (f) = (2 cos t,3 sint) ,0 <t < 67, a simple closed curve?

Many of the theorems in this chapter relate an integral over a region to an integral over the boundary of the region,
where the region’s boundary is a simple closed curve or a union of simple closed curves. To develop these theorems, we
need two geometric definitions for regions: that of a connected region and that of a simply connected region. A
connected region is one in which there is a path in the region that connects any two points that lie within that region. A
simply connected region is a connected region that does not have any holes in it. These two notions, along with the
notion of a simple closed curve, allow us to state several generalizations of the Fundamental Theorem of Calculus later in
the chapter. These two definitions are valid for regions in any number of dimensions, but we are only concerned with
regions in two or three dimensions.
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618 6 ° Vector Calculus

Definition

Aregion Dis a connected region if, for any two points P; and P, there is a path from P; to P, with a trace
contained entirely inside D. A region D is a simply connected region if D is connected for any simple closed curve C
that lies inside D, and curve C can be shrunk continuously to a point while staying entirely inside D. In two
dimensions, a region is simply connected if it is connected and has no holes.

All simply connected regions are connected, but not all connected regions are simply connected (Figure 6.27).

AA0w

(a) Simply connected regions

E— F . Y
f ’ % i !
F h l-"-‘_.- n Y. = k-
¥, \ g \ ¥, “ 9
I, g N A | | %
r_." — '-1. .I :. i __ =
A Y W B -/
y, W v Y ;M &~
i A & = ,
. = — —

(b} Connected regions that are not simply connected

."-r'_-._‘\-\‘-

| Bl

@™

(c) A region that is not connected

Figure 6.27 Not all connected regions are simply connected. (a) Simply connected regions have no holes. (b) Connected
regions that are not simply connected may have holes but you can still find a path in the region between any two points.
(c) Aregion that is not connected has some points that cannot be connected by a path in the region.

6.25 Is the region in the below image connected? Is the region simply connected?

Fundamental Theorem for Line Integrals

Now that we understand some basic curves and regions, let's generalize the Fundamental Theorem of Calculus to line
integrals. Recall that the Fundamental Theorem of Calculus says that if a function f has an antiderivative F, then the
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6.3 * Conservative Vector Fields

integral of f from ato b depends only on the values of Fat a and at b—that s,

b
/ f(xX)dx=F(®b)— F(a).

If we think of the gradient as a derivative, then the same theorem holds for vector line integrals. We show how this
works using a motivational example.

EXAMPLE 6.28

Evaluating a Line Integral and the Antiderivatives of the Endpoints

Let F (x, y) = (2x,4y) . Calculate / F. dr, where Cis the line segment from (0,0) to (2,2)(Figure 6.28).
c

Solution
We use Equation 6.9 to calculate / F. dr. Curve C can be parameterized by r (#) = (2¢,2t),0 < ¢t < 1. Then,

c
F(r(¢)) = (41,8t) and r’ (¢) = (2,2), which implies that

1
/CF-dr =/0 (4t,8t) - (2,2) dt

1 1
=/ (8t+16t)dt=/ 24t dt
0 0

= [1222]y = 12.

¥
L I '.L::_i' b 44 ) PR
N NI O R A PR
LY T I T A B
NN NN A A A
w W NN M4 BRI
~ ™ % PN0,9) PP A T
2 0% 2 Pl A 4 w2—= 3= B
a8 FF Y % N Y e e Tw B
FF P F=F+% 1 N % wowmw e
FF F F b1y % N L T ¥
F'i'i-\l__zii'ill W Ty "

Figure 6.28 The value of line integral / F. dr depends only on the value of the potential function of F at the endpoints
c
of the curve.

Notice that F = V f, where f (x,y) = x% + 2y2. If we think of the gradient as a derivative, then f is an “antiderivative” of
F. In the case of single-variable integrals, the integral of derivative g’ (x) is g (b) — g (a) , where ais the start point of the
interval of integration and b is the endpoint. If vector line integrals work like single-variable integrals, then we would
expect integral F to be f (P;) — f (Py), where P; is the endpoint of the curve of integration and P, is the start point.

Notice that this is the case for this example:
/F.dr: / Vf.dr=12
c Cc

f(2,2)— f(0,00=4+8-0=12.

In other words, the integral of a “derivative” can be calculated by evaluating an “antiderivative” at the endpoints of the
curve and subtracting, just as for single-variable integrals.

and
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620 6 ¢ Vector Calculus

The following theorem says that, under certain conditions, what happened in the previous example holds for any
gradient field. The same theorem holds for vector line integrals, which we call the Fundamental Theorem for Line
Integrals.

Theorem 6.7

The Fundamental Theorem for Line Integrals
Let Cbe a piecewise smooth curve with parameterization r (t) ,a <t < b. Let f be a function of two or three variables
with first-order partial derivatives that exist and are continuous on C. Then,

/C Vf.dr=f () - f (). (6.12)

Proof
By Equation 6.9,

b
/Vf.dr:/ Vfix@®).r @) dr.
C a
By the chain rule,

d /
E(f(l‘(t)) =V @) .r@.

Therefore, by the Fundamental Theorem of Calculus,
b
/Vf.dr =/ Via@).r' (at
C a

b g
=/a E(f(r(t))dt

=[f =
=fr®) - f(ra).
O
We know that if F is a conservative vector field, there are potential functions f such that V f = F. Therefore

/ F.dr= / Vf-dr = f(r(b) — f (r(a)).In other words, just as with the Fundamental Theorem of Calculus,
c Cc

computing the line integral / F - dr, where F is conservative, is a two-step process: (1) find a potential function
C
(“antiderivative”) f for F and (2) compute the value of f at the endpoints of Cand calculate their difference

f (@ (b)) — f(r(a)).Keepin mind, however, there is one major difference between the Fundamental Theorem of Calculus
and the Fundamental Theorem for Line Integrals. A function of one variable that is continuous must have an
antiderivative. However, a vector field, even if it is continuous, does not need to have a potential function.

EXAMPLE 6.29

Applying the Fundamental Theorem

2
Calculate integral F.dr,whereF (x,y,z) = <2x Iny, XT + zz, 2yz> and Cis a curve with parameterization
c
r(= (1), 1<t1<e

a. without using the Fundamental Theorem of Line Integrals and
b. using the Fundamental Theorem of Line Integrals.

Solution
a. First, let’s calculate the integral without the Fundamental Theorem for Line Integrals and instead use Equation 6.9:
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/F.dr
C

6.3 * Conservative Vector Fields

/Fvwmmmt
1

e t4
=/1¢ﬁm7+ﬁﬁ§4MLUm
1

= /e (4Pt + 12 +3¢%) ar
1

e e
=/ 4t31ntdt+/ (£ +3¢%) ar
1 1

e 14
=/ 43 Ineds + [—
1 4

4

e
1

e
+t3]
1

e
Alntdt + o+ e

N

e
Integral / £ Intdt requires integration by parts. Let u = Inz and dv = . Thenu = Int,dv =1
1

and
1 A
du=—dt,v=—
4
Therefore,
e 4 e e3
/t3lntdt =[’Tlnt] —%/ Adt
1
1 1
& _1(f 1
=7 "1\t " 1)
Thus,
€ e 5
L/EW:{/ﬁmm+—+é——
o 1 4
4 4 4
—q(e _1(e _ 1 e 3_5
—4<4 4(4 4>)+4+e 4
4 4
—et_e 41, e 3 5
=e 4+4+4+€ )
=et+e3 -1

b. Giventhat f(x,y,z) = leny + yz2 is a potential function for F, let's use the Fundamental Theorem for Line

Integrals to calculate the integral. Note that

/F.dr
c

/Vﬁﬁ
C

= f(r(e) - fx ()
= f(e*ee) = f(1,1,1)

=et+e3 1.

This calculation is much more straightforward than the calculation we did in (a). As long as we have a potential
function, calculating a line integral using the Fundamental Theorem for Line Integrals is much easier than

calculating without the theorem.

Example 6.29 illustrates a nice feature of the Fundamental Theorem of Line Integrals: it allows us to calculate more easily
many vector line integrals. As long as we have a potential function, calculating the line integral is only a matter of
evaluating the potential function at the endpoints and subtracting.

6.26

Given that f (x,y) = (x — 1)2y + O+ 1)2x is a potential function for
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622 6+ Vector Calculus

F = (2xy—2y+(y+ 1% (x — 1)? + 2yx + 2x) , calculate integral / F - dr, where Cis the lower half of
c

the unit circle oriented counterclockwise.
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The Fundamental Theorem for Line Integrals has two important consequences. The first consequence is that if F is

conservative and Cis a closed curve, then the circulation of F along Cis zero—thatis, [/ F - dr = 0. To see why this is
c

true, let f be a potential function for F. Since Cis a closed curve, the terminal point r(b) of Cis the same as the initial
point r(a) of C—that s, r (a) = r (b) . Therefore, by the Fundamental Theorem for Line Integrals,

?{F-dr =}{Vf-dr
C c

= [ (x(b)) — f (r(a))
= f(x(b)) — f (r(b))
=0.

Recall that the reason a conservative vector field F is called “conservative” is because such vector fields model forces in

which energy is conserved. We have shown gravity to be an example of such a force. If we think of vector field F in

integral F - dr as a gravitational field, then the equation 74 F - dr = O follows. If a particle travels along a path that
Cc

starts and ends at the same place, then the work done by gravity on the particle is zero.

The second important consequence of the Fundamental Theorem for Line Integrals is that line integrals of conservative
vector fields are independent of path—meaning, they depend only on the endpoints of the given curve, and do not
depend on the path between the endpoints.

Definition

Let F be a vector field with domain D. The vector field F is independent of path (or path independent) if

/ F.-dr= / F - dr for any paths C and C, in D with the same initial and terminal points.
S %)

The second consequence is stated formally in the following theorem.
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6.3 * Conservative Vector Fields

Theorem 6.8

Path Independence of Conservative Fields
If F is a conservative vector field, then F is independent of path.

Proof

Let D denote the domain of F and let C; and C, be two paths in D with the same initial and terminal points (Figure 6.29).
Call the initial point P; and the terminal point P,. Since F is conservative, there is a potential function f for F. By the
Fundamental Theorem for Line Integrals,

/F~dr=f(P2)—f(P1)=/ F.dr.
S

G

Therefore,/ F~dr=/ F - dr and F is independent of path.
€ %)
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Figure 6.29 The vector field is conservative, and therefore independent of path.

To visualize what independence of path means, imagine three hikers climbing from base camp to the top of a mountain.
Hiker 1 takes a steep route directly from camp to the top. Hiker 2 takes a winding route that is not steep from camp to
the top. Hiker 3 starts by taking the steep route but halfway to the top decides it is too difficult for him. Therefore he
returns to camp and takes the non-steep path to the top. All three hikers are traveling along paths in a gravitational field.
Since gravity is a force in which energy is conserved, the gravitational field is conservative. By independence of path, the
total amount of work done by gravity on each of the hikers is the same because they all started in the same place and
ended in the same place. The work done by the hikers includes other factors such as friction and muscle movement, so

the total amount of energy each one expended is not the same, but the net energy expended against gravity is the same
for all three hikers.

We have shown that if F is conservative, then F is independent of path. It turns out that if the domain of F is open and
connected, then the converse is also true. That is, if F is independent of path and the domain of F is open and connected,
then F is conservative. Therefore, the set of conservative vector fields on open and connected domains is precisely the
set of vector fields independent of path.

Theorem 6.9

The Path Independence Test for Conservative Fields

If F is a continuous vector field that is independent of path and the domain D of F is open and connected, then F is
conservative.
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624 6+ Vector Calculus

Proof
We prove the theorem for vector fields in R 2. The proof for vector fields in R 3 is similar. To show that F = (P,Q)is

conservative, we must find a potential function f for F. To that end, let X be a fixed pointin D. For any point (x, y) in D,

let Cbe a path from Xto (x, y). Define f(x,y) by f(x,y) = / F - dr. (Note that this definition of f makes sense only
c

because F is independent of path. If F was not independent of path, then it might be possible to find another path C’

from Xto (x, y) such that / F-dr # F - dr, and in such a case f(x, y) would not be a function.) We want to show
C C
that f has the property Vf =F.

Since domain D is open, it is possible to find a disk centered at (x, y) such that the disk is contained entirely inside D. Let
(a, y) with a < x be a point in that disk. Let C be a path from Xto (x, y) that consists of two pieces: C; and C;. The first
piece, Cy, is any path from Xto (a, y) that stays inside D; C, is the horizontal line segment from (a, y) to (x, y) (Figure
6.30). Then

f(x,y)=/ F-dr+/ F-dr.
& %)

The first integral does not depend on x, so

0
fr =— / F.dr.
ox CZ

If we parameterize C, by r (t) = (t,y),a <t < x, then

f =i/ F.dr
x 0x o

2 F(r®).r () dt

= ox
a

=% [ Fa®). $ny)d

2 xF(r(t)).(l,O)dt

~ox
a

X
2 [ P(@,y)dt.

=0x
a
By the Fundamental Theorem of Calculus (part 1),

a X
Sx =a_/ P y)dt=P(x,y).
X a
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6.3 * Conservative Vector Fields

Figure 6.30 Here, C; is any path from Xto (a, y) that stays inside D, and C; is the horizontal line segment from (a, y) to
(x,¥).

A similar argument using a vertical line segment rather than a horizontal line segment shows that f, = Q (x, ).
Therefore V f = F and F is conservative.

d

We have spent a lot of time discussing and proving Path Independence of Conservative Fields and The Path
Independence Test for Conservative Fields, but we can summarize them simply: a vector field F on an open and
connected domain is conservative if and only if it is independent of path. This is important to know because conservative
vector fields are extremely important in applications, and these theorems give us a different way of viewing what it
means to be conservative using path independence.

EXAMPLE 6.30

Showing That a Vector Field Is Not Conservative
Use path independence to show that vector field F(x, y) = (xzy, y+ 5) is not conservative.

Solution
We can indicate that F is not conservative by showing that F is not path independent. We do so by giving two different

paths, C; and C,, that both start at (0, 0) and end at (1, 1), and yet / F.dr # F.dr.
C 1%}

Let C; be the curve with parameterization r1(¢) = (t,1),0 < t < 1 and let C; be the curve with parameterization
ra(t) = (1,12 ,0 <t < 1 (Figure 6.31). Then

1
/ F.dr =/ F(r () -’ (0dt
o 0
1 1
:/ <t3,t+5>-(1,1)dt=/ (P +1+5)dt
0 0
4 2 1
=[%+’7+5t]0 =

and
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626 6 ¢ Vector Calculus

1
/ F-dr =/ F(rz(t))~r2'(t)dt
C, 0

1 1

=/ (t4,t2+5)-<1,2t)dt=/ (¢* +2 +10t) dt

0 0
I AL L
= [?+7+51‘ ]0——.

Since / F.dr # F. dr, the value of a line integral of F depends on the path between two given points. Therefore, F
¢ )

is not independent of path, and F is not conservative.

i
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Figure 6.31 Curves C and C, are both oriented from left to right.

6.27 Show that F(x, y) = <xy, x2y2> is not path independent by considering the line segment from (0, 0) to
2
(2,2) and the piece of the graph of y = YT that goes from (0, 0) to (2, 2).

Conservative Vector Fields and Potential Functions

As we have learned, the Fundamental Theorem for Line Integrals says that if F is conservative, then calculating / F.dr
C
has two steps: first, find a potential function f for F and, second, calculate f(P;) — f(Py), where P; is the endpoint of C

and P, is the starting point. To use this theorem for a conservative field F, we must be able to find a potential function f
for F. Therefore, we must answer the following question: Given a conservative vector field F, how do we find a function f
such that V f = F? Before giving a general method for finding a potential function, let's motivate the method with an
example.

EXAMPLE 6.31

Finding a Potential Function
Find a potential function for F (x, y) = <2xy3, 3x2y2 + cos (y)) , thereby showing that F is conservative.

) Solution
Suppose that f(x, y) is a potential function for F. Then, V f = F, and therefore

fx = 2xy3 and f), = 3x2y2 + cosy.
Integrating the equation fyx = 2xy3 with respect to x yields the equation

f(x,9) = %2y + h(y).

Notice that since we are integrating a two-variable function with respect to x, we must add a constant of integration that
is a constant with respect to x, but may still be a function of y. The equation f(x,y) = x2y3 + h(y) can be confirmed by
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6.3 * Conservative Vector Fields

taking the partial derivative with respect to x:

af _d
ox  0x

Since f is a potential function for F,

0
(x*»*) +o- () = 2xy° +0 =2xy>.

fy= 3x2y2 + cos (y),
and therefore
3x2y2 +H (» = 3x2y2 +cos ().

This implies that A'(y) = cosy, so h(y) = siny + C. Therefore, any function of the form f (x, y) = x2y3 +sin(y)+Cisa
potential function. Taking, in particular, C = 0 gives the potential function f (x,y) = xzy3 +sin(y).

To verify that f is a potential function, note that V f = <2xy3, 3x2y* + cosy> =F.

6.28 Find a potential function for F(x, y) = <e"'y3 +y, SGXyZ + x> .

The logic of the previous example extends to finding the potential function for any conservative vector field in R 2. Thus,

we have the following problem-solving strategy for finding potential functions:

Problem-Solving Strategy

Problem-Solving Stragegy: Finding a Potential Function for a Conservative Vector Field F (x, y) = (P (x, ), 0 (x, y))
Integrate P with respect to x. This results in a function of the form g (x, y) + h (y), where h (y) is unknown.

Take the partial derivative of g (x, y) + h (y) with respect to y, which results in the function gy, (x, y) + ().

Use the equation g, (x,y) + k' () = O (x, ) to find i’ (y).

Integrate /' (y) to find A (y).

Any function of the form f'(x, y) = g(x,y) + h(y) + C, where Cis a constant, is a potential function for F.

;S WS

We can adapt this strategy to find potential functions for vector fields in R 3, as shown in the next example.

EXAMPLE 6.32

Finding a Potential Function in R3

Find a potential function for F (x, y, z) = <2xy, X2 + 2yz3, 3y2 Z2 4 2z> , thereby showing that F is conservative.

Solution
Suppose that f is a potential function. Then, V f = F and therefore f = 2xy. Integrating this equation with respect to x
yields the equation f (x,y,z) = x2y + g (, z) for some function g. Notice that, in this case, the constant of integration
with respect to x is a function of yand z.

Since f is a potential function,
x? +2yz3 =fy= x? +gy.
Therefore,
gy = 2yz3.
Integrating this function with respect to yyields
g2 =2 +h(z)

for some function 4 (z) of zalone. (Notice that, because we know that g is a function of only y and z, we do not need to
write g (y,z) = y2 D +h (x, z).) Therefore,
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628 6 ° Vector Calculus

[y =xy+8(n2)=xy+y2 +h(2).
To find f, we now must only find h. Since f is a potential function,
30222 +2z=g, =3y*22 + 1 (2).
This implies that 4’ (z) = 2z,s0 h(z) = 22 +C. Letting C = 0 gives the potential function
f(x,y,2)= x2y+ yzz3 + 2%

To verify that f is a potential function, note that Vf = <2xy, x2 4+2yz3,3y% 2% + 22) =F.

6.29 Find a potential function for F (x, y, z) = <12x2, cosycos z,1 —siny sinz> .

We can apply the process of finding a potential function to a gravitational force. Recall that, if an object has unit mass
and is located at the origin, then the gravitational force in R 2 that the object exerts on another object of unit mass at the

point (x, ) is given by vector field

X y
F(x,y)=-G , ,
< (xz + y2>3/2 (x2 + y2)3/2 >

where G is the universal gravitational constant. In the next example, we build a potential function for F, thus confirming
what we already know: that gravity is conservative.

EXAMPLE 6.33

Finding a Potential Function

Find a potential function f for F (x,y) = -G X , J .
(x2+y2)3/2 (x2+y2)3/2

Solution
Suppose that f is a potential function. Then, V f = F and therefore
-Gx
x=——"75"
(x +y )
To integrate this function with respect to x, we can use u-substitution. If u = X2+ y2, then % = xdx, so

-G -G
/ - R dx = / 3 du
(x2 +)?) 2u

=G
= —Z— +h(y)
xX“+y
for some function A(y). Therefore,
G
f(x, ) = ——= + h(y).
x2 + y2
Since f is a potential function for F,
-Gy
fy=——=5
(2 + y2)3/2
. =Gy /
Since f(x,y) = S CE—— h(y), fy also equals ————= + &' (y).
2192 ’ (242)32

Therefore,
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6.3 * Conservative Vector Fields

-Gy -Gy
— st ()= ——>,
(x2 +y2)3/2 (x2 +y2)3/2

which implies that /' (y) = 0. Thus, we can take A(y) to be any constant; in particular, we can let 4(y) = 0. The function

G
f(x,)) = ——
x2 4 2

is a potential function for the gravitational field F. To confirm that f is a potential function, note that
Vi ={ -3 %5520, 5 —5 )

_ -Gx -Gy
(x2 +y2 ) 32 (x2+y2 ) 3/2

=F.

6.30 Find a potential function f for the three-dimensional gravitational force

—Gx -Gy -Gz
F(x,y,2) = - : . .
(x24y2+22)%% 7 (x24y2422)32 (x2+y2+z2)3/2

Testing a Vector Field

Until now, we have worked with vector fields that we know are conservative, but if we are not told that a vector field is
conservative, we need to be able to test whether it is conservative. Recall that, if F is conservative, then F has the cross-
partial property (see The Cross-Partial Property of Conservative Vector Fields). That is, if F = (P, Q, R) is conservative,
then P, = Ox, P, = Rx,and Q; = R,,. So, if F has the cross-partial property, then is F conservative? If the domain of F
is open and simply connected, then the answer is yes.

Theorem 6.10

The Cross-Partial Test for Conservative Fields
If F = (P, Q, R) is a vector field on an open, simply connected region Dand P, = Oy, P, = Ry,and Q; = R,
throughout D, then F is conservative.

Although a proof of this theorem is beyond the scope of the text, we can discover its power with some examples. Later,
we see why it is necessary for the region to be simply connected.

Combining this theorem with the cross-partial property, we can determine whether a given vector field is conservative:

Theorem 6.11

Cross-Partial Property of Conservative Fields
Let F = (P, Q, R) be a vector field on an open, simply connected region D. Then P, = O, P = Ry,and Q; = R,
throughout D if and only if F is conservative.

The version of this theorem in R 2 is also true. If F = (P, Q) is a vector field on an open, simply connected domain in

R 2, then F is conservative if and only if Py, = Ox.
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630 6 ¢ Vector Calculus

EXAMPLE 6.34

Determining Whether a Vector Field Is Conservative
Determine whether vector field F (x, y, z) = <xy2z, xzyz, z2> is conservative.

Solution

Note that the domain of Fis all of R2 and R 3 is simply connected. Therefore, we can use Cross-Partial Property of

Conservative Fields to determine whether F is conservative. Let

P(x,y,2) = xy*2,0 (x,y,2) = x*yz, and R (x, y, z) = z°.

Since Q; = x2y and R, = 0, the vector field is not conservative.

EXAMPLE 6.35

Determining Whether a Vector Field Is Conservative

2
Determine vector field F (x, y) = <x In(y), ’é—y) is conservative.

Solution
Note that the domain of F is the part of R 2 in which y > 0. Thus, the domain of F is part of a plane above the x-axis, and

this domain is simply connected (there are no holes in this region and this region is connected). Therefore, we can use
Cross-Partial Property of Conservative Fields to determine whether F is conservative. Let

2
P(x,y) =xIn(y) and O (x,y) = ;_y

Then Py, = % = QO and thus F is conservative.

6.31 Determine whether F (x, y) = (sinx cosy, cosx siny) is conservative.

When using Cross-Partial Property of Conservative Fields, it is important to remember that a theorem is a tool, and like
any tool, it can be applied only under the right conditions. In the case of Cross-Partial Property of Conservative Fields,
the theorem can be applied only if the domain of the vector field is simply connected.

To see what can go wrong when misapplying the theorem, consider the vector field:
y . —X

F(x,y) = j-
212 T2

This vector field satisfies the cross-partial property, since

i( y )_(x2+y2)—y(2y>_ X —y?
ay \ x2 +)? (x2 +)2)? (x2 +y2)°

and

0 —x - (2 + ) +x(2x) x2 — )2
a_x<x2+y2>= (22 +2)? - (22 +2)>
Since F satisfies the cross-partial property, we might be tempted to conclude that F is conservative. However, F is not
conservative. To see this, let
r(t) = (cost,sint) ,0 <t <«
be a parameterization of the upper half of a unit circle oriented counterclockwise (denote this C;) and let
s(t) = (cost,—sint) , 0 <t <rm

be a parameterization of the lower half of a unit circle oriented clockwise (denote this C;). Notice that C; and C, have
the same starting point and endpoint. Since sin’t + cos?t = 1,
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6.3 * Conservative Vector Fields

F@@®).r (t) = (sin(t), —cos (1)) . (=sin (r), cos (1)) = —1

and
F(s(®))-s'(t) = (—sint,—cost) - (—sint, —cost)
= sin®t + cos?t
=1
Therefore,

Vs T
/ F-dr:/ —1dt=—7rand/ F~dr=/ ldt = n.
of 0 C 0

Thus, C; and C, have the same starting point and endpoint, but/ F-dr # F - dr. Therefore, F is not
S %)
independent of path and F is not conservative.
To summarize: F satisfies the cross-partial property and yet F is not conservative. What went wrong? Does this contradict

Cross-Partial Property of Conservative Fields? The issue is that the domain of F is all of R 2 except for the origin. In other

words, the domain of F has a hole at the origin, and therefore the domain is not simply connected. Since the domain is
not simply connected, Cross-Partial Property of Conservative Fields does not apply to F.

We close this section by looking at an example of the usefulness of the Fundamental Theorem for Line Integrals. Now
that we can test whether a vector field is conservative, we can always decide whether the Fundamental Theorem for Line
Integrals can be used to calculate a vector line integral. If we are asked to calculate an integral of the form / F.dr,

C
then our first question should be: Is F conservative? If the answer is yes, then we should find a potential function and use

the Fundamental Theorem for Line Integrals to calculate the integral. If the answer is no, then the Fundamental
Theorem for Line Integrals can't help us and we have to use other methods, such as using Equation 6.9.

EXAMPLE 6.36

Using the Fundamental Theorem for Line Integrals

Calculate line integral / F - dr,where F(x,y,z) = <2xeyz +e*z, x2 eVz, x2eV + ex> and Cis any smooth curve that
C
goes from the origin to (1, 1, 1).
Solution
Before trying to compute the integral, we need to determine whether F is conservative and whether the domain of F is

simply connected. The domain of F is all of R3, which is connected and has no holes. Therefore, the domain of F is
simply connected. Let

2

P(x,y,z) =2xez+¢e*z,0(x,y,z) = x“¢’z, and R(x, y,z) = xZe¥ + &

sothat F = (P, Q, R) . Since the domain of F is simply connected, we can check the cross partials to determine whether
F is conservative. Note that

P, = 2xe¥z=0x
P, = 2xe¥ +e* =R,
0, = x2e¥ = Ry.

Therefore, F is conservative.

To evaluate / F - dr using the Fundamental Theorem for Line Integrals, we need to find a potential function f for F. Let
c

f be a potential function for F. Then, V f = F, and therefore f, = 2xe”z + ¢* z. Integrating this equation with respect to
xgives f(x,y,z) = x%e¥z + e*z + h(y, z) for some function h. Differentiating this equation with respect to y gives
x?eVz + hy =0 = x?e¥ z, which implies that hy = 0. Therefore, his a function of zonly, and

f(x,v,2) = x2e¥z + ez + h(z). To find h, note that f, = xZe? + ¢* + h'(z) = R = x2e” + ¢*. Therefore, h'(z) = 0 and
we can take h(z) = 0. A potential function for Fis f(x, y, z) = x2eVz + e z.
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632 6 Vector Calculus

Now that we have a potential function, we can use the Fundamental Theorem for Line Integrals to evaluate the integral.

By the theorem,
/F~dr :/Vf-dr
c c
=f(]s 171)_f(0s050)
= 2e.
Analysis

Notice that if we hadn't recognized that F is conservative, we would have had to parameterize C and use Equation 6.9.
Since curve Cis unknown, using the Fundamental Theorem for Line Integrals is much simpler.

6.32 Calculate integral / F - dr, where F(x, y) = (sinx siny, 5 — cosx cos y) and Cis a semicircle with starting
Jc
point (0, z) and endpoint (0, —x).

EXAMPLE 6.37

Work Done on a Particle
LetF(x,y) = <2xy2, 2x2y> be a force field. Suppose that a particle begins its motion at the origin and ends its

movement at any point in a plane that is not on the x-axis or the y-axis. Furthermore, the particle’s motion can be
modeled with a smooth parameterization. Show that F does positive work on the particle.

Solution
We show that F does positive work on the particle by showing that F is conservative and then by using the Fundamental
Theorem for Line Integrals.

To show that F is conservative, suppose f (x, y) were a potential function for F. Then, Vf =F = <2xy2, 2x2y> and
therefore f = 2xy2 and f, = 2x2y. Equation fx = 2xy2 implies that f (x,y) = x2y2 + h(y) . Deriving both sides with
respect to yyields f, = 2x%>y + i’ (y). Therefore, i’ (y) = 0 and we can take /() = 0.

If f(x,y)= x2y2, then notethat Vf = <2xy2, 2x2y> = F, and therefore f is a potential function for F.

Let (a, b) be the point at which the particle stops is motion, and let C denote the curve that models the particle’'s motion.

The work done by F on the particleis [/ F - dr. By the Fundamental Theorem for Line Integrals,

c
/F-dr :/Vf-dr
c c

= f(a,b) — f(0,0)
= a%p?.

Since a # 0 and b # 0, by assumption, a?b* > 0. Therefore, / F - dr > 0, and F does positive work on the particle.
c
Analysis
Notice that this problem would be much more difficult without using the Fundamental Theorem for Line Integrals. To
apply the tools we have learned, we would need to give a curve parameterization and use Equation 6.9. Since the path of
motion C can be as exotic as we wish (as long as it is smooth), it can be very difficult to parameterize the motion of the
particle.

6.33 Let F(x,y) = <4x3 y4, 4x4y3 > , and suppose that a particle moves from point (4,4) to (1, 1) along any
smooth curve. Is the work done by F on the particle positive, negative, or zero?
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99. True or False?If vector field
F is conservative on the
open and connected
region D, then line
integrals of F are path
independent on D,
regardless of the shape of
D.

SECTION 6.3 EXERCISES

r(t)=a+t(b-a),
where0 <t <1,
parameterizes the
straight-line segment
fromatob.

101. True or False?Vector field
F(x,y,z) = (ysinz)i+ (xsinz)j + (xycosz) k
is conservative.

103. Verify the Fundamental Theorem
of Line Integrals for / F - dr by
C

computing the integral using a
parameterization and, separately,
by finding a potential function for
the case when

Fx,y) =Q2x+2y)i+ 2x+2y)j
and Cis a portion of the positively
oriented circle x% + y2 = 25 from
(5,0) to (3, 4).

105. [T] Evaluate line integral / F - dr, where
o
F(x,y) = (e“siny — y)i+ (e*cosy — x — 2) j, and
Cis the path given by
r(t) = [Psin Z|i— [Zcos (& + £)] j for
0<t<1.

100. True or False? Function

6.3 * Conservative Vector Fields

102. True or False?Vector field
F(x,y,z) =)i+(x+2)j-)k
is conservative.

104. [T] Find/F~dr,where
C

F(x,y) = (ye*¥ 4+ cosx)i+ <xexy + +>J

ye+1

and Cis a portion of curve y = sinx from
x=0tox=7.

For the following exercises, determine whether the vector field is conservative and, if it is, find the potential function.

106. F(x,y) = 2xy3i + 3y2x2j
108. F(x,y) = (e**siny)i+ [e**cosy|

110. F(x,y) = [2x cos(y) — y cos(x)]i + [—x2 sin(y) — sin(x)] j

107. F(x,y) = (—y+e*siny)i+ [(x +2) excosy]j

109. F(x,y) = (6x + 5y)i+ (5x + 4y)j

1. F(x,y) = [ye* +sin(y)] i+ [e¥ + x cos(y)] j
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For the following exercises, evaluate the line integrals using the Fundamental Theorem of Line Integrals.

112. /(yi + xj) - dr, where C 113. / (2ydx + 2xdy) , where
C C

is any path from (0, 0) to Cis the line segment from
(2,4 (0,0)to (4, 4)
114. [T] 115. Find the conservative
2 .

y _xy X v vector field for the

/C [arcta X 2+ yz] dx + [xz + 32 +end y)] dy, potential function
2 2

where Cis any smooth curve from (1, 1) to (—1,2) S, y) =5x" +3xy+ 10y~.

For the following exercises, determine whether the vector field is conservative and, if so, find a potential function.

116. F(x,y) = (12xy)i+6 (x2 +3%2)j 117 F(x,y) = (e*cosy)i+6(e*siny) j

118. F(x,y) = (2xyex2y>i+<x2ex2y)j 119. F(x,y, z) = (ye*)i+ (xe?)j+ (xye*) k
120. F(x,y,z) = (siny)i— (xcosy)j+k 121. F(x,y,z) = (—§)i+<i2>j+(2z—1)k
y

122. F(x,y,z) =3z%i—cosyj+2xzk  123. F(x,y,z) = @xp)i+ (x? +2yz)j+»°k

124. F(x,y) = (e*cosy)i+6(e*siny)j 125. F(x,y) = (2xyex2y> i+ (xzexzy)j

For the following exercises, evaluate the integral using the Fundamental Theorem of Line Integrals.

126. Evaluate/ Vf - dr, where 127. [T] Evaluate/ Vf-dr, 128. [T] Evaluate/ Vf-dr,
c c Cc
f(x,y, z) = cos(xx) + sin(xy) — xyz where f(x,y) = xy + e* where f(x,y) = x2y -Xx
and Cis any path that starts at and Cis a straight line and Cis any pathin a
(1,%,2) andendsat(2,1,-1). from (0,0)to (2,1). plane from (1, 2) to (3, 2).

129. Evaluate/ Vf-dr,
C

where

f(x.y.2) = xyz? — yz
and C has initial point (1,
2, 3) and terminal point
(3,5, 1).

For the following exercises, let F(x, y) = 2xy%i + <2yx2 + Zy)j and G(x,y) = (y + x)i + (y — x)j, and let C; be the curve
consisting of the circle of radius 2, centered at the origin and oriented counterclockwise, and C, be the curve consisting
of a line segment from (0, 0) to (1, 1) followed by a line segment from (1, 1) to (3, 1).

Fix, ¥) = 2xy%i + (2yx® + 2y)jGx. ¥) = {y + x)i = (v — X)i

¥i

i i ﬁ.p‘;l'?-’r’rr--—
ltdifdprrerrs== -
oS ) B
ol i o e
VRRR b=

() e IR NN

e ML Y

LR I & b r" Ny

B wa !J Py "y L
-----n.:__zil-_rrl ':: . .

| 130. Calculate the line integral
of F over .
131. Calculate the line integral 132. Calculate the line integral 133. Calculate the line integral
of G over (. of F over C,. of G over C,.
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134. [T] Let

F(x,y,z) = X2i+z sin(yz)j + y sin(yz)k.

Calculate F - dr, where Cis a path

c
from A =(0,0,1)to B=(3,1,2).

6.3 * Conservative Vector Fields

135. [T] Find line integral F - dr of vector field

C
F(x,y,z) =3x?zi+ 22j + (x* + 2yz) k
along curve C parameterized by
r(t) = (RL)i+12j+1cos(n), 1 <t <4

For the following exercises, show that the following vector fields are conservative by using a computer. Calculate

/ F - dr for the given curve.
C

136. F = (xy2 + 3x2y) i+(x+y) xzj;
Cis the curve consisting of line
segments from (1, 1) to (0, 2) to
(3,0).

[T]

138.
[cos (x»?)
e

Clscurve(e, ’+1) -1<t<0.

140. [T] Let
=(x,y,z) =

Evaluate the integral

the curve <\ﬁ t3 e\/—) 0<t<1.

142. [T] Use a computer algebra
system to find the mass of a wire
that lies along curve

r()= (P —-1)j+2k0<t <1,

if the density is %t

— Xy sm( 2)]i— 2x2ysin (xyz)j;

(e*siny)i+ (e¥cosy)j + z2k.
F - ds, where Cis

2y<x2+1
—2j; Cis
(»+1)
parameterized by
x=8-1,y=1°-1,0<t<1.

137. F=

y+1

139. The mass of Earth is
approximately 6 x 10%’g
and that of the Sun is
330,000 times as much.
The gravitational constant
is6.7 x 107 8cm3/s? - g.
The distance of Earth
from the Sun is about
1.5 x 10'2cm. Compute,
approximately, the work
necessary to increase the
distance of Earth from the
Sun by 1 cm.

141. [T]Letc: [1,2] —» RZ be given by

x=e’_1,y=sin(§).Usea

computer to compute the integral
/ F-ds= / 2x cosydx — xzsinydy,
C C

where F = (2x cosy)i — (x%siny) j.

143. Find the circulation and flux of field
F = —yi + xj around and across the closed
semicircular path that consists of
semicircular arch
ri(t) = (acost)i+ (asin?)j,0 <t < x,
followed by line segment
r,(t)=ti,—a<t<a.

ny
¥i
B i __.L—‘:.n —— W, W
P e B o
s O 15 = = "-.___ W
P B A SR T T T T LY
St # o ow B0~ n ow l_‘\_‘
f F Fr s =L = owowy N
-a f § F # = 85+ ~ v v 8 N L B
\- | F 7 7 ‘{Ilﬂ]l' RS o, I|
26 | 410 -9 \ + 30/ § 2.0%
: 5 W -85+ =N\7 ¢ { f
LR . . . e P I |
LI T S
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636 6 ° Vector Calculus

144. Compute 145. Complete the proof of
The Path Independence
Test for Conservative
where e(r) = (£,12) ,0<t < 1. Fields by showing that
fy=0x,y).

/ cosXx cos ydx — sinx sinydy,
C

6.4 Green's Theorem

Learning Objectives
6.4.1 Apply the circulation form of Green’s theorem.
6.4.2 Apply the flux form of Green’s theorem.
6.4.3 Calculate circulation and flux on more general regions.

In this section, we examine Green's theorem, which is an extension of the Fundamental Theorem of Calculus to two
dimensions. Green's theorem has two forms: a circulation form and a flux form, both of which require region D in the
double integral to be simply connected. However, we will extend Green'’s theorem to regions that are not simply
connected.

Put simply, Green’s theorem relates a line integral around a simply closed plane curve Cand a double integral over the
region enclosed by C. The theorem is useful because it allows us to translate difficult line integrals into more simple
double integrals, or difficult double integrals into more simple line integrals.

Extending the Fundamental Theorem of Calculus

Recall that the Fundamental Theorem of Calculus says that

b
/ F'(x)dx = F(b) — F(a).

As a geometric statement, this equation says that the integral over the region below the graph of F/(x) and above the
line segment [a, b] depends only on the value of Fat the endpoints a and b of that segment. Since the numbers aand b

b
are the boundary of the line segment [a, b], the theorem says we can calculate integral / F’(x)dx based on
a

information about the boundary of line segment [a, b] (Figure 6.32). The same idea is true of the Fundamental Theorem
for Line Integrals:

/C Vf -dr = f(r(b)) - f(r(a)).

When we have a potential function (an “antiderivative”), we can calculate the line integral based solely on information
about the boundary of curve C.

o
Ja flx)cIx

f(x)

| | "
0 a b L

Figure 6.32 The Fundamental Theorem of Calculus says that the integral over line segment [a, b] depends only on the
values of the antiderivative at the endpoints of [a, b].

Green's theorem takes this idea and extends it to calculating double integrals. Green’s theorem says that we can
calculate a double integral over region D based solely on information about the boundary of D. Green's theorem also
says we can calculate a line integral over a simple closed curve Cbased solely on information about the region that C
encloses. In particular, Green’s theorem connects a double integral over region D to a line integral around the boundary
of D.
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6.4 * Green's Theorem

Circulation Form of Green's Theorem

The first form of Green’s theorem that we examine is the circulation form. This form of the theorem relates the vector
line integral over a simple, closed plane curve Cto a double integral over the region enclosed by C. Therefore, the
circulation of a vector field along a simple closed curve can be transformed into a double integral and vice versa.

Theorem 6.12

Green's Theorem, Circulation Form

Let D be an open, simply connected region with a boundary curve Cthat is a piecewise smooth, simple closed curve
oriented counterclockwise (Figure 6.33). Let F = (P, Q) be a vector field with component functions that have
continuous partial derivatives on D. Then,

}sz.dr:}z{ de+Qdy://(Qx — P)dA. (6.13)
C C D

Figure 6.33 The circulation form of Green's theorem relates a line integral over curve Cto a double integral over region
D.

Notice that Green'’s theorem can be used only for a two-dimensional vector field F. If F is a three-dimensional field, then

Green's theorem does not apply. Since
/ de+Qdy=/F~Tds,
C Cc

this version of Green’s theorem is sometimes referred to as the tangential form of Green's theorem.

The proof of Green’s theorem is rather technical, and beyond the scope of this text. Here we examine a proof of the
theorem in the special case that D is a rectangle. For now, notice that we can quickly confirm that the theorem is true for
the special case in which F = (P, Q) is conservative. In this case,

}{de+Qdy=O
C

because the circulation is zero in conservative vector fields. By Cross-Partial Property of Conservative Fields, F satisfies
the cross-partial condition, so P, = Qx. Therefore,

/(Qx_Py)dA=/0dA=0=7{de+Qdy’
D D C

which confirms Green's theorem in the case of conservative vector fields.

Proof

Let's now prove that the circulation form of Green'’s theorem is true when the region D is a rectangle. Let D be the
rectangle [a, b] X [c, d] oriented counterclockwise. Then, the boundary C of D consists of four piecewise smooth pieces
Ci, C, C3,and Cy (Figure 6.34). We parameterize each side of D as follows:
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638 6 Vector Calculus

Ciiri (1) = (t,e),a<t<bh
Crrp (1) = (bt),c<t<d
—C3:r3(t) = (t,d),a<t<b
—Cq:rg (1) = (a,t),c<t<d.
Y4
o} C:
Cay 4Ca
U -
C,
|
a b e

Figure 6.34 Rectangle D is oriented counterclockwise.

/Fodr =/ Fodr+/ F~dr+/ F~dr+/ F-dr
c C C, C3 Cy
:/ F-dr+/ F~dr—/ F-dr—/ F-dr
C G -C3 —-Cy

b d
=/ F(ry (0)-r (t)dt+/ F(ry () -ry (1) dt

Then,

b d
—/ F(r; () -r3 (t)dt—/ F(ry (1) -r4 (1) dt
b d b d
=/ P(t,c)dt+/ Q(b,t)dt—/ P(t,d)dt—/ 0 (a,t)dt
ab c d a c
=/ (P(I,C)—P(t,d))dt+/ (Q (b, 1) — Q(a,1))dt

b d
=—/ (P(t,d)—P(t,c))dt+/ (Q(b,1) = Q(a,1))dt.

By the Fundamental Theorem of Calculus,

d b
P(t,d)—P(t,c):/ ain(t,y)dyandQ(b,t)—Q(a,t):/ %Q(x,t)dx.

Therefore,

b d
- / (P(t,d)—P(t,c))dt+ / Q,1)—=0(a,1)dt

b d 0 d b 0
= - / / —P(t,y)dydt+ / / —O (x,t)dxdt.
a c ay c a ()X

But,
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6.4 * Green's Theorem

b d 0 d b 0 b d 0 d b 0
—/ / —P(t,y)dydt—l—/ / — O (x,t)dxdt z—/ / —P(x,y)dydx+/ / — O (x,y)dxdy
a c ay (4 a ax c a ax
/ / Py dydx
=] ], (0=

Therefore, / F.dr= // - Py dA and we have proved Green's theorem in the case of a rectangle.

To prove Green's theorem over a general region D, we can decompose D into many tiny rectangles and use the proof
that the theorem works over rectangles. The details are technical, however, and beyond the scope of this text.

d

EXAMPLE 6.38

Applying Green’s Theorem over a Rectangle
Calculate the line integral

}l{ xzydx + (y—3)dy,
C

where Cis a rectangle with vertices (1, 1), (4, 1), (4,5), and (1, 5) oriented counterclockwise.

Solution
Let F (x,y) = (P (x,¥), 0 (x,») = (x?y,y — 3) . Then, Oy = 0 and P, = x%. Therefore, Oy — P, = —x.

Let D be the rectangular region enclosed by C (Figure 6.35). By Green's theorem,

}{xzydx+(y—3)dy =/ (Qx—Py)dA
C D
5 4
=// —xsz=/ / —xzdxdy
D 1 1
5
=/ —21dy = —-84.
1
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Figure 6.35 The line integral over the boundary of the rectangle can be transformed into a double integral over the
rectangle.
@ Analysis

If we were to evaluate this line integral without using Green’s theorem, we would need to parameterize each side of the
rectangle, break the line integral into four separate line integrals, and use the methods from Line Integrals to evaluate
each integral. Furthermore, since the vector field here is not conservative, we cannot apply the Fundamental Theorem
for Line Integrals. Green’s theorem makes the calculation much simpler.

EXAMPLE 6.39

Applying Green's Theorem to Calculate Work
Calculate the work done on a particle by force field

F(x,y) = (y +sinx,e’ — x)

as the particle traverses circle 2y =4 exactly once in the counterclockwise direction, starting and ending at point
(2,0).

) Solution
Let C denote the circle and let D be the disk enclosed by C. The work done on the particle is

W=}{ (y +sin x) dx + (¥ — x)dy.
C

As with Example 6.38, this integral can be calculated using tools we have learned, but it is easier to use the double
integral given by Green's theorem (Figure 6.36).

LetF (x,y) = (P(x,¥),0(x,y)) = (y+sinx,e¥ —x).Then, Qx = —1and P, = 1. Therefore, O, — P, = 2.

By Green's theorem,
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6.4 * Green's Theorem 641

w = 7{ (y + sin(x))dx + (¥ — x)dy

= [ (0= ryaa= || <2

= —2(area (D)) = -2 (22) = —8r.

¥i
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N
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Figure 6.36 The line integral over the boundary circle can be transformed into a double integral over the disk enclosed
by the circle.

6.34 Use Green's theorem to calculate line integral
j{ sin(xz)dx + Bx — y)dy,
c

where Cis a right triangle with vertices (—1,2), (4, 2), and (4, 5) oriented counterclockwise.

In the preceding two examples, the double integral in Green's theorem was easier to calculate than the line integral, so
we used the theorem to calculate the line integral. In the next example, the double integral is more difficult to calculate
than the line integral, so we use Green’s theorem to translate a double integral into a line integral.

EXAMPLE 6.40

Applying Green’'s Theorem over an Ellipse

2 2
Calculate the area enclosed by ellipse x—2 + Z_2 = 1 (Figure 6.37).
a
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y
254 (0, b)

[
F/

<5 \i2B 0
D

-254(0, —b)
Figure 6.37 Elllpse = + y—2 = 1 is denoted by C.

Solution
Let Cdenote the ellipse and let D be the region enclosed by C. Recall that ellipse C can be parameterized by

x=acost,y=bsint,0 <t <2x.

Calculating the area of D is equivalent to computing double integral // dA. To calculate this integral without Green's
D

theorem, we would need to divide D into two regions: the region above the x-axis and the region below. The area of the
ellipse is

a b2 —(bx/a)? a 0
dydx + / / dydx.
/—a /0 —a J—\/b2—(bxla)?

These two integrals are not straightforward to calculate (although when we know the value of the first integral, we know
the value of the second by symmetry). Instead of trying to calculate them, we use Green's theorem to transform // dA

D
into a line integral around the boundary C.

Consider vector field

Fx.) = (P.0) = (-3.3)-

Then, Ox = % and P, = —7, and therefore O — P, = 1. Notice that F was chosen to have the property that
Oy — P, = 1.Since this is the case, Green's theorem transforms the line integral of F over Cinto the double integral of 1
over D.

By Green's theorem,

//dA // —Py dA
=/F-dr=%/—ydx+xdy
C C

—bsint(—asint) + a(cost) b cos tdt

=

)
2 2
/ abcos’t + absin*tdt = 1 / abdt = rab.
0 0

Therefore, the area of the ellipse is zab.

In Example 6.40, we used vector field F(x, y) = (P,Q) = (—%, %) to find the area of any ellipse. The logic of the

previous example can be extended to derive a formula for the area of any region D. Let D be any region with a boundary
that is a simple closed curve C oriented counterclockwise. If F(x, y) = (P, Q) = —%, %) ,then Oy — P, = 1. Therefore,

by the same logic as in Example 6.40,
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6.4 * Green's Theorem

1
area of D = // dA = _}{ —ydx + xdy. (6.14)
D 2 Jc

It's worth noting that if F = (P, Q) is any vector field with O, — P, = 1, then the logic of the previous paragraph works.
So. Equation 6.14 is not the only equation that uses a vector field’s mixed partials to get the area of a region.

6.35 Find the area of the region enclosed by the curve with parameterization
r(t) = (sintcost,sint),0 <t < x.

¥i

051

Flux Form of Green's Theorem

The circulation form of Green's theorem relates a double integral over region D to line integral }{ F - Tds, where Cis the
c
boundary of D. The flux form of Green's theorem relates a double integral over region D to the flux across boundary C.

The flux of a fluid across a curve can be difficult to calculate using the flux line integral. This form of Green’s theorem
allows us to translate a difficult flux integral into a double integral that is often easier to calculate.

Theorem 6.13

Green's Theorem, Flux Form

Let D be an open, simply connected region with a boundary curve Cthat is a piecewise smooth, simple closed curve
that is oriented counterclockwise (Figure 6.38). Let F = (P, Q) be a vector field with component functions that have
continuous partial derivatives on an open region containing D. Then,

}{F~Nds=// P + 0, dA. (6.15)
C D

¥
HL AT R PTEAETIH TN

Figure 6.38 The flux form of Green’s theorem relates a double integral over region D to the flux across curve C.

Because this form of Green's theorem contains unit normal vector N, it is sometimes referred to as the normal form of
Green's theorem.
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644 6+ Vector Calculus

Proof
Recall that jl{ F-Nds = jl{ —Qdx + Pdy.Let M = —Q and N = P. By the circulation form of Green'’s theorem,
C C

}{—de+de =}{ Mdx + Ndy
C C

=/ Ny — MydA

D

=// Py —(=0Q),dA
D

- // P, +0,dA.
D

d

EXAMPLE 6.41

Applying Green’s Theorem for Flux across a Circle
Let Cbe a circle of radius r centered at the origin (Figure 6.39) and let F(x, y) = (x, y) . Calculate the flux across C.

¥
b T S . A R TR AL DR I 2 F i i
LR o W T A ) kA
b %o X ke A A i
-~ , R {3 F o
- w, P -
- A -
ek -
i~ \ T
P \ ~ ™
" 2 \ . e,
/F P4 _./ b "\ by " “‘-. 9 H‘x

Figure 6.39 Curve Cis a circle of radius r centered at the origin.
() Solution

Let D be the disk enclosed by C. The flux across Cis }1{ F - Nds. We could evaluate this integral using tools we have
C
learned, but Green's theorem makes the calculation much more simple. Let P (x,y) = x and Q (x, y) = y so that

F = (P,Q) . Notethat P, = 1 = Qy, and therefore P, 4+ Oy, = 2. By Green'’s theorem,

/CF.Ndsz//DZdA=2//DdA.

Since // dA is the area of the circle, // dA = zr?. Therefore, the flux across Cis 2zr2.
D D
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6.4 * Green's Theorem 645

EXAMPLE 6.42

Applying Green's Theorem for Flux across a Triangle
Let S be the triangle with vertices (0, 0), (1,0), and (0, 3) oriented clockwise (Figure 6.40). Calculate the flux of

F(x,y)=(P(x,9),0(x,)) = (x? +¢”,x +y) across S.

ko
\

'
'
A
A
L |

"-P.
UK

/

— - —
i - = -
il il -
- — —
- —_—  — = i i
A — - — -
o - - -
e —m s il il il
. e - - -
- - e
-
RS

Figure 6.40 Curve Sis a triangle with vertices (0, 0), (1,0), and (0, 3) oriented clockwise.

) Solution
To calculate the flux without Green’s theorem, we would need to break the flux integral into three line integrals, one
integral for each side of the triangle. Using Green’s theorem to translate the flux line integral into a single double

integral is much more simple.
Let D be the region enclosed by S. Note that Py = 2x and Q, = 1; therefore, Py + Q) = 2x + 1. Green’s theorem
applies only to simple closed curves oriented counterclockwise, but we can still apply the theorem because

F-Nds = —7{ F - Nds and —S is oriented counterclockwise. By Green’s theorem, the flux is
c -S

j[F.Nds =}{ F - Nds
C -5
=—//(Px+Qy)dA
D
=—//(2x+1)dA.
D

Notice that the top edge of the triangle is the line y = —3x + 3. Therefore, in the iterated double integral, the y-values
run from y = 0to y = —3x + 3, and we have

1 —3x+3
—// 2x+1)dA :—/ / 2x + 1)dydx
D 0 Jo

1 1
=—/ (2x+1)(—3x+3)dx:—/ (—6x7 +3x +3) dx
0 0

[S][¥)

2 1
=—[—2x3+%+3x] =-
0
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6.36 Calculate the flux of F(x, y) = <x3, ¥ > across a unit circle oriented counterclockwise.

EXAMPLE 6.43

Applying Green’s Theorem for Water Flow across a Rectangle

Water flows from a spring located at the origin. The velocity of the water is modeled by vector field

v(x,y) = (5x + y, x + 3y) m/sec. Find the amount of water per second that flows across the rectangle with vertices
(-1,-2),(1,-2),(1,3), and (-1, 3), oriented counterclockwise (Figure 6.41).

ey S T w w “{\1.‘3}‘ i ?.:J:. F .{1.: 3,1 S S
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Figure 6.41 Water flows across the rectangle with vertices (—1,-2),(1,-2),(1,3), and (-1, 3), oriented
counterclockwise.

() Solution
Let Crepresent the given rectangle and let D be the rectangular region enclosed by C. To find the amount of water

flowing across C, we calculate flux / v-Nds. Let P(x,y) =5x+ yand O (x,y) = x + 3ysothatv = (P,Q). Then,

/Cv-Nds =//D(Px+Qy)dA

P, =5 and Qy = 3. By Green's theorem,
= // 8dA
D

= 8 (area of D) = 80.

Therefore, the water flux is 80 m%/sec.

Recall that if vector field F is conservative, then F does no work around closed curves—that is, the circulation of F around
a closed curve is zero. In fact, if the domain of F is simply connected, then F is conservative if and only if the circulation of
F around any closed curve is zero. If we replace “circulation of F” with “flux of F,” then we get a definition of a source-free
vector field. The following statements are all equivalent ways of defining a source-free field F = (P, Q) on a simply
connected domain (note the similarities with properties of conservative vector fields):

1. The flux 7{ F - Nds across any closed curve Cis zero.
c

2. If Cy and C, are curves in the domain of F with the same starting points and endpoints, then

F-Nds = / F - Nds. In other words, flux is independent of path.
¢ %)
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3. Thereis a stream function g(x, y) for F. A stream function for F = (P, Q) is a function g such that P = g, and
O = —gx. Geometrically, F (a, b) is tangential to the level curve of g at (a, b) . Since the gradient of g is
perpendicular to the level curve of g at (a, b), stream function g has the property F (a, b) - Vg (a, b) = 0 for any
point (a, b) in the domain of g. (Stream functions play the same role for source-free fields that potential functions
play for conservative fields.)

4. Pc+0y,=0

EXAMPLE 6.44

Finding a Stream Function
Verify that rotation vector field F(x, y) = (y, —x) is source free, and find a stream function for F.

() Solution
Note that the domain of F is all of R 2, which is simply connected. Therefore, to show that F is source free, we can show
any of items 1 through 4 from the previous list to be true. In this example, we show that item 4 is true. Let P(x,y) =y
and O (x,y) = —x. Then Py + 0 = Qy, and therefore Px + O, = 0. Thus, F is source free.
To find a stream function for F, proceed in the same manner as finding a potential function for a conservative field. Let g
be a stream function for F. Then g, = y, which implies that
2
glx.y)=Z+h(x).

Since —gx = Q = —x, we have &’ (x) = x. Therefore,

2
x
h(x)=—+C.
(x) 2
Letting C = 0 gives stream function
2 2
X Y
X)) = —+=.
g(x,y) > +t3
To confirm that g is a stream function for F, note that g, = y = Pand —gx = —x = Q.

Notice that source-free rotation vector field F(x, y) = (y, —x) is perpendicular to conservative radial vector field
Vg = (x, y) (Figure 6.42).

5‘ Fix ¥) =iy, —-x)

. (&)

Figure 6.42 (a) In this image, we see the three-level curves of g and vector field F. Note that the F vectors on a given level
curve are tangent to the level curve. (b) In this image, we see the three-level curves of g and vector field Vg. The gradient
vectors are perpendicular to the corresponding level curve. Therefore, F (a, b) - Vg (a, b) = 0 for any point in the domain

of g.

6.37 Find a stream function for vector field F (x, y) = (x sin y,cos y) .

Vector fields that are both conservative and source free are important vector fields. One important feature of
conservative and source-free vector fields on a simply connected domain is that any potential function f of such a field
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satisfies Laplace's equation fxx + fy, = 0. Laplace’s equation is foundational in the field of partial differential equations
because it models such phenomena as gravitational and magnetic potentials in space, and the velocity potential of an
ideal fluid. A function that satisfies Laplace’s equation is called a harmonic function. Therefore any potential function of a
conservative and source-free vector field is harmonic.

To see that any potential function of a conservative and source-free vector field on a simply connected domain is
harmonic, let f be such a potential function of vector field F = (P, Q). Then, fy = Pand fx = Q because Vf =F.
Therefore, fxx = Px and fy, = Q. Since F is source free, fxx + fy, = Px + Qy = 0, and we have that f is harmonic.

EXAMPLE 6.45

Satisfying Laplace’s Equation
For vector field F (x, y) = {(e*sin y, e*cos y), verify that the field is both conservative and source free, find a potential
function for F, and verify that the potential function is harmonic.

Solution
Let P(x,y) = e*sin yand Q (x,y) = e*cos y. Notice that the domain of F is all of two-space, which is simply connected.
Therefore, we can check the cross-partials of F to determine whether F is conservative. Note that P, = e*cosy = Qy, so
F is conservative. Since Px = e*sin y and Q, = —e*sin y, Py + Q, = 0 and the field is source free.

To find a potential function for F, let f be a potential function. Then, Vf = F, so fy = e*sin y. Integrating this equation
with respect to x gives f (x,y) = e*sin y + h(y). Since f) = e*cos y, differentiating f with respect to y gives
eXcos y = e*cos y+ h' (y) . Therefore, we can take h (y) = 0, and f (x, y) = e*sin y is a potential function for f.

To verify that f is a harmonic function, note that fyx =% (e*sin y) = e*sin y and

Syy =a—‘; (e*cos y) = —e*sin y. Therefore, fxx + fyy = 0, and f satisfies Laplace's equation.

6.38 Is the function f (x, y) = ¢**Y harmonic?

Green's Theorem on General Regions

Green's theorem, as stated, applies only to regions that are simply connected—that is, Green's theorem as stated so far
cannot handle regions with holes. Here, we extend Green’s theorem so that it does work on regions with finitely many

holes (Figure 6.43).

Figure 6.43 Green's theorem, as stated, does not apply to a nonsimply connected region with three holes like this one.

Before discussing extensions of Green's theorem, we need to go over some terminology regarding the boundary of a
region. Let D be a region and let C be a component of the boundary of D. We say that Cis positively oriented if, as we
walk along Cin the direction of orientation, region D is always on our left. Therefore, the counterclockwise orientation of
the boundary of a disk is a positive orientation, for example. Curve Cis negatively oriented if, as we walk along Cin the
direction of orientation, region D is always on our right. The clockwise orientation of the boundary of a disk is a negative
orientation, for example.

Let D be a region with finitely many holes (so that D has finitely many boundary curves), and denote the boundary of D
by 0D (Figure 6.44). To extend Green’s theorem so it can handle D, we divide region D into two regions, D; and D, (with
respective boundaries 0D and dD5), in such a way that D = D U D, and neither D nor D, has any holes (Figure
6.44).
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(@) (b)
Figure 6.44 (a) Region D with an oriented boundary has three holes. (b) Region D split into two simply connected regions
has no holes.

Assume the boundary of D is oriented as in the figure, with the inner holes given a negative orientation and the outer
boundary given a positive orientation. The boundary of each simply connected region D and D; is positively oriented.
If F is a vector field defined on D, then Green'’s theorem says that

% F-dr =}I{ F-dr+}{ F-dr
oD oD, oD,
= / Ox - PydA+// Ox — PydA
Dy Dy
= //(Qx — Py)dA.
D

Therefore, Green's theorem still works on a region with holes.

To see how this works in practice, consider annulus D in Figure 6.45 and suppose that F = (P, Q) is a vector field defined
on this annulus. Region D has a hole, so it is not simply connected. Orient the outer circle of the annulus
counterclockwise and the inner circle clockwise (Figure 6.45) so that, when we divide the region into D and D,, we are
able to keep the region on our left as we walk along a path that traverses the boundary. Let D be the upper half of the
annulus and D; be the lower half. Neither of these regions has holes, so we have divided D into two simply connected
regions.

We label each piece of these new boundaries as P; for some j, as in Figure 6.45. If we begin at P and travel along the
oriented boundary, the first segment is P;, then P,, P3, and P4. Now we have traversed D and returned to P. Next, we
start at Pagain and traverse D;. Since the first piece of the boundary is the same as P, in Dy, but oriented in the
opposite direction, the first piece of D, is —P4. Next, we have Ps, then —P,, and finally Py.

Py
Py
F
P ——
s PJ o P
=
P'J
FE

Figure 6.45 Breaking the annulus into two separate regions gives us two simply connected regions. The line integrals
over the common boundaries cancel out.

649
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Figure 6.45 shows a path that traverses the boundary of D. Notice that this path traverses the boundary of region Dy,
returns to the starting point, and then traverses the boundary of region D,. Furthermore, as we walk along the path, the
region is always on our left. Notice that this traversal of the P; paths covers the entire boundary of region D. If we had
only traversed one portion of the boundary of D, then we cannot apply Green’s theorem to D.

The boundary of the upper half of the annulus, therefore, is P U P, U P; U P4 and the boundary of the lower half of the
annulusis =Py U Ps U —P> U Pg. Then, Green's theorem implies

/Fodr =/ F~dr+/ F~dr+/ F~dr+/ F~dr+/ F~dr+/ F~dr—/ F~dr+/ F-dr
oD Pl P2 P3 P4 —P4 P5 P2 P6
=/ F-dr+/ F~dr+/ F-dr+/ F-dr—/ F-dr+/ F~dr—/ F-dr+/ F.dr
P 1) Py Py Py Ps Py Pg
:/ F-dr+/ F~dr+/ F-dr+/ F-dr
Py Py Ps Pg
=/ F- dr+/ F-dr
oDy
// —Py dA+// dA
Dy Dy
=//(Qx—Py)dA.
D

Therefore, we arrive at the equation found in Green’s theorem—namely,

$ o= [ (0c-p)an

The same logic implies that the flux form of Green’s theorem can also be extended to a region with finitely many holes:

}{F-Ndsz// (P +0Qy)dA
C D

Using Green’'s Theorem on a Region with Holes

Calculate integral
3 3
jl{ (sinx - y_) dx + <x_ + siny) dy,
D 3 3

where D is the annulus given by the polar inequalities 1 <r <2,0 <60 < 2.

Solution
Although D is not simply connected, we can use the extended form of Green'’s theorem to calculate the integral. Since
the integration occurs over an annulus, we convert to polar coordinates:

;{ <smx——>dx+<—+smy>dy // —Py dA
oD 3 3
=// (x2+y2)dA
2z 2z
[ Pai= [ B

— 157r
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EXAMPLE 6.47

Using the Extended Form of Green’s Theorem

LetF = (P,Q) = <ﬁ —ﬁ> and let Cbe any simple closed curve in a plane oriented counterclockwise. What

are the possible values of @ F - dr?
C

Solution

We use the extended form of Green’s theorem to show that}l{ F - dr is either 0 or —27z—that is, no matter how crazy
Cc
curve Cis, the line integral of F along C can have only one of two possible values. We consider two cases: the case when

C encompasses the origin and the case when C does not encompass the origin.

Case 1: C Does Not Encompass the Origin
In this case, the region enclosed by Cis simply connected because the only hole in the domain of F is at the origin. We

showed in our discussion of cross-partials that F satisfies the cross-partial condition. If we restrict the domain of F just to
Cand the region it encloses, then F with this restricted domain is now defined on a simply connected domain. Since F
satisfies the cross-partial property on its restricted domain, the field F is conservative on this simply connected region

and hence the circulation F - dris zero.
c

Case 2: C Does Encompass the Origin
In this case, the region enclosed by Cis not simply connected because this region contains a hole at the origin. Let C; be

a circle of radius a centered at the origin so that C| is entirely inside the region enclosed by C(Figure 6.46). Give C| a
clockwise orientation.

¥4

wl

c

Figure 6.46 Choose circle Cy centered at the origin that is contained entirely inside C.

Let D be the region between C; and C, and Cis orientated counterclockwise. By the extended version of Green’s

theorem,
/F-dr+/ F.-dr ://Qx—PydA
C Cy D
2 _ 2 )
=//_ L Y
D (x2+y%)" 2P

=0,

/F'dr=—/ F-dr.
C o

Since Cj is a specific curve, we can evaluate / F - dr. Let
S

and therefore

x=acost,y=asint,0 <t <2rx
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be a parameterization of C;. Then,

2r
/ F-dr = / F@(@®)) - r'(t)dt
C 0

2n ;
_ / <_ Sln(t) - COS(I) > . (_a Sin(t), —a COS(t)) dt
0

a a

2 2r
= / sinz(t) + cos? (Hdt = / dt = 2.
0 0

Therefore,/ F-ds=-2x.
C

6.39 Calculate integral }{ F - dr, where Dis the annulus given by the polar inequalities 2 < r < 5,0 < 0 < 2,
oD

and F (x,y) = (x*,5x + e¥siny) .

STUDENT PROJECT

Measuring Area from a Boundary: The Planimeter

Figure 6.47 This magnetic resonance image of a patient’s brain shows a tumor, which is highlighted in red. (credit:
modification of work by Christaras A, Wikimedia Commons)

Imagine you are a doctor who has just received a magnetic resonance image of your patient’s brain. The brain has a
tumor (Figure 6.47). How large is the tumor? To be precise, what is the area of the red region? The red cross-section of
the tumor has an irregular shape, and therefore it is unlikely that you would be able to find a set of equations or
inequalities for the region and then be able to calculate its area by conventional means. You could approximate the
area by chopping the region into tiny squares (a Riemann sum approach), but this method always gives an answer
with some error.

Instead of trying to measure the area of the region directly, we can use a device called a rolling planimeter to
calculate the area of the region exactly, simply by measuring its boundary. In this project you investigate how a
planimeter works, and you use Green'’s theorem to show the device calculates area correctly.

A rolling planimeter is a device that measures the area of a planar region by tracing out the boundary of that region
(Figure 6.48). To measure the area of a region, we simply run the tracer of the planimeter around the boundary of the
region. The planimeter measures the number of turns through which the wheel rotates as we trace the boundary; the
area of the shape is proportional to this number of wheel turns. We can derive the precise proportionality equation
using Green's theorem. As the tracer moves around the boundary of the region, the tracer arm rotates and the roller
moves back and forth (but does not rotate).
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Pival

Tracer amm

Wheel
{a) (b}

Figure 6.48 (a) A rolling planimeter. The pivot allows the tracer arm to rotate. The roller itself does not rotate; it only
moves back and forth. (b) An interior view of a rolling planimeter. Notice that the wheel cannot turn if the planimeter
is moving back and forth with the tracer arm perpendicular to the roller.

Let Cdenote the boundary of region D, the area to be calculated. As the tracer traverses curve C, assume the roller
moves along the y-axis (since the roller does not rotate, one can assume it moves along a straight line). Use the
coordinates (x, y) to represent points on boundary C, and coordinates (0, Y) to represent the position of the pivot. As
the planimeter traces C, the pivot moves along the y-axis while the tracer arm rotates on the pivot.

[»] MEDIA

Watch a short animation (http://www.openstax.org/l/20_planimeter) of a planimeter in action.

Begin the analysis by considering the motion of the tracer as it moves from point (x, y) counterclockwise to point

(x + dx, y + dy) that is close to (x, y) (Figure 6.49). The pivot also moves, from point (0, Y) to nearby point

(0,Y + dY) . How much does the wheel turn as a result of this motion? To answer this question, break the motion
into two parts. First, roll the pivot along the y-axis from (0, Y) to (0, Y + dY) without rotating the tracer arm. The
tracer arm then ends up at point (x, y + dY) while maintaining a constant angle ¢ with the x-axis. Second, rotate the
tracer arm by an angle d@ without moving the roller. Now the tracer is at point (x + dx, y + dy) . Let [ be the distance
from the pivot to the wheel and let L be the distance from the pivot to the tracer (the length of the tracer arm).

¥i

Figure 6.49 Mathematical analysis of the motion of the planimeter.

1. Explain why the total distance through which the wheel rolls the small motion just described is
sin ¢pdY + 1d0 = %dY + 1d6.

2. Show that}lg do = 0.
c
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10.

Use step 2 to show that the total rolling distance of the wheel as the tracer traverses curve Cis

Total wheel roll = %7{ xdY.
C

Now that you have an equation for the total rolling distance of the wheel, connect this equation to Green's
theorem to calculate area D enclosed by C.

Show that x2 + (y — Y)? = L2,

Assume the orientation of the planimeter is as shown in Figure 6.49. Explain why Y < y, and use this inequality
to show there is a unique value of Y for each point (x,y): Y = y = \/L2 — x2.

Use step 5 to show that dY = dy + %dx.

ViI2—x

X
Use Green's theorem to show that }2{ ——dx =
C \VI2—-x2

Use step 7 to show that the total wheel roll is

Total wheel roll = lj{ xdy.
c

0.

L

It took a bit of work, but this equation says that the variable of integration Yin step 3 can be replaced with y.

Use Green'’s theorem to show that the area of D is 7{ xdy. The logic is similar to the logic used to show that the
C

area of D = % 7{ —ydx + xdy.
c

Conclude that the area of D equals the length of the tracer arm multiplied by the total rolling distance of the
wheel.

You now know how a planimeter works and you have used Green's theorem to justify that it works. To calculate
the area of a planar region D, use a planimeter to trace the boundary of the region. The area of the region is the
length of the tracer arm multiplied by the distance the wheel rolled.

L

146.

149.

SECTION 6.4 EXERCISES
For the following exercises, evaluate the line integrals by applying Green’s theorem.
/ 2xydx + (x + y)dy, 147. / 2xydx + (x + y)dy, 148. / 2 arctan (X) dx +In (x2 + y2) dy,
c C c x
where Cis the path from where Cis the boundary where Cis defined by
(0, 0)to (1, 1) along the of the region lying x =4+42cos 8,y =4sin 0 oriented in
graphof y = x3 and from between the graphs of the counterclockwise direction
(1, 1) to (0, 0) along the y:Oandy:4—x2
graph of y = x oriented in oriented in the
the counterclockwise counterclockwise
direction direction
/ sin x cos ydx + (xy + cos x sin y)dy,  150. / xydx + (x + y)dy, 151. }I{ (—ydx + xdy) , where
c c C
where Cis the boundary of the region where Cis the boundary C consists of line segment
lying between the graphs of y = x and of the region lying ¢ from (—1,0) to (1, 0),
y = y/x oriented in the between the graphs of followed by the
counterclockwise direction x*+)* =1land semicircular arc C; from
x% + y* = 9 oriented in (1, 0) back to (-1, 0)
the counterclockwise
direction
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For the following exercises, use Green’s theorem.

152. Let Cbe the curve
consisting of line
segments from (0, 0) to (1,
1) to (0, 1) and back to (0,
0). Find the value of

/ xydx + \/y2 + 1dy.
C

155. Evaluate

}2{ Vidx — x>y’ dy,
c
where Cis the positively

oriented circle of radius 2
centered at the origin.

153. Evaluate line integral
/ xe Pdx + (x4 + 2x2y2) dy,
C

where Cis the boundary of the
region between circles

2,2 — 2.2
x“ 4+ y-=1and x* + y° =4,
and is a positively oriented
curve.

156. Evaluate jl{ y3 dx — x> dy, where C157.
C

includes the two circles of radius 2
and radius 1 centered at the origin,
both with positive orientation.

i

e — i T
W
R A

-

P

oo

154.

6.4 * Green's Theorem

Find the counterclockwise
circulation of field

F (x,y) = xyi + y*j around and
over the boundary of the region
enclosed by curves y = x% and
y = x in the first quadrant and
oriented in the
counterclockwise direction.

" m wm e
- w

Y

- o

§ o w
-.\

hORRN W w R,

Calculate
}{ —xzydx + xyzdy,
C

where Cis a circle of
radius 2 centered at the
origin and oriented in the
counterclockwise
direction.
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158. Calculate integral 159. Evaluate integral
}1{ 2[y+ xsin(y)] dx + [xzcos(y) — 3y2] dy }I{ (x2 + yz) dx + 2xydy,
c c
along triangle Cwith vertices (0, 0), (1, 0) and where Cis the curve that
(1, 1), oriented counterclockwise, using follows parabola
Green's theorem. y= x2 from 0,0)t0(2,4),

then the line from (2, 4) to (2,
0), and finally the line from (2,
0) to (0, 0).

¥i
A2, 4)
— i
B B e oo

i i g

o
=1
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LY
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\.

{0, 0) AW T
05 10 15 20 25"

160. Evaluate line integral
}{ (y — sin(y)cos(y))dx + 2x sin? (»)dy,
c

where Cis oriented in a counterclockwise
path around the region bounded by
x=—1,x=2,y=4—x2,andy=x—2.

¥Yi

Access for free at openstax.org



6.4 * Green's Theorem

For the following exercises, use Green’s theorem to find the area.

161.

163.

166.

169.

172.

Find the area between

: x2 y2
ellipse St = 1 and
circle x2 + y2 =25.

Find the area of the
region bounded by
hypocycloid

rt) = cos> (i + sin’ ®)j.
The curve is
parameterized by

162. Find the area of the region enclosed by parametric equation

p(0) = (cos(8) — cos>(8) ) i + (sin(6) — cos(B)sin(6)) j for 0 < 6 < 2.

-1.5-10-05 U
—ps54

1.0

164. Find the area of a pentagon  165. Use Green's theorem to

with vertices evaluate
(0.4),(4,1),(3,0), (-1, -1), S (5P +x3) dx + x*dy,
and (-2,2). where C7 is the

perimeter of square
[0,1] X [O, 1] oriented

1 € [0,27]. counterclockwise.
Use Green'’s theorem to 167. Use Green's theorem to 168. Use Green's theorem to find the
prove the area of a disk find the area of one loop area under one arch of the
with radius a is A = ra?. of a four-leaf rose cycloid given by parametric
r = 3 sin 20. (Hint: plane
xdy — ydx = r2do). x=t—sint,y=1—cost,t>0.

Use Green's theorem to find the area of 170. [T] Veryfiy Green's 171. Evaluate
the region enclo35ed by curve theorem by using a / (xzy —2xy+ y2) ds,

— iy r —)i - \/§ <i< \/§ computer algebra system C
() =11 3 J - = ) to evaluate the integral where Cis the boundary

¥ xe¥dx + e*dy, where of the unit square
10+ c 0<x<1,0<y<1,
Cis the circle given by traversed

0.57 x2+y* =4andis counterclockwise. Use

- i oriented in the ds = dx + dy for this
ns 0 3.0 35" counterclockwise exercise.
0.5 direction.
1071
xdx + yd
Evaluate 173. Evaluate / z—yzy,
c x*ty

/ —(y+2)dx + (x — dy
c (x=Dr+@u+2)?
where Cis any simple closed
curve with an interior that
does not contain point
(1,-2) traversed
counterclockwise.

where Cis any piecewise,
smooth simple closed
curve enclosing the
origin, traversed
counterclockwise.
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For the following exercises, use Green’s theorem to calculate the work done by force F on a particle that is moving
counterclockwise around closed path C.

174. F(x,y) = xyi + (x + y)j, 175. F(x,y) = (x3/2 - 3y) i+ (6x + 5\/5) Js
C:x?+ y2 =4 C: boundary of a triangle with vertices
(0,0), (5,0), and (0, 5)

176. Evaluate 177. A particle starts at point
/ (2x3 _ y3) dx + (x3 " y3) dy, (—2,.0), moves along the
c Xx-axis to (2, 0), and then
where Cis a unit circle oriented in travels along semicircle
the counterclockwise direction. y = V4 — x2 to the starting

point. Use Green's theorem
to find the work done on this
particle by force field

F(x,y) =xi+ (x3 + 3xy2)j.

178. David and Sandra are skating on a 179. Use Green'’s theorem to find the
frictionless pond in the wind. David work done by force field
skates on the inside, going along a circle F(x,y) = Gy —4x)i + (4x — »)j
of radius 2 in a counterclockwise when an object moves once
direction. Sandra skates once around a counterclockwise around
circle of radius 3, also in the ellipse 4x? + y* = 4.

counterclockwise direction. Suppose the
force of the wind at point (x, y) (x, y)
(x,y)is

F(x,y) = (x?y +10y) i+ (x> +2x)?) j.
Use Green's theorem to determine who
does more work.

180. Use Green's theorem to 181. Evaluate line integral 182. Use Green's theorem to
evaluate line integral }{ yzdx n xzdy’ where C evaluate line integral
7{ e**sin 2ydx + e** cos 2ydy, JC / h-drif

C is the boundary of a c
where Cis ellipse triangle with vertices h (x,y) = ¢”i — sin 7xj,
9(x — 1% + 4(y — 3)? =36 0,0),(1,1), and (1,0), where Cis a triangle with
oriented counterclockwise. with the counterclockwise vertices (1, 0), (0, 1), and
orientation. (-1, 0) traversed

counterclockwise.

183. Use Green's theorem to 184. Use Green's theorem to
evaluate line integral evaluate line integral
/ V1 +x3dx+2xydy / xzydx—xyzdywhere
c c
where Cis a triangle with Cis a circle x2 + y2 =4
vertices (0, 0), (1, 0), and oriented
(1, 3) oriented clockwise. counterclockwise.
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185.

187.

190.

192.

195.

Use Green’s theorem to evaluate line
integral

/ (3y—e5inx)dx+ <7x+ Vot + l)dy
c

where Cis circle x2 + y2 = 9 oriented in
the counterclockwise direction.

Let Cbe a triangular 188.
closed curve from (0, 0) to

(1, 0) to (1, 1) and finally

back to (0, 0). Let

F(x, y) = 4yi + 6x2j. Use

Green's theorem to

evaluate 75 F - ds.
c

Use Green'’s theorem to evaluate line integral
}1{ (y —1In (x2 + yz)) dx + (2 arctan l) dy,
C

X

circle x2 + y2

direction.

where Cis the positively oriented circle
x=-22+@y-3?%=1.

Use Green’s theorem to 193. Let

evaluate line integral
/ sin ydx + x cos ydy,
C

where Cis ellipse
X2+ xy + y2 =1
oriented in the
counterclockwise
direction.

y=

Let C be the boundary of square
0<x<rx0<Ly<nx, traversed
counterclockwise. Use Green's
theorem to find

/ sin(x + y)dx + cos(x + y)dy.
Cc

F(x,y)

186.

Use Green's theorem to
evaluate line integral

}{ ydx — xdy, where Cis
C

oriented in the clockwise

F(x,y) = (cos (x°)) -
Find the counterclockwise circulation

}1{ F - dr, where Cis a curve
c

consisting of the line segment
joining (—2,0) and (-1, 0), half circle

y=V1-x2,

joining (1, 0) and (2, 0), and half circle
V4 - x2.

line integral

6.4 * Green's Theorem

Use Green's theorem to evaluate line
integral /(3x —S5y)dx + (x — 6y)dy,
C

2
where Cis ellipse XT + y2 =1landis
oriented in the counterclockwise
direction.

¥i

051

St

15-1.0-05 0| 05 10 15 ;

054

189. Use Green's theorem to
evaluate line integral

j{ (y + x)dx + (x + sin y)dy,
C

=a? where Cis any smooth
simple closed curve joining
the origin to itself oriented in
the counterclockwise
direction.

191. Use Green's theorem to
evaluate

}{ xydx + x3y3dy,
C

where Cis a triangle with
vertices (0, 0), (1, 0), and
(1, 2) with positive
orientation.

194. Use Green's theorem to
evaluate line integral

/ sin (x3) dx + 2yex2 dy,
C

where Cis a triangular
closed curve that connects
the points (0, 0), (2, 2), and
(0, 2) counterclockwise.

1.3 1.3
§y3l + §X3J.

the line segment

196. Use Green's theorem to evaluate

F - dr, where

C
= (y2 —x2)i+ (x2 +y2)j,

and Cis a triangle bounded by
y=0,x =3, and y = x, oriented

counterclockwise.
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197. Use Green’s Theorem to 198. Use Green's theoremin a 199. Calculate the outward flux
evaluate integral plane to evaluate line of F = —xi + 2yj over a
/ F - dr, where integral sql;arelwnhhcom;:s )
c L (xy+y2)dx+x2dy, (i,i?,w ere the uni
F(x,y) = (xy*) i+ xj, c normal is outward
and Cis a unit circle where Cis a closed curve pointing and oriented in
oriented in the of a region bounded by the counterclockwise
counterclockwise y=xandy= x2 oriented direction.
direction. in the counterclockwise
direction.
200. [T] Let Cbe circle x2 + y2 = 4 oriented in the 201. Find the flux of field
counterclockwise direction. Evaluate F = —xi + yj across
2 2 _ . .
7{ (3y_etan—1x)dx+ Tx + /y4 +1)dy x“+y =16 orlerjted in
c the counterclockwise
using a computer algebra system. direction.
202. Let 203. [T]Let Cbe unit circle x2 + y2 = 1 traversed once
F= (y2 - x2) i+ (x2 + y2)j, counterclockwise. Evaluate
and let C'be a triangle / [—y3 + sin (xy) + xy cos (xy)] dx + [x3 + x2cos (xy)] dy
bounded by y = 0,x = 3, and Cc
y = x oriented in the by using a computer algebra system.

counterclockwise direction.
Find the outward flux of F
through C.

204. [T] Find the outward flux of vector field F = xy2i + xzyj across
the boundary of annulus
R={(,»):1<x>+)y* <4} ={(rn0):1<r<2,0<6<2n)
using a computer algebra system.

205. Consider region R bounded by parabolas
y= x% and x = y2. Let Cbe the
boundary of R oriented
counterclockwise. Use Green's theorem
to evaluate

7{: <y+e\/;)dx+ (2x+cos (yz))dy.

6.5 Divergence and Curl

Learning Objectives
6.5.1 Determine divergence from the formula for a given vector field.
6.5.2 Determine curl from the formula for a given vector field.
6.5.3 Use the properties of curl and divergence to determine whether a vector field is conservative.

In this section, we examine two important operations on a vector field: divergence and curl. They are important to the
field of calculus for several reasons, including the use of curl and divergence to develop some higher-dimensional
versions of the Fundamental Theorem of Calculus. In addition, curl and divergence appear in mathematical descriptions
of fluid mechanics, electromagnetism, and elasticity theory, which are important concepts in physics and engineering.
We can also apply curl and divergence to other concepts we already explored. For example, under certain conditions, a
vector field is conservative if and only if its curl is zero.

In addition to defining curl and divergence, we look at some physical interpretations of them, and show their
relationship to conservative and source-free vector fields.

Divergence
Divergence is an operation on a vector field that tells us how the field behaves toward or away from a point. Locally, the
divergence of a vector field Fin R 2orR3 ata particular point P is a measure of the “outflowing-ness” of the vector field

at P. If F represents the velocity of a fluid, then the divergence of F at P measures the net rate of change with respect to
time of the amount of fluid flowing away from P (the tendency of the fluid to flow “out of” P). In particular, if the amount
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6.5 * Divergence and Curl

of fluid flowing into Pis the same as the amount flowing out, then the divergence at Pis zero.

Definition

IfF = (P,Q, R) is a vector field in R3 and Py, 0Oy, and R; all exist, then the divergence of F is defined by

oP 00 OoR (6.16)

divF =P R, = — .
iv x+0y + R; o + oy + 2

Note the divergence of a vector field is not a vector field, but a scalar function. In terms of the gradient operator

V= <aix’oiy’a%> , divergence can be written symbolically as the dot product

divF=V_.F.
Note this is merely helpful notation, because the dot product of a vector of operators and a vector of functions is not
meaningfully defined given our current definition of dot product.

IfF = (P, Q) is a vector field in R2, and Py and Q) both exist, then the divergence of F is defined similarly as

. oP 00
divF = P, + =—+ —=V_.F.
x+ 0y 0x dy
To illustrate this point, consider the two vector fields in Figure 6.50. At any particular point, the amount flowing in is the
same as the amount flowing out, so at every point the “outflowing-ness” of the field is zero. Therefore, we expect the
divergence of both fields to be zero, and this is indeed the case, as

0 0 0 7]
div ((1,2)) :E (1) +6_y (2) = 0and div ({—y, x)) :a (=y) +0_y (x)=0.
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Figure 6.50 (a) Vector field (1,2) has zero divergence. (b) Vector field (—y, x) also has zero divergence.
(—x) +$

- - -'h. L.
ox

_20

By contrast, consider radial vector field R (x, y) = (—x, —y) in Figure 6.51. At any given point, more fluid is flowing in

than is flowing out, and therefore the “outgoingness” of the field is negative. We expect the divergence of this field to be

negative, and this is indeed the case, as div (R)
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Figure 6.51 This vector field has negative divergence.

To get a global sense of what divergence is telling us, suppose that a vector field in R 2 represents the velocity of a fluid.

Imagine taking an elastic circle (a circle with a shape that can be changed by the vector field) and dropping it into a fluid.
If the circle maintains its exact area as it flows through the fluid, then the divergence is zero. This would occur for both
vector fields in Figure 6.50. On the other hand, if the circle’s shape is distorted so that its area shrinks or expands, then
the divergence is not zero. Imagine dropping such an elastic circle into the radial vector field in Figure 6.51 so that the
center of the circle lands at point (3, 3). The circle would flow toward the origin, and as it did so the front of the circle
would travel more slowly than the back, causing the circle to “scrunch” and lose area. This is how you can see a negative
divergence.

EXAMPLE 6.48

Calculating Divergence at a Point
IfF (x,y,z) = e¥i + yzj — yzZk, then find the divergence of F at (0,2, —1).

() Solution
The divergence of F is

9o+ v — P (v22) = o bz
ax(e)-f-()y(yz) P (yz)—e +z—2yz.

Therefore, the divergence at (0,2,—1) is ) —1+4=41IfF represents the velocity of a fluid, then more fluid is flowing
out than flowing in at point (0,2, —1).

6.40 Find div F for F (x, y,z) = <xy,5 — zzy, x2+ y2> .

One application for divergence occurs in physics, when working with magnetic fields. A magnetic field is a vector field
that models the influence of electric currents and magnetic materials. Physicists use divergence in Gauss's law for
magnetism, which states that if B is a magnetic field, then V - B = 0; in other words, the divergence of a magnetic field is
zero.

EXAMPLE 6.49

Determining Whether a Field Is Magnetic
Is it possible for F (x, y) = (x?y,y — x)* ) to be a magnetic field?

663



664 6 ¢ Vector Calculus

) Solution
If F were magnetic, then its divergence would be zero. The divergence of F is

% (xzy) +a_ay (y—xyz) =2xy+1-2xy=1

and therefore F cannot model a magnetic field (Figure 6.52).
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Figure 6.52 The divergence of vector field F (x, y) = (xzy, y— xy2> is one, so it cannot model a magnetic field.

Another application for divergence is detecting whether a field is source free. Recall that a source-free field is a vector
field that has a stream function; equivalently, a source-free field is a field with a flux that is zero along any closed curve.

The next two theorems say that, under certain conditions, source-free vector fields are precisely the vector fields with
zero divergence.

Theorem 6.14

Divergence of a Source-Free Vector Field
If F = (P, Q) is a source-free continuous vector field with differentiable component functions, then div F = 0.

Proof

Since F is source free, there is a function g (x, y) with g, = P and —gx = Q. Therefore, F = <gy, —gx> and
divF = gyx — gxy = 0 by Clairaut’s theorem.

O

The converse of Divergence of a Source-Free Vector Field is true on simply connected regions, but the proof is too
technical to include here. Thus, we have the following theorem, which can test whether a vector field in R 2 is source
free.
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6.5 * Divergence and Curl

Theorem 6.15

Divergence Test for Source-Free Vector Fields
Let F = (P, Q) be a continuous vector field with differentiable component functions with a domain that is simply
connected. Then, div F = 0 if and only if F is source free.

EXAMPLE 6.50

Determining Whether a Field Is Source Free
Is field F (x,) = (x?,5 — x)? ) source free?

Solution
Note the domain of Fis R 2, which is simply connected. Furthermore, F is continuous with differentiable component

functions. Therefore, we can use Divergence Test for Source-Free Vector Fields to analyze F. The divergence of F is

0 (2 9 2\ oy Dxv —
g(xy)+a—y(5—xy)—2xy 2xy = 0.

Therefore, F is source free by Divergence Test for Source-Free Vector Fields.

6.41 Let F (x,y) = (—ay, bx) be a rotational field where a and b are positive constants. Is F source free?

Recall that the flux form of Green’s theorem says that

%F-Nds:// Py +Q,dA,
C D

where Cis a simple closed curve and D is the region enclosed by C. Since Px + Q, = div F, Green’s theorem is

sometimes written as
}{ F-Nds = // div FdA.
C D

Therefore, Green’s theorem can be written in terms of divergence. If we think of divergence as a derivative of sorts, then
Green's theorem says the “derivative” of F on a region can be translated into a line integral of F along the boundary of
the region. This is analogous to the Fundamental Theorem of Calculus, in which the derivative of a function f on a line
segment [a, b] can be translated into a statement about f on the boundary of [a, b]. Using divergence, we can see that
Green's theorem is a higher-dimensional analog of the Fundamental Theorem of Calculus.

We can use all of what we have learned in the application of divergence. Let v be a vector field modeling the velocity of a
fluid. Since the divergence of v at point P measures the “outflowing-ness” of the fluid at P, div v(P) > 0 implies that more
fluid is flowing out of P than flowing in. Similarly, div v(P) < 0 implies the more fluid is flowing in to Pthan is flowing out,
and div v(P) = 0 implies the same amount of fluid is flowing in as flowing out.

EXAMPLE 6.51

Determining Flow of a Fluid
Suppose v(x, y) = (=xy,y),y > 0 models the flow of a fluid. Is more fluid flowing into point (1, 4) than flowing out?

Solution
To determine whether more fluid is flowing into (1, 4) than is flowing out, we calculate the divergence of vat (1,4):

0 0
div (v) =a (—xy) +$ »=-y+1.

To find the divergence at (1, 4), substitute the point into the divergence: —4 + 1 = —3. Since the divergence of v at (1,4)
is negative, more fluid is flowing in than flowing out (Figure 6.53).
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Figure 6.53 Vector field v(x, y) = (—xy, y) has negative divergence at (1,4).

6.42 For vector field v(x, y) = (—=xy, y),y > 0, find all points P such that the amount of fluid flowing in to P
equals the amount of fluid flowing out of P.

Curl

The second operation on a vector field that we examine is the curl, which measures the extent of rotation of the field
about a point. Suppose that F represents the velocity field of a fluid. Then, the curl of F at point Pis a vector that
measures the tendency of particles near P to rotate about the axis that points in the direction of this vector. The
magnitude of the curl vector at P measures how quickly the particles rotate around this axis. In other words, the curl at a
point is a measure of the vector field's “spin” at that point. Visually, imagine placing a paddlewheel into a fluid at P, with
the axis of the paddlewheel aligned with the curl vector (Figure 6.54). The curl measures the tendency of the
paddlewheel to rotate.

Figure 6.54 To visualize curl at a point, imagine placing a small paddlewheel into the vector field at a point.

Consider the vector fields in Figure 6.50. In part (a), the vector field is constant and there is no spin at any point.
Therefore, we expect the curl of the field to be zero, and this is indeed the case. Part (b) shows a rotational field, so the
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6.5 * Divergence and Curl

field has spin. In particular, if you place a paddlewheel into a field at any point so that the axis of the wheel is
perpendicular to a plane, the wheel rotates counterclockwise. Therefore, we expect the curl of the field to be nonzero,
and this is indeed the case (the curl is 2K).

To see what curl is measuring globally, imagine dropping a leaf into the fluid. As the leaf moves along with the fluid flow,
the curl measures the tendency of the leaf to rotate. If the curl is zero, then the leaf doesn't rotate as it moves through
the fluid.

Definition

IfF = (P,Q, R) is a vector field inR 3, and Py, Py, P;, O, Ox, Oz, Rz, Ry, and R, all exist, then the curl of F is
defined by

culF = (R, —Q;)i+ (P —Ry)j+ (Qx - P))k
el . . o\
=(F-#) i E- i+ (F-5)x

Note that the curl of a vector field is a vector field, in contrast to divergence.

(6.17)

The definition of curl can be difficult to remember. To help with remembering, we use the notation V X F to stand for a
“determinant” that gives the curl formula:

i j Kk
9 90 0
ox dy o0z

0O R

The determinant of this matrix is
(Ry_Qz)i_(Rx _Pz)j+(Qx_Py)k= (Ry—Qz)i+(Pz —Rx)j+(Qx —Py)k=CurlF.

Thus, this matrix is a way to help remember the formula for curl. Keep in mind, though, that the word determinant is
used very loosely. A determinant is not really defined on a matrix with entries that are three vectors, three operators,
and three functions.

IfF = (P, Q) is a vector field in R 2, then the curl of F, by definition, is

— (0P )k=(22_9%°
curl F = (O Py)k—<ax ay)k.

EXAMPLE 6.52

Finding the Curl of a Three-Dimensional Vector Field
Find the curl of F (P, Q, R) = <x2z, eV + xz, xyz) .

Solution
The curlis
curlF =V x F
i j k
= |dlox dldy dloz
P 0] R

(Ry—Qz)i+ (P —R)j+(0x— Py)k
= (xz—x)i+ (x* - yz)j+ zk.

6.43 Find the curl of F = (sinx cos z, siny sin z, cos x cos y) at point (0, 5, %) .
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EXAMPLE 6.53

Finding the Curl of a Two-Dimensional Vector Field
Find the curl of F = (P, Q) = (3,0).

Solution
Notice that this vector field consists of vectors that are all parallel. In fact, each vector in the field is parallel to the x-axis.
This fact might lead us to the conclusion that the field has no spin and that the curl is zero. To test this theory, note that

curl F = (Qx — Py) k= -k #0.

Therefore, this vector field does have spin. To see why, imagine placing a paddlewheel at any point in the first quadrant
(Figure 6.55). The larger magnitudes of the vectors at the top of the wheel cause the wheel to rotate. The wheel rotates
in the clockwise (negative) direction, causing the coefficient of the curl to be negative.

wl

e s b sl aina it o b ol Ll e e e
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Figure 6.55 Vector field F(x, y) = (y,0) consists of vectors that are all parallel.

Note that if F = (P, Q) is a vector field in a plane, then curl F - k = (Qx - Py) k-k = Oy — P). Therefore, the
circulation form of Green's theorem is sometimes written as

Y{Fwir:// curl F - kdA,
C D

where Cis a simple closed curve and D is the region enclosed by C. Therefore, the circulation form of Green'’s theorem
can be written in terms of the curl. If we think of curl as a derivative of sorts, then Green’s theorem says that the
“derivative” of F on a region can be translated into a line integral of F along the boundary of the region. This is analogous
to the Fundamental Theorem of Calculus, in which the derivative of a function f on line segment [a, b] can be translated
into a statement about f on the boundary of [a, b]. Using curl, we can see the circulation form of Green'’s theorem is a
higher-dimensional analog of the Fundamental Theorem of Calculus.

We can now use what we have learned about curl to show that gravitational fields have no “spin.” Suppose there is an
object at the origin with mass m at the origin and an object with mass m;. Recall that the gravitational force that object
1 exerts on object 2 is given by field

x y z

F(x,y,z) = —-Gmymy , )
(x2+y2+ 22)3/2 (x2+y*+ z2)3/2 (x2 +y% +22)

32
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EXAMPLE 6.54

Determining the Spin of a Gravitational Field
Show that a gravitational field has no spin.

Solution

To show that F has no spin, we calculate its curl. Let P(x,y,z) = X

(x2 +y2 +22)

R(x’ Y, Z) = ;. Then,
(x2+y2+22)3/2

curl F = —Gmymy [(Ry — Qz)i+ (P; - RX)J+(Qx—Py)k]
—3yz _ —3yz
(x2+y2+22)5/2 (x2+y2+22)
—Gmymy | + —3xz _ —3xz
< (x2+y2+22)5/2 (x2+y2+22)

5/2
+ —3xy _ —3xy
| (x2+y2+z2)5/2 (x2+y2+22) 302

Since the curl of the gravitational field is zero, the field has no spin.

=0.

350 Q% y.2) =

Y and

(x2 +y2 +22 )3/2 |

6.44 Field v(x, y) = <—%, o
x24y2 7 x

,x—+y2
the leaf moves over time, the leaf does not rotate.

Using Divergence and Curl

> models the flow of a fluid. Show that if you drop a leaf into this fluid, as

Now that we understand the basic concepts of divergence and curl, we can discuss their properties and establish

relationships between them and conservative vector fields.

If F is a vector field in R 3, then the curl of F is also a vector field in R 3. Therefore, we can take the divergence of a curl.

The next theorem says that the result is always zero. This result is useful because it gives us a way to show that some
vector fields are not the curl of any other field. To give this result a physical interpretation, recall that divergence of a

velocity field v at point P measures the tendency of the corresponding fluid to flow out of P. Since div curl (v) =

0, the

net rate of flow in vector field curl(v) at any point is zero. Taking the curl of vector field F eliminates whatever divergence

was presentin F.
Theorem 6.16

Divergence of the Curl

Let F = (P, Q, R) be a vector field in R 3 such that the component functions all have continuous second-order partial

derivatives. Then, divcurl (F) =V -(V X F) =

Proof
By the definitions of divergence and curl, and by Clairaut's theorem,

diveurl F =div[(Ry - Qz)i+ (P; — Ry)j+ (Qx — Py) K|

=Ryx_sz+Pyz_Ryx +sz_sz
=0.
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EXAMPLE 6.55

Showing That a Vector Field Is Not the Curl of Another
Show that F (x, y, z) = e*i + yzj + xz2k is not the curl of another vector field. That is, show that there is no other vector
G with curl G = F.

Solution
Notice that the domain of F is all of R 3 and the second-order partials of F are all continuous. Therefore, we can apply the
previous theorem to F.

The divergence of Fis e* + z + 2xz. If F were the curl of vector field G, then div F = div curl G = 0. But, the divergence
of F is not zero, and therefore F is not the curl of any other vector field.

6.45 Is it possible for G(x, y, z) = (sinx, cos y, sin (xyz)) to be the curl of a vector field?

With the next two theorems, we show that if F is a conservative vector field then its curl is zero, and if the domain of F is
simply connected then the converse is also true. This gives us another way to test whether a vector field is conservative.

Theorem 6.17

Curl of a Conservative Vector Field
IfF = (P, Q, R) is conservative, then curl F = 0.

Proof
Since conservative vector fields satisfy the cross-partials property, all the cross-partials of F are equal. Therefore,

culF = (Ry - Q;)i+(P; - R)j+ (0x—Py)k
=0.
O
The same theorem is true for vector fields in a plane.

Since a conservative vector field is the gradient of a scalar function, the previous theorem says that curl (V f) = 0 for
any scalar function f. In terms of our curl notation, V. X V (f) = 0. This equation makes sense because the cross
product of a vector with itself is always the zero vector. Sometimes equation V X V (f) = 0 is simplifiedas V. X V = 0.

Theorem 6.18

Curl Test for a Conservative Field
Let F = (P, O, R) be a vector field in space on a simply connected domain. If curl F = 0, then F is conservative.

Proof
Since curl F = 0, we have that Ry, = Q;, P; = Ry, and Qx = P, Therefore, F satisfies the cross-partials property on a
simply connected domain, and Cross-Partial Property of Conservative Fields implies that F is conservative.

O

The same theorem is also true in a plane. Therefore, if F is a vector field in a plane or in space and the domain is simply
connected, then F is conservative if and only if curl F = 0.

EXAMPLE 6.56

Testing Whether a Vector Field Is Conservative
Use the curl to determine whether F (x, y, z) = (yz, xz, xy) is conservative.
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() Solution
Note that the domain of F is all of R 3, which is simply connected (Figure 6.56). Therefore, we can test whether F is

conservative by calculating its curl.
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Figure 6.56 The curl of vector field F (x, y, z) = (yz, xz, xy) is zero.

The curl of Fis

0 0 0 0 0 0
(d—yxy—axz> i+ <a—yyz —Exy>j+ <$xz—£yz> k=x-x)i+(@y-y»j+(z-2k=0.

Thus, F is conservative.

We have seen that the curl of a gradient is zero. What is the divergence of a gradient? If f is a function of two variables,
then div(Vf) = V- (Vf) = fxx + fyy. We abbreviate this “"double dot product” as V2. This operator is called the Laplace
operator, and in this notation Laplace’s equation becomes sz = 0. Therefore, a harmonic function is a function that
becomes zero after taking the divergence of a gradient.

Similarly, if f is a function of three variables then
div(Vf) =V - (Vf) = fxx + fyy + [zz.
Using this notation we get Laplace’s equation for harmonic functions of three variables:
VZf=0.

Harmonic functions arise in many applications. For example, the potential function of an electrostatic field in a region of
space that has no static charge is harmonic.

EXAMPLE 6.57

Analyzing a Function

Is it possible for f(x, y) = x2 4+ x— y to be the potential function of an electrostatic field that is located in a region of R2
free of static charge?

) Solution

If f were such a potential function, then f would be harmonic. Note that fxx =2 and fy, = 0,and so fxx + fy, # 0.
Therefore, f is not harmonic and f cannot represent an electrostatic potential.

6.46

Is it possible for function f(x, y) = X2 - y2 + x to be the potential function of an electrostatic field located

in a region of R 2 free of static charge?

671
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[
SECTION 6.5 EXERCISES
For the following exercises, determine whether the statement is true or false.
206. If the coordinate 207. V- (xi+yj+zk)=1. 208. All vector fields of the form
functions of F(x,y,2)=f(x)i+g(»j+h(2)k
F:R3 5 R3 have are conservative.

continuous second partial
derivatives, then
curl (div(F)) equals zero.

209. Ifcurl F =0, thenFis 210. IfFis a constant vector 211. IfFis a constant vector
conservative. field then divF = 0. field then curl F = 0.
For the following exercises, find the curl of F.
212. F(x,y,2) = xy* 2% + (2x2y + z)j +y°22k  213. F(x,y,2) = x*zi+ y*xj + (y + 22)k
214. F(x,y,2z) = 3xyzzi + yzsinzj +xe??k  215. F(x, ¥, 2Z) = xzyzi + xyzzj + xyzzk
216. F(x,y,z) = (xcosyi+ xyzj 217. F(x,y,2)=(x—p)i+ (y—2)j+ (z—x)k
218. F(x,y,z) = xyzi+ x2y?22j+ y* 2’k 219. F(x,y,z) = xyi+ yzj + xzk  220. F(x,y,z) = x%i + y%j + z2°k
221. F(x,y,z) = axi+ byj + ck
for constants a, b, ¢
For the following exercises, find the divergence of F.
222. F(x,y,z) = x%zi + yzxj +(+22)k  223. F(x,y,2) = 3xyz2i + yzsin zj+ xe?2k

224. F(x,y) = (sinx)i+ (cosy)j 225. F(x,y,z) = x2i+ y2j + 22k

226. F(x,y,2)=(x— )i+ (y—2)j+(z-x)k 227. F(x,y) = —2—i+ —2—j
242 242
228. F(x,y) = xi—yj 229. F(x,y,z) =axi+ byj+ck 230. F(x,y,z) = xyzi+ x2y222j + yzz3k
for constants a, b, ¢
231. F(x,y,z) = xyi + yzj + xzk
For the following exercises, determine whether each of the given scalar functions is harmonic.
232. u(x,y,z) =e X(cosy—siny) 233. w(x,y,z)= (x2 + y2 + zz)_u2 234, If
F(x,y,z) =2i+ 2xj + 3yk
and

G(x,y,z) = xi — yj + zK,
find curl (F x G).

235. If 236. Find div F, given that
F(x,y,z) =2i+ 2xj+ 3yk F =V f, where
and f(x,y,2)= xy3z2.

G(x,y,z) = xi — yj + zK,
find div(F X G).

237. Find the divergence of F for vector field
F(x,y,2)= (¥ +22) (x+ )i+ (22 +x2) @+ 2)j+ (x> +y*) z + 0k

238. Find the divergence of F for vector field
F(x,y,2) = f1(y, 2)i + fa(x, 2)j + [3(x, pk.
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For the following exercises, user = |r| andr = (x, y, z).

239. Find the curlr. 240. Find the curl . 241. Find the curl L3
r

242, LetF(x,y) = _E/H'XZJ , Where
xX“+y

F is defined on
{@yeR|wn#0.0}.
Find curl F.

For the following exercises, use a computer algebra system to find the curl of the given vector fields.

243. [T] 244, [T]
F(x, y, z) = arctan (%) i+Inyx2 +y2j+k F(x, y, z) = sin(x — p)i + sin(y — 2)j + sin(z — x)k

For the following exercises, find the divergence of F at the given point.

245. F(x,y,z)=i+j+kat 246. F(x,y,z) =xyzi+yj+xk 247. F(x,y,z) = e i+ e*?j + e?*k
2,-1,3) at(1,2,3) at (3,2,0)

248. F(x,y,z) =xyzi+yj+zk 249. F(x,y,z) = e“sinyi — e*cosyj
at(1,2,1) at (0, 0, 3)

For the following exercises, find the curl of F at the given point.

250. F(x,y,z)=i+j+kat 251. F(x,y,z) =xyzi+yj+xk 252, F(x,y,z)=e i+ e*?j+ e¥?k
2,-1,3) at(1,2,3) at(3,2,0)

253. F(x,y,z) =xyzi+yj+zk 254. F(x,y,z) = e*sinyi — e*cosyj
at(1,2,1) at (0, 0, 3)

255. Let

F(x,y,2) = (3xy + az) i+ x°j + (3x + 322 k.
For what value of ais F conservative?

256. Given vector field F(x, y) = ﬁ(—y, x) on domain
x“+y

D=R2-{0.0} = {(x.) € R¥(x.y) # (0.0)},

is F conservative?

257. Given vector field F(x, y) = 21 3 (x,y) on domain 258. Find the work done by
) Xy ) force field
D=R2-{©.0} = {(x.y) € R¥(x.y) # (0.0)}, F(x,») = ei — xe~7j in
is F conservative? moving an object from

P(0, 1) to Q(2, 0). Is the
force field conservative?

259. Compute divergence 260. Compute curl
F = (sinh x)i + (cosh y) j — xyzk. F = (sinh x) i+ (cosh y) j — xyzk.
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674 6 ¢ Vector Calculus

For the following exercises, consider a rigid body that is rotating about the x-axis counterclockwise with constant angular
velocity w = (a, b, c) . If P is a point in the body located atr = xi + yj + zK, the velocity at P is given by vector field
F=wXxr.

261. Express Fin terms of i, j,
and k vectors.

262. FinddivF. 263. Find curl F

In the following exercises, suppose thatV-F =0andV - G = 0.

264. Does F + G necessarily 265. Does F x G necessarily
have zero divergence? have zero divergence?

In the following exercises, suppose a solid object in R 3 hasa temperature distribution given by T(x, y, z). The heat flow

vector field in the object is F = —kVT, where k > 0 is a property of the material. The heat flow vector points in the
direction opposite to that of the gradient, which is the direction of greatest temperature decrease. The divergence of the
heat flow vector isV - F = —kV - VT = —kV2T.

266. Compute the heat flow 267. Compute the divergence. 268. [T] Consider rotational velocity field
vector field. v =(0, 10z, —10y) . If a paddlewheel
is placed in plane x + y + z = 1 with
its axis normal to this plane, using a
computer algebra system, calculate
how fast the paddlewheel spins in
revolutions per unit time.
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6.6 Surface Integrals

Learning Objectives
6.6.1 Find the parametric representations of a cylinder, a cone, and a sphere.
6.6.2 Describe the surface integral of a scalar-valued function over a parametric surface.
6.6.3 Use a surface integral to calculate the area of a given surface.
6.6.4 Explain the meaning of an oriented surface, giving an example.
6.6.5 Describe the surface integral of a vector field.
6.6.6 Use surface integrals to solve applied problems.

We have seen that a line integral is an integral over a path in a plane or in space. However, if we wish to integrate over a
surface (a two-dimensional object) rather than a path (a one-dimensional object) in space, then we need a new kind of
integral that can handle integration over objects in higher dimensions. We can extend the concept of a line integral to a
surface integral to allow us to perform this integration.

Surface integrals are important for the same reasons that line integrals are important. They have many applications to
physics and engineering, and they allow us to develop higher dimensional versions of the Fundamental Theorem of
Calculus. In particular, surface integrals allow us to generalize Green's theorem to higher dimensions, and they appear in
some important theorems we discuss in later sections.

Parametric Surfaces

A surface integral is similar to a line integral, except the integration is done over a surface rather than a path. In this
sense, surface integrals expand on our study of line integrals. Just as with line integrals, there are two kinds of surface
integrals: a surface integral of a scalar-valued function and a surface integral of a vector field.

However, before we can integrate over a surface, we need to consider the surface itself. Recall that to calculate a scalar
or vector line integral over curve C, we first need to parameterize C. In a similar way, to calculate a surface integral over
surface S, we need to parameterize S. That is, we need a working concept of a parameterized surface (or a parametric
surface), in the same way that we already have a concept of a parameterized curve.

A parameterized surface is given by a description of the form
r(u,v) = (x u,0),yu,v),zWuv)).

Notice that this parameterization involves two parameters, uand v, because a surface is two-dimensional, and therefore
two variables are needed to trace out the surface. The parameters u and vvary over a region called the parameter
domain, or parameter space—the set of points in the uv-plane that can be substituted into r. Each choice of uand vin
the parameter domain gives a point on the surface, just as each choice of a parameter t gives a point on a parameterized
curve. The entire surface is created by making all possible choices of u and v over the parameter domain.

Definition

Given a parameterization of surface r (u, v) = (x (u, v), y (u, v), z (u, v)) , the parameter domain of the
parameterization is the set of points in the uv-plane that can be substituted into r.

EXAMPLE 6.58

Parameterizing a Cylinder
Describe surface S parameterized by

r(u,v) = {cosu,sinu,v),—0 <u <0, -0 p< o0,

Solution
To get an idea of the shape of the surface, we first plot some points. Since the parameter domain is all of RZ, we can
choose any value for u and vand plot the corresponding point. If u = v = 0, then r (0,0) = (1,0, 0), so point (1, 0, 0) is
on S. Similarly, points r (z,2) = (—1,0,2) and r (%,4) =(0,1,4)areon S.

Although plotting points may give us an idea of the shape of the surface, we usually need quite a few points to see the
shape. Since it is time-consuming to plot dozens or hundreds of points, we use another strategy. To visualize S, we
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676 6 Vector Calculus

visualize two families of curves that lie on S. In the first family of curves we hold u constant; in the second family of
curves we hold v constant. This allows us to build a “skeleton” of the surface, thereby getting an idea of its shape.

First, suppose that u is a constant K. Then the curve traced out by the parameterization is (cos K, sin K, v) , which gives a
vertical line that goes through point (cos K, sin K, v) in the xy-plane.

Now suppose that vis a constant K. Then the curve traced out by the parameterization is {cos u, sin u, K) , which gives a
circle in plane z = K with radius 1 and center (0, 0, K).

If uis held constant, then we get vertical lines; if vis held constant, then we get circles of radius 1 centered around the
vertical line that goes through the origin. Therefore the surface traced out by the parameterization is cylinder

x2 4+ y* =1 (Figure 6.57).

zj zj z

|'
Y)
|

\J

-___'_'_';;.-f-':‘:_r_ + B o o _-__';3 —
[ ——— e —— | = -_""-\..:__-__-h-
A1 1 y 8 ¥ AT ’
x X )
- 'L"-.___|___.-"'"
{a} (k) ]
Figure 6.57 (a) Lines (cos K, sin K, v) for K = 0, %, 7, and 37” (b) Circles {cos u, sinu, K) for K = —=2,—1, 1, and 2. (c)

The lines and circles together. As u and vvary, they describe a cylinder.

Notice that if x = cos u and y = sin u, then x2 + y2 = 1, so points from S do indeed lie on the cylinder. Conversely, each
point on the cylinder is contained in some circle {cos u, sin u, k) for some k, and therefore each point on the cylinder is
contained in the parameterized surface (Figure 6.58).

Figure 6.58 Cylinder x2 + y2 =2 has parameterization r (u, v) = (rcosu,rsinu,v),0 <u <2x,—0 < v < ®,

@ Analysis
Notice that if we change the parameter domain, we could get a different surface. For example, if we restricted the
domainto 0 < u < 7,0 < v < 6, then the surface would be a half-cylinder of height 6.
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6.6 * Surface Integrals 677

6.47 Describe the surface with parameterization r(u, v) = (2cosu,2sinu,v),0 < u < 2x,—0 < v < 0,

It follows from Example 6.58 that we can parameterize all cylinders of the form x> +y> =R%.IfSisa cylinder given by
equation x? +y* = R?,then a parameterization of Sis

r(u,v) = (Rcosu, Rsinu,v),0 <u<2x,—0 <v< 00,

We can also find different types of surfaces given their parameterization, or we can find a parameterization when we are
given a surface.

EXAMPLE 6.59

Describing a Surface
Describe surface S parameterized by

r(u,v) = <ucosv,usinv,u2>,0§u< o 0<v<2x.

() Solution

Notice that if uis held constant, then the resulting curve is a circle of radius uin plane z = u?. Therefore, as u increases,
the radius of the resulting circle increases. If vis held constant, then the resulting curve is a vertical parabola. Therefore,
we expect the surface to be an elliptic paraboloid. To confirm this, notice that

x2+y* =(ucos v)2 + (u sin 0)2

u2cos?v + ulsin?v

2

= Z.

Therefore, the surface is elliptic paraboloid X2 + y2 = z (Figure 6.59).

(a) (b)
Figure 6.59 (a) Circles arise from holding u constant; the vertical parabolas arise from holding v constant. (b) An elliptic
paraboloid results from all choices of uand vin the parameter domain.

6.48 Describe the surface parameterized by r(u, v) = (ucos v,usinv,u),—® <u < ©,0 < v < 2x.
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EXAMPLE 6.60

Finding a Parameterization
Give a parameterization of the cone X% + y2 =72 lying on or above the plane z = —2.

@ Solution

The horizontal cross-section of the cone at height z = u is circle X2+ y2 = u?. Therefore, a point on the cone at height u
has coordinates (u cos v, u sin v, u) for angle v. Hence, a parameterization of the cone is r(u, v) = (u cos v, u sin v, u) .
Since we are not interested in the entire cone, only the portion on or above plane z = —2, the parameter domain is given

by -2 <u< 0,0 <v<2x(Figure 6.60).

Figure 6.60 Cone X2+ y2 = 72 has parameterization r(u, v) = (u cos v,usinv,u),—o <u <0 0<v <27

6.49 Give a parameterization for the portion of cone x% + y2 =72 lying in the first octant.

We have discussed parameterizations of various surfaces, but two important types of surfaces need a separate
discussion: spheres and graphs of two-variable functions. To parameterize a sphere, it is easiest to use spherical
coordinates. The sphere of radius p centered at the origin is given by the parameterization

r(¢,0) = (pcosOsing,psinfsing,pcosp),0<0<27,0<¢p < 7.

The idea of this parameterization is that as ¢ sweeps downward from the positive z-axis, a circle of radius p sin ¢ is
traced out by letting 8 run from 0 to 2z. To see this, let ¢ be fixed. Then

x2 4+ y* = (pcosBsin p)? + (psin Osin p)?
= p?sin’¢ (cos?6 + sin?0)
= p2 sin2¢
= (psin ¢)°.

This results in the desired circle (Figure 6.61).
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Figure 6.61 The sphere of radius p has parameterization r (¢, ) = (p cos 0 sin ¢, p sin 0 sin ¢, p cos @),
0<0<L27,0<¢p <.

Finally, to parameterize the graph of a two-variable function, we first let z = f (x, y) be a function of two variables. The
simplest parameterization of the graph of fisr(x,y) = (x, y, f (x,)), where x and yvary over the domain of f (Figure
6.62). For example, the graph of f(x,y) = x2y can be parameterized by r(x, y) = (x,y, x2y> , Where the parameters x

and yvary over the domain of f. If we only care about a piece of the graph of f—say, the piece of the graph over
rectangle [1,3] X [2,5]—then we can restrict the parameter domain to give this piece of the surface:

r(x,y) = (x,y,x2y> ,1<x<3,2<y<5.
Similarly, if Sis a surface given by equation x = g (y, z) or equation y = h(x, z), then a parameterization of Sis

r(y,z) = (g(».2),y, z) or r(x, z) = (x, h (x, z), z) , respectively. For example, the graph of paraboloid 2y = x2 + z2 can

2
domain of y because x and z are squared.

be parameterized by r(x, z) = <x, x4z ,z>,0 <x < ®,0<z< . Notice that we do not need to vary over the entire

Figure 6.62 The simplest parameterization of the graph of a function is r(x, y) = (x, y, f (x,»)) .

Let's now generalize the notions of smoothness and regularity to a parametric surface. Recall that curve
parameterization r(),a < t < bisregular if r’(¢) # 0 for all tin [a, b]. For a curve, this condition ensures that the image
of rreally is a curve, and not just a point. For example, consider curve parameterization r(¢) = (1,2),0 <t < 5. The
image of this parameterization is simply point (1, 2), which is not a curve. Notice also that r'(r) = 0. The fact that the
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derivative is zero indicates we are not actually looking at a curve.

Analogously, we would like a notion of regularity for surfaces so that a surface parameterization really does trace out a
surface. To motivate the definition of regularity of a surface parameterization, consider parameterization

r(u,v) =(0,cosv,1),0<u<1,0<v <

Although this parameterization appears to be the parameterization of a surface, notice that the image is actually a line
(Figure 6.63). How could we avoid parameterizations such as this? Parameterizations that do not give an actual surface?
Notice thatr, = (0,0,0) and r, = (0, —sin v, 0), and the corresponding cross product is zero. The analog of the
condition r’(¥) = Ois thatr, X r, is not zero for point (u, v) in the parameter domain, which is a regular
parameterization.

Figure 6.63 The image of parameterization r(u, v) = (0,cosv,1),0 <u < 1,0 < v < risaline.

Definition

Parameterization r(u, v) = (x(u, v), y(u, v), z(u, v)) is a regular parameterization if r, X r, is not zero for point
(u, v) in the parameter domain.

If parameterization r is regular, then the image of r is a two-dimensional object, as a surface should be. Throughout this
chapter, parameterizations r(u, v) = {(x(u, v), y(u, v), z(u, v)) are assumed to be regular.

Recall that curve parameterization r(t),a < t < b is smooth if r'(¢) is continuous and r'(¢) # O for all tin [a, b]. Informally,
a curve parameterization is smooth if the resulting curve has no sharp corners. The definition of a smooth surface
parameterization is similar. Informally, a surface parameterization is smooth if the resulting surface has no sharp
corners.

Definition

A surface parameterization r(u, v) = (x(u, v), y(u, v), z(u, v)) is smooth if vector r,, X r, is not zero for any choice of
uand vin the parameter domain.

A surface may also be piecewise smooth if it has smooth faces but also has locations where the directional derivatives do
not exist.

EXAMPLE 6.61

Identifying Smooth and Nonsmooth Surfaces
Which of the figures in Figure 6.64 is smooth?
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(b)

Figure 6.64 (a) This surface is smooth. (b) This surface is piecewise smooth.

) Solution
The surface in Figure 6.64(a) can be parameterized by

r(u, v) = {(2 + cos v)cos u, (2 + cos v)sinu,sinv) ,0 <u < 27,0 < v < 2x
(we can use technology to verify). Notice that vectors
r, = (—(2 + cos v)sin u, (2 + cos v)cos u,0) and r, = (—sin v cos u, —sin v sin u, cos v)

exist for any choice of uand vin the parameter domain, and

i j k
ry Xry =|—Q2+cosv)sinu (2+cosv)cosu 0
—sin v cos u —sin v sinu cos v

= [(2 + cos v)cos u cos v]i+ [(2 + cos v)sin u cos v] j
+ ]2 + cos v)sin v sin®u + (2 + cos v)sin v cos?u] k
= [(2 + cos v)cos u cos v]i+ [(2 + cos v)sin u cos v] j + [(2 + cos v)sin v] k.

The k component of this vector is zero only if v = 0 or v = z. If v = 0 or v = 7, then the only choices for u that make the
j component zero are u = 0 or u = . But, these choices of u do not make the i component zero. Therefore, r, X r; is
not zero for any choice of uand vin the parameter domain, and the parameterization is smooth. Notice that the
corresponding surface has no sharp corners.

In the pyramid in Figure 6.64(b), the sharpness of the corners ensures that directional derivatives do not exist at those
locations. Therefore, the pyramid has no smooth parameterization. However, the pyramid consists of five smooth faces,
and thus this surface is piecewise smooth.

6.50 Is the surface parameterization r (u, v) = <u2”, v+ 1,sin u> ,0<u<2,0<v<3smooth?

Surface Area of a Parametric Surface

Our goal is to define a surface integral, and as a first step we have examined how to parameterize a surface. The second
step is to define the surface area of a parametric surface. The notation needed to develop this definition is used
throughout the rest of this chapter.

Let S be a surface with parameterization r (u, v) = (x (u, v), y (u, v), z (u, v)) over some parameter domain D. We assume
here and throughout that the surface parameterization r («, v) = (x (4, v),y (u, ), z (4, v)) is continuously
differentiable—meaning, each component function has continuous partial derivatives. Assume for the sake of simplicity
that Dis a rectangle (although the following material can be extended to handle nonrectangular parameter domains).
Divide rectangle D into subrectangles D;; with horizontal width Au and vertical length Av. Suppose that iranges from 1

681



682 6 Vector Calculus

to mand jranges from 1 to nso that D is subdivided into mn rectangles. This division of D into subrectangles gives a
corresponding division of surface Sinto pieces S;;. Choose point P;; in each piece Sj;. Point P;; corresponds to point
(uj, vj) in the parameter domain.

Note that we can form a grid with lines that are parallel to the u-axis and the v-axis in the uv-plane. These grid lines
correspond to a set of grid curves on surface Sthat is parameterized by r (u, v) . Without loss of generality, we assume
that P;; is located at the corner of two grid curves, as in Figure 6.65. If we think of r as a mapping from the uv-plane to

R3, the grid curves are the image of the grid lines under r. To be precise, consider the grid lines that go through point
(uj, vj). One line is given by x = u;, y = v; the other is given by x = u, y = v;. In the first grid line, the horizontal
component is held constant, yielding a vertical line through (u;, v;). In the second grid line, the vertical component is
held constant, yielding a horizontal line through (u;, v;). The corresponding grid curves are r(u;, v) and r(u, v;), and
these curves intersect at point P;.

¥y

D ol

Figure 6.65 Grid lines on a parameter domain correspond to grid curves on a surface.
Now consider the vectors that are tangent to these grid curves. For grid curve r(u;, v), the tangent vector at P;; is
to (Pij) = o (ui.vj) = (xo (w1 05) .y (ui05) 2 20 (uis0))) -
For grid curve r(u, v;), the tangent vector at P;; is
tu (Pij) =1y (uir0j) = (xu (i.07) . yu (0. 0)) - 2u (uis0)) ) -

If vector N = t, (P,-j) X ty (P,-j) exists and is not zero, then the tangent plane at P;; exists (Figure 6.66). If piece Sj; is
small enough, then the tangent plane at point P;; is a good approximation of piece .S;;.

Ty
r
| —
[LY -
o TH u

Figure 6.66 If the cross product of vectors t, and t, exists, then there is a tangent plane.

The tangent plane at P;; contains vectors t, (P;;) and t, (P;;) , and therefore the parallelogram spanned by t, (P;)
and t, (Pij) is in the tangent plane. Since the original rectangle in the uv-plane corresponding to .S;; has width Au and
length Ao, the parallelogram that we use to approximate Sj; is the parallelogram spanned by Aut, (P,-j) and
Avt, (P,-j) . In other words, we scale the tangent vectors by the constants Au and Av to match the scale of the original
division of rectangles in the parameter domain. Therefore, the area of the parallelogram used to approximate the area of
S,’j is

Ay ~ || (Auty (Py)) x (Avto (Py))]| = ||t (Pj) X to (Py)|| Audo.

Varying point P;; over all pieces .S;; and the previous approximation leads to the following definition of surface area of a
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parametric surface (Figure 6.67).

—
tAu

Figure 6.67 The parallelogram spanned by t,, and t, approximates the piece of surface S;;.

Definition

Let r(u, v) = (x(u, v), y(u, v), z(u, v)) with parameter domain D be a smooth parameterization of surface S.
Furthermore, assume that Sis traced out only once as (u, v) varies over D. The surface area of Sis

// Ity X tu]| dA, (6.18)
D

p) P . o .
wheret, = (&, 2 92} and ¢, = (X 2 92 anq all partial derivatives are continuous.
ou’ ou’ ou

00’ v’ o
EXAMPLE 6.62

Calculating Surface Area

Calculate the lateral surface area (the area of the “side,” not including the base) of the right circular cone with height h
and radius r.

() Solution
Before calculating the surface area of this cone using Equation 6.18, we need a parameterization. We assume this cone is
in R 3 with its vertex at the origin (Figure 6.68). To obtain a parameterization, let @ be the angle that is swept out by

starting at the positive z-axis and ending at the cone, and let k = tan a. For a height value vwith 0 < v < h, the radius of
the circle formed by intersecting the cone with plane z = v is kv. Therefore, a parameterization of this cone is

s(u,v) = (kvcosu, kvsinu,v),0 <u<2x,0<v<h

The idea behind this parameterization is that for a fixed v value, the circle swept out by letting u vary is the circle at
height vand radius kv. As vincreases, the parameterization sweeps out a “stack” of circles, resulting in the desired cone.
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x ¥
Figure 6.68 The right circular cone with radius r = kh and height h has parameterization
s(u,v) = (kvcosu, kvsinu,v),0 <u<2x,0<v<h.

With a parameterization in hand, we can calculate the surface area of the cone using Equation 6.18. The tangent vectors
aret, = (—kvsinu, kvcosu,0) and t, = (k cosu, k sinu, 1) . Therefore,
i J k

t, Xt, —kvsinu kvcosu O

k cosu ksinu 1

(ku cos u, kv sin u, —k2vsin?u — k2v c052u>
= (ku cos u, kv sin u, —kzv> .

The magnitude of this vector is

”(kv cos u, kv sin u, —k20>|| = Vk202cos2u + k2 v?sinu + k402
= VK202 + k*0?
=kov1+ k2.

By Equation 6.18, the surface area of the cone is

h 2
// Ity X ty]|dA =/ / ko1 + k*dudv
D 0 0

h
=27ky/1 +k2/ vdv
0

h
= 27k\/1 +k2[§]0
= nkh®y/1 + k2.

Since k =tan a = r/h,
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wkh?\/1+ k2 =n%h2,/1+;—§
2
=7rrh,/1+;—2

=y 12+ ()
h

=arvh? +r2.
Therefore, the lateral surface area of the cone is zry/ K2 +r2.

Analysis
The surface area of a right circular cone with radius r and height his usually given as 7r* + 7r\/h? + 2. The reason for
this is that the circular base is included as part of the cone, and therefore the area of the base 7r? is added to the lateral
surface area zrv/ h? + r2 that we found.

6.51 Find the surface area of the surface with parameterization r(u, v) = <u + 0, u?, 21:> ,0<u<30<0v<2.

EXAMPLE 6.63

Calculating Surface Area
Show that the surface area of the sphere X% + y2 +22 =/ isdnr?.

Solution
The sphere has parameterization

(rcos@sin ¢, rsinfsing,rcosp),0<0<2x,0< ¢ < 7.
The tangent vectors are

tg = (—rsin@sin ¢, rcos §sin ¢,0) and ty, = (rcos  cos ¢, r sin 6 cos ¢, —r sin ¢) .

Therefore,
ty X tg = <r2 cos 6 sin? o, r2sin 0 sin® o, r2sin%6 sin ¢cosp+ r2cos? sin ¢ cos ¢>
= (r?cos @ sin’¢, r*sin  sin® g, rsin ¢ cos ¢ ) .
Now,
Ity % to|| = \r*sin? ¢ cos20 + r¥sin® ¢ sin?6 + r*sin® ¢ cos2
= V/r*sin*¢ + r*sin? ¢ cos2 ¢
=72 sin2¢
=r2 sin @.

Notice that sin ¢ > 0 on the parameter domain because 0 < ¢ < 7, and this justifies equation V/sin?¢ = sin ¢. The

surface area of the sphere is
2z 4 2z
/ / r*sin pdpdo = r? / 2d0 = 4rnr?.
0 0 0

We have derived the familiar formula for the surface area of a sphere using surface integrals.

6.52 Show that the surface area of cylinder x> + y? = 2,0 < z < hiis 2zrh. Notice that this cylinder does not
include the top and bottom circles.

In addition to parameterizing surfaces given by equations or standard geometric shapes such as cones and spheres, we
can also parameterize surfaces of revolution. Therefore, we can calculate the surface area of a surface of revolution by
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using the same techniques. Let y = f(x) > 0 be a positive single-variable function on the domaina < x < b and let Sbe
the surface obtained by rotating f about the x-axis (Figure 6.69). Let 6 be the angle of rotation. Then, S can be
parameterized with parameters x and 6 by

r(x,0) = (x, f(x)cos 6, f(x)sinf),a <x<bh,0<60<2x.

z

fix)

() (&)

Figure 6.69 We can parameterize a surface of revolution by r (x, 0) = (x, f (x)cos 0, f (x)sin#),a < x < b,0 < x < 2.

EXAMPLE 6.64

Calculating Surface Area
Find the area of the surface of revolution obtained by rotating y = x2, 0 < x < b about the x-axis (Figure 6.70).

¥i

L=

Figure 6.70 A surface integral can be used to calculate the surface area of this solid of revolution.

@ Solution
This surface has parameterization

r(x,0) = (x,x?cos ,x?sin0) 0 < x < 5,0 <0 < 2r.
The tangent vectors are t, = (1,2x cos 8,2x sin §) and tyg = (0, —x2sin 0, —x2cos 9) . Therefore,
te X tg = (2x3cos?0 + 2x3sin?6, —xcos 6, —x”sin §)
= <2x3, —x2cos 8, —x%sin 9>

and

ity X toll = V4x6 + x*cos26 + x*sin?0
= V4x0 + x*
= x2 Vax2 +1.
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The area of the surface of revolution is

b b4 b
/ / x> V/4x% + 1dodx = 2;:/ x2V4x? + ldx
0 0 0
b
= 27[[L<2 4x2 41 (8x3 +x) sinh~! (2x))]0

=2z [ & (2V/407 +1 (867 + b) sinh™ 20)) ] .

6.53 Use Equation 6.18 to find the area of the surface of revolution obtained by rotating curve
y =sinx,0 < x < x about the x-axis.

Surface Integral of a Scalar-Valued Function

Now that we can parameterize surfaces and we can calculate their surface areas, we are able to define surface integrals.
First, let's look at the surface integral of a scalar-valued function. Informally, the surface integral of a scalar-valued
function is an analog of a scalar line integral in one higher dimension. The domain of integration of a scalar line integral
is a parameterized curve (a one-dimensional object); the domain of integration of a scalar surface integral is a
parameterized surface (a two-dimensional object). Therefore, the definition of a surface integral follows the definition of
a line integral quite closely. For scalar line integrals, we chopped the domain curve into tiny pieces, chose a point in each
piece, computed the function at that point, and took a limit of the corresponding Riemann sum. For scalar surface
integrals, we chop the domain region (no longer a curve) into tiny pieces and proceed in the same fashion.

Let S be a piecewise smooth surface with parameterization r (v, v) = {(x (4, v), y (u, v), z (u, v)) with parameter domain D
and let f (x, y, z) be a function with a domain that contains S. For now, assume the parameter domain D is a rectangle,
but we can extend the basic logic of how we proceed to any parameter domain (the choice of a rectangle is simply to
make the notation more manageable). Divide rectangle D into subrectangles D;; with horizontal width Au and vertical
length Av. Suppose that iranges from 1 to m and jranges from 1 to nso that D is subdivided into mn rectangles. This
division of D into subrectangles gives a corresponding division of Sinto pieces S;;. Choose point P;; in each piece Sj;,
evaluate P;; at f, and multiply by area AS;; to form the Riemann sum

f(Py)ASy;.

m n
i=1

‘=1

.

To define a surface integral of a scalar-valued function, we let the areas of the pieces of S shrink to zero by taking a limit.
Definition

The surface integral of a scalar-valued function of f over a piecewise smooth surface Sis

m n

/f(x,y,z)dS: lim Y ) f(Pj)AS;.

S m,n—0 j=] j=1

Again, notice the similarities between this definition and the definition of a scalar line integral. In the definition of a line
integral we chop a curve into pieces, evaluate a function at a point in each piece, and let the length of the pieces shrink
to zero by taking the limit of the corresponding Riemann sum. In the definition of a surface integral, we chop a surface
into pieces, evaluate a function at a point in each piece, and let the area of the pieces shrink to zero by taking the limit of
the corresponding Riemann sum. Thus, a surface integral is similar to a line integral but in one higher dimension.

The definition of a scalar line integral can be extended to parameter domains that are not rectangles by using the same
logic used earlier. The basic idea is to chop the parameter domain into small pieces, choose a sample point in each piece,
and so on. The exact shape of each piece in the sample domain becomes irrelevant as the areas of the pieces shrink to
zero.

Scalar surface integrals are difficult to compute from the definition, just as scalar line integrals are. To develop a method
that makes surface integrals easier to compute, we approximate surface areas AS;; with small pieces of a tangent
plane, just as we did in the previous subsection. Recall the definition of vectors t, and t;:

687



688 6 Vector Calculus

dx dy o0z dx dy o0z
ty=(—,=—,—=— )andt, =( —,—,— ).
ou ou du dv dv dv

From the material we have already studied, we know that
ASij & ||tu (Py) X to (Py)| Audso.

Therefore,

n

//Sf(x,y,z)dSz lim Y Y £ (Py) |[tu (Py) X to (Py)]| Aue.

m,n—0 j=1] j=1

m n
This approximation becomes arbitrarily close to lim 2 Z f (Bj) AS;j as we increase the number of pieces S;; by

mn—0 j=] j=]

letting m and n go to infinity. Therefore, we have the following equation to calculate scalar surface integrals:

// f(x..2)dS = // [ o) Ity X t,]| dA. (6.19)
S
D

Equation 6.19 allows us to calculate a surface integral by transforming it into a double integral. This equation for surface
integrals is analogous to Equation 6.20 for line integrals:

b
//Cf(x,y,Z)dS=/ fa@) e ol dr.

In this case, vector t, X t, is perpendicular to the surface, whereas vector r’ (f) is tangent to the curve.

EXAMPLE 6.65

Calculating a Surface Integral

Calculate surface integral / 5dS, where S is the surface with parameterization r (u, v) = <u, uz, U> forO<u<2and
S

0<v<u.

Solution
Notice that this parameter domain D is a triangle, and therefore the parameter domain is not rectangular. This is not an
issue though, because Equation 6.19 does not place any restrictions on the shape of the parameter domain.

To use Equation 6.19 to calculate the surface integral, we first find vector t, and t,,. Note that t, = (1, 2u,0) and
t, = (0,0, 1). Therefore,

i j k
ty Xty ={1 2u 0|={(2u,-1,0)
0 0 1

and

Ite X toll = V1 + 4u>.

//SdS =5// V1+4u?dA
S D
2 u 2
=5/ / \/1+4u2dvdu=5/ uV1 + 4uPdu
0 0 0

<1+4u2)3/2 ? 5(173/2—1)

=5 3 = % ~ 28.79.

0

By Equation 6.19,
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EXAMPLE 6.66

Calculating the Surface Integral of a Cylinder

Calculate surface integral // (x + y2) dS, where Sis cylinder x2 + y2 =4,0 < z <3 (Figure 6.71).
K

)

z

-
x
r
Figure 6.71 Integrating function f(x,y,z) = x + y2 over a cylinder.

) Solution
To calculate the surface integral, we first need a parameterization of the cylinder. Following Example 6.58, a
parameterization is

r(u,v) = (2cosu,2sinu, v),0 <u < 27,0 <v <3.

The tangent vectors are t, = (sinu,cosu,0) and t, = (0,0, 1) . Then,

i j Kk
ty X t, =|—sinu cosu 0|=(cosu,sinu,0)
0 0 1

and ||ty X t,|| = Vcos2u + sin*u = 1. By Equation 6.19,

s f(x,9.2)dS = [[ f (e, 0)) Ity X t,]| dA
= /03 f02” (2cosu+ 4sin2u) dudv

= /5 [2sinu + 2u — sinQu)Fdv = [; 4xdv = 12z

6.54 Calculate // <x2 - z) dS, where Sis the surface with parameterization
s

ro)=(o,u® +02,1),0<u<2,0<v <3,

EXAMPLE 6.67

Calculating the Surface Integral of a Piece of a Sphere

Calculate surface integral // f(x,y,2)dS, where f(x,y,z) = z2 and Sis the surface that consists of the piece of sphere
S

x? + y2 + z2 = 4 that lies on or above plane z = 1 and the disk that is enclosed by intersection plane z = 1 and the
given sphere (Figure 6.72).
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f.

Figure 6.72 Calculating a surface integral over surface S.

Solution

Notice that Sis not smooth but is piecewise smooth; S can be written as the union of its base .S and its spherical top .53,

and both S| and .S, are smooth. Therefore, to calculate //

S
we calculate integrals// zzdSand// Z2dS.
S1 52

First, we calculate // z2dS. To calculate this integral we need a parameterization of .S . This surface is a disk in plane
S1

zzdS, we write this integral as// z2d5+// z2dS and
N Sy

z = 1 centered at (0,0, 1). To parameterize this disk, we need to know its radius. Since the disk is formed where plane
z = 1 intersects sphere x% + y> + z2 = 4, we can substitute z = 1 into equation x2 + y? + z% = 4:

X+ +1=4= x>+ =3.

Therefore, the radius of the disk is 4/3 and a parameterization of Sy is
r(u,v) = (ucosv,usinv, 1),0 <u < \/§,O < v £ 2z. The tangent vectors are t, = (cos v, sin v,0) and
ty, = (—usin v, ucosv,0), and thus

i j k
t, X t, =| cosv sinv 0= <0,0,ucoszu+usinzv> =(0,0,u).

—usinv ucosv 0

The magnitude of this vector is u. Therefore,

\/5 2z
// z22dS =/ £, v) Ity X to|| dvdu
S 0 0
\/3 2
=/ / udvdu
0 0
V3

= 27r/ udu
0

=3x.
Now we calculate // dS. To calculate this integral, we need a parameterization of .S. The parameterization of full
52

sphere x2 + y + z2 = 4is
r(¢,0) = (2cosfsing,2sinfsingp,2cos p),0<0<27,0<¢p < 7.

Since we are only taking the piece of the sphere on or above plane z = 1, we have to restrict the domain of ¢. To see
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how far this angle sweeps, notice that the angle can be located in a right triangle, as shown in Figure 6.73 (the \/5
comes from the fact that the base of Sis a disk with radius \/5). Therefore, the tangent of ¢ is \/5, which implies that ¢
is /6. We now have a parameterization of S»:

r(¢,0) = (2cosfsing,2sinfsinp,2cos ¢p),0 <60 <27x,0< ¢ < 7/3.

Figure 6.73 The maximum value of ¢ has a tangent value of \/5

The tangent vectors are
ty = (2 cos @ cos ¢,2 sin 6 cos ¢, —2 sin ¢) and tg = (—2 sin @ sin ¢, u cos sin ¢, 0) ,

and thus
i j k
ty X tg =|2cosfcos¢ 2sinfcos¢d —2sing
—2sinfsin¢ 2cos@sin ¢ 0
<4 cosGsin2¢,4sin05in2¢,4cos26 cos¢sinq’>+4sin2000$¢sin q’)>
= (4 cos 0 sin® ¢, 4 sin 0 sin® ¢, 4 cos ¢ sin d)) .

The magnitude of this vector is

Ity X to]] = /16 cos20 sin* ¢ + 16 sin2@ sin* ¢ + 16 cos2 ¢ sin® ¢

= 4v/sin*$ + cos2¢p sin? .
Therefore,
3 2
[, zds = o o " f@x(@.0) |ty X to|| dOdg
_ 0;:/3 02:: 16 cos2p\/sin? ¢ + cos2 ¢ sin® pdf dp
/3

=32z |, cos2pV/sin? ¢ + cos2 ¢ sin?p dp

=32z foﬁ/3 cos2¢ sin pV/sinZ ¢ + cos2 ¢ dgp

=32z /()7:/3 cos2¢ sin ¢ dop

/6
cos> ¢ " 1 \3 28

Since [[g 7248 = '//Sl zzdS+ffS2 z2dS = 3n2§J = 3;—“

Analysis
In this example we broke a surface integral over a piecewise surface into the addition of surface integrals over smooth
subsurfaces. There were only two smooth subsurfaces in this example, but this technique extends to finitely many
smooth subsurfaces.

6.55 Calculate surface integral // (x —y)dS, where Sis cylinder 2 +)2=1,0<2z<2, including the circular
N
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top and bottom.

Scalar surface integrals have several real-world applications. Recall that scalar line integrals can be used to compute the
mass of a wire given its density function. In a similar fashion, we can use scalar surface integrals to compute the mass of
a sheet given its density function. If a thin sheet of metal has the shape of surface S and the density of the sheet at point

(x,y,2)is p(x,¥, z), then mass m of the sheetism = // p(x,y,2)dS.
Ky

EXAMPLE 6.68

Calculating the Mass of a Sheet
A flat sheet of metal has the shape of surface z = 1 4+ x 4+ 2y that lies above rectangle 0 < x <4and 0 < y < 2.If the
density of the sheet is given by p (x,y,z) = xzyz, what is the mass of the sheet?

Solution

Let Sbe the surface that describes the sheet. Then, the mass of the sheet is given by m = // xzyzdS. To compute this
S

surface integral, we first need a parameterization of S. Since Sis given by the function f(x,y) =1+ x+ 2y, a
parameterization of Sisr(x,y) = {(x,y, 1 +x+2y),0<x <4,0<y < 2.

The tangent vectors are ty = (1,0,1) and t, = (1,0,2) . Therefore, t, X t, =(—1,-2,1) and ||ty X t;| = \/8 By

Equation 6.5,
m =ﬂx2yzdS
S

4 2
:\/6/ / x2y(1+x+2y)dydx
0 0

4 552
22
\/8/ ~ +2x3dx
0 3
_25601/6
)
~ 696.74.

6.56 A piece of metal has a shape that is modeled by paraboloid z = x% + yZ,O < z <4, and the density of the
metal is given by p(x, y, z) = z + 1. Find the mass of the piece of metal.

Orientation of a Surface

Recall that when we defined a scalar line integral, we did not need to worry about an orientation of the curve of
integration. The same was true for scalar surface integrals: we did not need to worry about an “orientation” of the
surface of integration.

On the other hand, when we defined vector line integrals, the curve of integration needed an orientation. That is, we
needed the notion of an oriented curve to define a vector line integral without ambiguity. Similarly, when we define a
surface integral of a vector field, we need the notion of an oriented surface. An oriented surface is given an “upward” or
“downward” orientation or, in the case of surfaces such as a sphere or cylinder, an “outward” or “inward” orientation.

Let S be a smooth surface. For any point (x, y, z) on S, we can identify two unit normal vectors N and —N. If it is possible
to choose a unit normal vector N at every point (X, y, z) on Sso that N varies continuously over S, then Sis “orientable.”
Such a choice of unit normal vector at each point gives the orientation of a surface S. If you think of the normal field as
describing water flow, then the side of the surface that water flows toward is the “negative” side and the side of the
surface at which the water flows away is the “positive” side. Informally, a choice of orientation gives S an “outer” side and
an “inner” side (or an “upward"” side and a “downward” side), just as a choice of orientation of a curve gives the curve
“forward” and “backward” directions.

Closed surfaces such as spheres are orientable: if we choose the outward normal vector at each point on the surface of
the sphere, then the unit normal vectors vary continuously. This is called the positive orientation of the closed surface
(Figure 6.74). We also could choose the inward normal vector at each point to give an “inward” orientation, which is the
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negative orientation of the surface.

Figure 6.74 An oriented sphere with positive orientation.

A portion of the graph of any smooth function z = f(x, y) is also orientable. If we choose the unit normal vector that
points “above” the surface at each point, then the unit normal vectors vary continuously over the surface. We could also
choose the unit normal vector that points “below” the surface at each point. To get such an orientation, we parameterize
the graph of f in the standard way: r(x, y) = (x, y, f(x,y)), where x and y vary over the domain of f. Then,

ty =(1,0, fx)andt, = <O, 1, fy> , and therefore the cross product ty X t, (which is normal to the surface at any point
on the surface) is (—fx, —fy, 1 ) . Since the zcomponent of this vector is one, the corresponding unit normal vector
points “upward,” and the upward side of the surface is chosen to be the “positive” side.

Let S be a smooth orientable surface with parameterization r (u, v) . For each point r (a, b) on the surface, vectors t,, and
t, lie in the tangent plane at that point. Vector t, X t, is normal to the tangent plane at r (a, b) and is therefore normal
to S at that point. Therefore, the choice of unit normal vector
Xt
lIt. X to|]

gives an orientation of surface S.

EXAMPLE 6.69

Choosing an Orientation
Give an orientation of cylinder 242 =r20<z<h.

Solution
This surface has parameterization
r(u,v) = (rcosu,rsinu,v),0 <u<27,0<v<h
The tangent vectors are t, = (—r sinu, r cosu,0) and t, = (0,0, 1) . To get an orientation of the surface, we compute the
unit normal vector
Xt
lte X toll’

In this case, t, X t, = (rcosu,rsinu,0) and therefore

[ty X t,ll =V r2cos?u + rsin’u = r.
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An orientation of the cylinder is

(rcosu,rsinu,0)

N(u,v) = = (cosu,sinu,0).

r

Notice that all vectors are parallel to the xy-plane, which should be the case with vectors that are normal to the cylinder.
Furthermore, all the vectors point outward, and therefore this is an outward orientation of the cylinder (Figure 6.75).

¢

Qutward-pointing
normal

.

,
———

Figure 6.75 If all the vectors normal to a cylinder point outward, then this is an outward orientation of the cylinder.

6.57 Give the “upward"” orientation of the graph of f(x,y) = xy.

Since every curve has a “forward” and “backward” direction (or, in the case of a closed curve, a clockwise and
counterclockwise direction), it is possible to give an orientation to any curve. Hence, it is possible to think of every curve
as an oriented curve. This is not the case with surfaces, however. Some surfaces cannot be oriented; such surfaces are
called nonorientable. Essentially, a surface can be oriented if the surface has an “inner” side and an “outer” side, or an
“upward” side and a “downward"” side. Some surfaces are twisted in such a fashion that there is no well-defined notion of
an “inner” or “outer” side.

The classic example of a nonorientable surface is the Mdbius strip. To create a Mébius strip, take a rectangular strip of
paper, give the piece of paper a half-twist, and the glue the ends together (Figure 6.76). Because of the half-twist in the
strip, the surface has no “outer” side or “inner” side. If you imagine placing a normal vector at a point on the strip and
having the vector travel all the way around the band, then (because of the half-twist) the vector points in the opposite
direction when it gets back to its original position. Therefore, the strip really only has one side.

-
B C B C -
FE T I F ( 7oy
A D A c

Figure 6.76 The construction of a Mdbius strip.

Since some surfaces are nonorientable, it is not possible to define a vector surface integral on all piecewise smooth
surfaces. This is in contrast to vector line integrals, which can be defined on any piecewise smooth curve.

Surface Integral of a Vector Field

With the idea of orientable surfaces in place, we are now ready to define a surface integral of a vector field. The
definition is analogous to the definition of the flux of a vector field along a plane curve. Recall that if F is a two-
dimensional vector field and Cis a plane curve, then the definition of the flux of F along Cinvolved chopping Cinto small
pieces, choosing a point inside each piece, and calculating F - N at the point (where N is the unit normal vector at the
point). The definition of a surface integral of a vector field proceeds in the same fashion, except now we chop surface S
into small pieces, choose a point in the small (two-dimensional) piece, and calculate F - N at the point.

To place this definition in a real-world setting, let S be an oriented surface with unit normal vector N. Let v be a velocity
field of a fluid flowing through S, and suppose the fluid has density p (x, y, z) . Imagine the fluid flows through S, but Sis
completely permeable so that it does not impede the fluid flow (Figure 6.77). The mass flux of the fluid is the rate of
mass flow per unit area. The mass flux is measured in mass per unit time per unit area. How could we calculate the mass
flux of the fluid across S?
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Figure 6.77 Fluid flows across a completely permeable surface S.

The rate of flow, measured in mass per unit time per unit area, is pN. To calculate the mass flux across S, chop Sinto
small pieces Sj;. If Sj; is small enough, then it can be approximated by a tangent plane at some point Pin Sj;.
Therefore, the unit normal vector at P can be used to approximate N (x, y, z) across the entire piece S,-j, because the
normal vector to a plane does not change as we move across the plane. The component of the vector pv at Pin the
direction of N is pv - N at P. Since .S;; is small, the dot product pv - N changes very little as we vary across .S, and
therefore pv - N can be taken as approximately constant across .S;;. To approximate the mass of fluid per unit time
flowing across S;; (and not just locally at point P), we need to multiply (pv - N) (P) by the area of S;;. Therefore, the
mass of fluid per unit time flowing across .S;; in the direction of N can be approximated by (pv - N) AS;;, where N, p,
and v are all evaluated at P (Figure 6.78). This is analogous to the flux of two-dimensional vector field F across plane
curve G, in which we approximated flux across a small piece of C with the expression (F - N) As. To approximate the

m n m n

mass flux across S, form the sum Z Z (pv - N) AS;;. As pieces S;; get smaller, the sum Z Z (pv - N) AS;; gets
i=1 j=1 i=1 j=1

arbitrarily close to the mass flux. Therefore, the mass flux is

//pv-NdS: lim ii(pv-N)AS,-j.

m,n— j=] j=1

This is a surface integral of a vector field. Letting the vector field pv be an arbitrary vector field F leads to the following
definition.
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Figure 6.78 The mass of fluid per unit time flowing across .S;; in the direction of N can be approximated by (pv - N) AS;;.

Definition

Let F be a continuous vector field with a domain that contains oriented surface S with unit normal vector N. The

//F'ds=//F-NdS. (6.20)
S S

Notice the parallel between this definition and the definition of vector line integral / F - Nds. A surface integral of a
C

vector field is defined in a similar way to a flux line integral across a curve, except the domain of integration is a surface

(a two-dimensional object) rather than a curve (a one-dimensional object). Integral // F - NdS is called the flux of F
S

surface integral of F over Sis

across S, just as integral / F - Nds is the flux of F across curve C. A surface integral over a vector field is also called a
c
flux integral.

Just as with vector line integrals, surface integral // F - NdS is easier to compute after surface S has been
S

parameterized. Let r (4, v) be a parameterization of Swith parameter domain D. Then, the unit normal vector is given by
_ ty Xty .
N = —#—=-- and, from Equation 6.20, we have

It X tull
//-F-Nds Z//F NdS
S
// t, X t, Xt g
[ty X tyl
//(F(r(u by Xt )nt X t,]| dA
Tt x o ) 1t

= / F@@,v)-(t, X t,))dA.
D

Therefore, to compute a surface integral over a vector field we can use the equation

// F-NdS = // (F(r(u,0)- (ty X t,))dA. (6.21)
N D
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EXAMPLE 6.70

Calculating a Surface Integral

Calculate the surface integral // F - NdS, where F = (—y, x,0) and S is the surface with parameterization
Ky

r(u,v):<u,02—u,u+u>,0§u<3,0§v§4.

Solution
The tangent vectors are t, = (1,—1,1) and t, = (0,20, 1) . Therefore,

ty X t, = (=1 —20,—1,20).

4 3
//F-dS =/ / F (r(u,v)) - (ty X to)dudv
S 0 0

4 3
=/ / <u—02,u,0>-(—1—2u,—1,21)> dudv
0 0

4 3 )
= u—0°)(-=1-=2v) —ul dudv
L] =) e1-20-4f
4 3
/ / (203 + 0% = 2uv - 2u) dudv
0 0
4 3

[21)3u + v?u—vu? - u2] dv
0

By Equation 6.21,

4
(603 +30% — 90— 9) dv

S— S—

4 2 4
= |3+ 0% - 2% -0
= 340.

Therefore, the flux of F across Sis 340.

6.58 Calculate surface integral // F - dS, where F = (0, —z, y) and Sis the portion of the unit sphere in the
S

first octant with outward orientation.

EXAMPLE 6.71

Calculating Mass Flow Rate

Let v(x,y,z) = (2x,2y, z) represent a velocity field (with units of meters per second) of a fluid with constant density 80
kg/m3. Let S be hemisphere x% + % + z? = 9 with z > 0 such that Sis oriented outward. Find the mass flow rate of the
fluid across S.

Solution
A parameterization of the surface is

r(¢,0) = (3cosfsing,3sinfsinp,3cosp),0<60<27,0< ¢p < 72,
As in Example 6.64, the tangent vectors are
tp (—3 sin @ sin ¢, 3 cos O sin ¢, 0) and ty (3 cos & cos ¢, 3 sin 6 cos ¢, —3 sin @),

and their cross product is
ty X tg = (9 cosfsin’,9sin O sin*, 9 sin pcos ) .

Notice that each component of the cross product is positive, and therefore this vector gives the outward orientation.
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698 6 ° Vector Calculus

Therefore we use the orientation N = (9 cos 8 sin®¢, 9 sin 0 sin>, 9 sin ¢ cos ¢ ) for the sphere.

2z /2
//pv-dS :80/ / V(£ ($,0)- (ty X tg) dpdo
S 0 0
2z /2
80 / /
0 0

0 2z ral2 (6 cos @ sin ¢, 6 sin O sin ¢, 3 cos ¢)
/ -{9 cos 0sin®$, 9 sin 0 sin? p, 9 sin ¢ cos ¢ ) dpdo

By Equation 6.20,

=8

2r
80/ / 54 sin ¢ + 27 cos ¢ sin ¢pd¢pdo
0

(=)

2r
= 80/ / 1 - cos2¢) sin ¢ + 27 cosng sin ¢pd¢pdo
0

2z
80/ / 54 sin ¢p — 27 cos ¢ sin ¢pd¢pdo
0 0

2z b= 2”
=80/ [ 54 cos ¢p + 9 cos ¢]
0

= 80/ 45d6 = 72007.
0

Therefore, the mass flow rate is 7200z kg/sec/m?.

' 6.59 Letv(x,y,z) = <x2 + yz, z, 4y> m/sec represent a velocity field of a fluid with constant density 100 kg/mg.
Let S be the half-cylinder r(u, v) = {(cos u, sinu,v),0 <u < 7,0 < v < 2 oriented outward. Calculate the
mass flux of the fluid across S.

In Example 6.70, we computed the mass flux, which is the rate of mass flow per unit area. If we want to find the flow rate

(measured in volume per time) instead, we can use flux integral // v ¢ Nd.S, which leaves out the density. Since the
S

flow rate of a fluid is measured in volume per unit time, flow rate does not take mass into account. Therefore, we have
the following characterization of the flow rate of a fluid with velocity v across a surface S:

Flow rate of fluid across S = // vedS.
S

To compute the flow rate of the fluid in Example 6.68, we simply remove the density constant, which gives a flow rate of
907z m3/sec.

Both mass flux and flow rate are important in physics and engineering. Mass flux measures how much mass is flowing
across a surface; flow rate measures how much volume of fluid is flowing across a surface.

In addition to modeling fluid flow, surface integrals can be used to model heat flow. Suppose that the temperature at
point (x, y, z) in an object is T(x, y, z). Then the heat flow is a vector field proportional to the negative temperature
gradient in the object. To be precise, the heat flow is defined as vector field F = —kVT, where the constant ks the
thermal conductivity of the substance from which the object is made (this constant is determined experimentally). The
rate of heat flow across surface Sin the object is given by the flux integral

//SF.ds://S—kVT-dS.

EXAMPLE 6.72

Calculating Heat Flow
A cast-iron solid cylinder is given by inequalities x4+ <1,1<z<4.The temperature at point (x, y, z) in a region
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6.6 * Surface Integrals

containing the cylinder is T(x, y, z) = (x2 + y2) z. Given that the thermal conductivity of cast iron is 55, find the heat
flow across the boundary of the solid if this boundary is oriented outward.

Solution

Let Sdenote the boundary of the object. To find the heat flow, we need to calculate flux integral // —kVT - dS. Notice
S

that Sis not a smooth surface but is piecewise smooth, since Sis the union of three smooth surfaces (the circular top
and bottom, and the cylindrical side). Therefore, we calculate three separate integrals, one for each smooth piece of S.
Before calculating any integrals, note that the gradient of the temperature is VT = <2xz, 2yz, x> + y2> .

First we consider the circular bottom of the object, which we denote .S|. We can see that .S is a circle of radius 1
centered at point (0, 0, 1), sitting in plane z = 1. This surface has parameterization
r(u,v) = (vcosu,vsinu,1),0 <u < 27,0 < v < 1. Therefore,

t, = (—vsinu,vcosu,0) andt, = (cosu, vsinu,0),
and
t, X t, = (0, 0,—-v sinZu — Ucos2u> =(0,0,-v).

Since the surface is oriented outward and .S is the bottom of the object, it makes sense that this vector points
downward. By Equation 6.21, the heat flow across S is

2r 1
// —kVT -dS = —55/ / VT (u,v)-(t, X t,)dvdu
S 0 0

2r 1
=-55 / / <21) cos u, 2v sin u, v¥cos?u + vzsin2u> -(0,0, —v) dvdu
0 0

2r 1
= —55/ / <2U cos u, 2v sin u, U2> -(0,0, —v) dvdu
0 0

2r 1 2 1
=—55/ / —u3dudu=—55/ ——du= 3.
o Jo 0 4

Now let’s consider the circular top of the object, which we denote S, . We see that .S is a circle of radius 1 centered at
point (0, 0, 4), sitting in plane z = 4. This surface has parameterization
r(u,v) = (vcosu,vsinu,4),0 <u < 27,0 < v < 1. Therefore,

t, = (—vsinu,vcosu,0) andt, = (cosu,vsinu,0),
and
t, X t, = (0, 0,-v sinZu — vcos2u> =(0,0,-v).

Since the surface is oriented outward and S is the top of the object, we instead take vectort, X t, = (0,0, v).By
Equation 6.21, the heat flow across S is

2r 1
// —kVT e dS = —55/ / VT (u,v) e (t, X t,)dvdu
S5 o Jo

2r 1
= —55/ / <8U cos u, 8vsinu, v?cos?u + Uzsin2u> ¢ (0,0, v) dvdu
0 0

2 1
= —55/ / <81} cos u, 8vsinu, U2> ¢ (0,0, v) dvdu
0 0

2 1
:—55/ / U3dvdu:—557”.
0 0

Last, let's consider the cylindrical side of the object. This surface has parameterization
r(u, v) = (cosu,sinu,v),0 <u < 2x, 1 < v <4.ByExample 6.66, we know thatt, X t, = (cosu,sinu,(). By Equation
6.21,
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2r 4
// —kVT e dS =55 / / VT(u,0) e (t, X t,)dvdu
S3 0 1

2r 4
=-55 / / (21} cos u,2v sin u, cos?u + sin2u> e (cos u, sinu, 0) dvdu
0 1

2 1
=-55 / / (2ucosu,2vsinu, 1) e (cos u, sinu, 0) dvdu
0 0
2 1
=-55 / / (21) cos?u + 2v sinzu) dvdu
0 0

2r 1 2r
= —55/ / 2vdvdu = —55/ du=-110x.
0 0 0

Therefore, the rate of heat flow across Sis 557” - 557” — 1107 = —110x.

6.60 A cast-iron solid ball is given by inequality x% + y2 +2z2 < 1.The temperature at a point in a region
containing the ballis T'(x, y, z) = %(x2 + y2 + 22) . Find the heat flow across the boundary of the solid if

this boundary is oriented outward.

L

SECTION 6.6 EXERCISES

For the following exercises, determine whether the statements are true or false.

269. If surface Sis given by 270. If surface Sis given by
{(x,9,2):0<x<1,0<y<1,z=10}, {(x,,2):0<x<1,0<y<1,z=x},
then then

1 1 1 1
// fx,y,2)dS = / / f(x,y,10) dxdy. // fx,y,2)dS = / / S (x,y,x)dxdy.
S 0 0 S 0 0

271. Surface 272. Given the standard
r=(vcosu,vsinu,v?), for0 <u<rz0<v<2, parameterization of a
is the same as surface sphere, normal vectors
r = (4/vcos 2u, \/vsin2u,v) , for ty X ty are outward

normal vectors.
03u§%,0§v§4.

For the following exercises, find parametric descriptions for the following surfaces.

273. Plane3x —2y+z=2 274. Paraboloid z = x% + y2, 275. Plane2x —4y+3z=16
for0<z<09.
276. The frustum of cone 277. The portion of cylinder X% + y2 = 9278. A cone with base radius r
22 =x>+y*, for2<z<8 in the first octant, for 0 < z < 3 and height h, where r and

h are positive constants
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6.6  Surface Integrals

For the following exercises, use a computer algebra system to approximate the area of the following surfaces using a
parametric description of the surface.

279. [T]Half cylinder 280. [T]Planez=10—x—y
{(r,0,z) :r=4,0<0<rn,0<z<L7} above square
[x] <2,|y] <2

For the following exercises, let S be the hemisphere x% +y* 4+ 2% = 4, with z > 0, and evaluate each surface integral.

281. // zdS 282. // (x —2y)dS 283. // (x* +y%) zdS
S S S

For the following exercises, evaluate / / F - NdS for vector field F, where N is an upward pointing normal vector to
S

surface S.

284. F(x,y,z) = xi+2yj—3zk, 285 F(x,y,z)=xi+yjandS 286. F(x,y,z)=x%i+ y*j+ z°k,and Sis
and Sis that part of plane is hemisphere the portion of plane z = y 4+ 1 that
15x — 12y + 3z = 6 that z=1/1-x2 -2, lies inside cylinder X2+ y2 =1.
lies above unit square
0<x<1,0<y<l

For the following exercises, approximate the mass of the lamina that has the shape of given surface S. Round to four
decimal places.

287. [T] Sis surface 288. [T] Sis surface
z=4—-—x—-2y, withz>0,x>0,y>0;p=x. z=x*+y? withz<1;p=z.
289. [T] Sis surface 290. Evaluate // (y2zi + y3j + xzk) -dS,
x2+y2+x2=5,withzzl;p=62. S

where Sis the surface of cube
—-1<x<1,-1<y<1l,and0<z<2.
Assume an outward pointing normal.
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291. Evaluate surface integral 292. Evaluate /(xz + y—z)dS, where S is the
K

// gdS, where surface defined parametrically by
S r(u, v) = Qu+ V)i + (u — 20)j + (u + 3v)k for

N = 22_
g(x,y,z) = xz +2x~ — 3xy 0<u<l,and0<v<2.

and Sis the portion of
plane 2x — 3y + z = 6 that
lies over unit square R:
0<x<1,0<y<1l

1 0

-2
2 ¥

293. [T] Evaluate //(x — % + z)dS, where Sisthe 294. [T]Evaluate f/S(x2 +)% — z)dS where Sis
S the surface defined by

face defined b
surtace defined by r(u,0) = ui— udj + k,0 <u<2,0<v< 1.

r(u,v) =i+ vj+uk,0<u<1,0<v<1.

1.C

10 0sz

x 05

1070

0.0 0.5
10 ¥
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295.

298.

300.

6.6 « Surface Integrals 703

Evaluate 296. Evaluate 297. [T] Evaluate // xzzdS, where Sis
T4y 24yt 422 S a2
< (x* +7) dS, where S (x* +% +2%) s, the portion of cone z? = x? + y? that
Sis the surface of where Sis the portion of lies between planes z = 1 and z = 4.
hemisphere plane z = x + 1 that lies ¥
z=14/1-x2 -2 and inside cylinder = i1 O
above the plane z = 0. 2+t =1

[T] Evaluate // (xzly)dS, where S299. [T] Evaluate // (z+ y)dS, where Sis the part of
K S

the portion of cylinder x = y that the graph of z = 1/1 — x2 in the first octant
lies in the first octant between planes  between the xz-plane and plane y = 3.
z=0,z=5,y=1,andy =4.

3
x
210
20
6
a4
z
2
z
. 0
. o
o ¥
Evaluate // xyzdS if Sis the part of plane 301. Find the mass of a lamina
S

of density p(x,y,z) = zin
the shape of hemisphere

z=(a? -x2 %)

z = x + y that lies over the triangular region in
the xy-plane with vertices (0, 0, 0), (1, 0, 0), and
(0, 2, 0).
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302. Compute//F-NdS,where 303. Compute//F~NdS,
S S

F(x,y,z) =xi—S5yj+4zkand Nisan  where

outward normal vector S, where Sis F(x,y,z) =xyi+ zj+ (x + y)k
the union of two squares and N is an upward pointing
S :x=0,0<y<1,0<z<1land normal vector, where Sis the
Sy :z=10<x<1,0<y< 1. triangular region of the plane
- x+ y+ z = 1inthefirst
I octant.

304. Compute // F - NdS, where 305. Compute // F - NdsS, where
S S
F(x,y,z) =2yzi+ (tan_1 (xz))j + ek F(x,y,z) = xyzi + xyzj + xyzk
and N is an outward normal vector §, and N is an outward normal
where Sis the surface of sphere vector S, where Sis the surface
24yt 2 =1, of the five faces of the unit cube

0<x<1,0<y<1,0<z<1
missing z = 0.

For the following exercises, express the surface integral as an iterated double integral by using a projection on S on the

yz-plane.
306. // xy223dS; Sis the 307. // (x2 —2y+z)dS; Sis
N S
first-octant portion of the portion of the graph
plane 2x + 3y + 4z = 12. of 4x + y = 8 bounded by
the coordinate planes and
plane z = 6.

For the following exercises, express the surface integral as an iterated double integral by using a projection on S on the

xz-plane
308. // xy2z3dS; Sis the 300. // (x2 -2y+ z) dS; Sis  310. Evaluate surface integral
S S
first-octant portion of the portion of the graph // yzdS, where Sis the
plane 2x 4+ 3y + 4z = 12. of 4x + y = 8 bounded by fir;-octant part of plane
the coordinate planes and X +y+2z=A where Ais
plane z = 6. ;

a positive constant.
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314.
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Evaluate surface integral 312. Evaluate surface integral 313. Evaluate surface integral

// (xzz + yzz) ds, // zdA, where Sis // xzyzdS, where Sis
s s s

where Sis hemisphere surface the part of plane

X +y?+z2=d>z20. z=4x2+32,0<z<2. z=1+2x+3ythatlies
above rectangle
0<x<3and0<y<2.

Evaluate surface integral 315. Evaluate surface integral

// yzdS, where Sis // yzdS, where Sis the

K N
plane x + y+ z = 1 that partof planez =y +3
lies in the first octant. that lies inside cylinder
¥ +y? =1

For the following exercises, use geometric reasoning to evaluate the given surface integrals.

// \/x2 + 3+ 22dS, 317. // (xi+ yj)- dS,where S 318. // (zK) - dS, where Sis
S S S

316.

319.

where Sis surface is surface disc x> +y*> <9on plane

2 +12+22=4,2>0 x>+ =41<2<3, z = 4, oriented with unit
oriented with unit normal normal vectors pointing
vectors pointing outward upward

Alamina has the shape of a portion of sphere
x2 + y2 + z2 = 42 that lies within cone

z = 1/x2 + y2. Let S be the spherical shell
centered at the origin with radius a, and let Cbe
the right circular cone with a vertex at the origin
and an axis of symmetry that coincides with the
z-axis. Determine the mass of the lamina if
p(x,y,2) = xzy2 z.

320. Alamina has the shape of a portion of sphere
X+ y2 + z2 = 4? that lies within cone
z = cotgy\/x2 + y? Let Sbe the spherical shell
centered at the origin with radius a, and let C be
the right circular cone with a vertex at the origin
and an axis of symmetry that coincides with the
z-axis. Suppose the angle between the sides of
the cone and the z-axis is ¢, with0 < ¢ < 7.
Determine the mass of that portion of the shape
enclosed in the intersection of Sand C. Assume

p(x,y,2) = x*y?z.
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321. A paper cup has the
shape of an inverted right
circular cone of height 6
in. and radius of top 3in.
If the cup is full of water
weighing 62.5 Ib/ft3, find
the total force exerted by
the water on the inside
surface of the cup.

For the following exercises, the heat flow vector field for conducting objects iF = —kVT, where T(x, y, z) is the
temperature in the object and k > 0 is a constant that depends on the material. Find the outward flux of F across the
following surfaces S for the given temperature distributions and assume k = 1.

322, T(x,y,z) =100e™*77; S 323. T(x,y,z)=—In (x2 +y* + 22) ;
consists of the faces of Sis sphere x% + y? + z2 = a?
cube
x| <Lyl <1,z] < 1.

For the following exercises, consider the radial fields F = _ G ﬁ, where p is a real number. Let S consist of

(x2 +y2 +22) 2
spheres A and B centered at the origin with radii O < a < b. The total outward flux across S consists of the outward flux
across the outer sphere B less the flux into S across inner sphere A.

zy

324. Find the total flux across S 325. Show that for p = 3 the
with p = 0. flux across Sis
independent of a and b.

6.7 Stokes' Theorem

Learning Objectives
6.7.1 Explain the meaning of Stokes' theorem.
6.7.2 Use Stokes' theorem to evaluate a line integral.
6.7.3 Use Stokes' theorem to calculate a surface integral.
6.7.4 Use Stokes' theorem to calculate a curl.

In this section, we study Stokes' theorem, a higher-dimensional generalization of Green’s theorem. This theorem, like the
Fundamental Theorem for Line Integrals and Green'’s theorem, is a generalization of the Fundamental Theorem of
Calculus to higher dimensions. Stokes’ theorem relates a vector surface integral over surface Sin space to a line integral
around the boundary of S. Therefore, just as the theorems before it, Stokes' theorem can be used to reduce an integral
over a geometric object Sto an integral over the boundary of S.

In addition to allowing us to translate between line integrals and surface integrals, Stokes' theorem connects the
concepts of curl and circulation. Furthermore, the theorem has applications in fluid mechanics and electromagnetism.
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We use Stokes’ theorem to derive Faraday’s law, an important result involving electric fields.

Stokes’ Theorem

Stokes’ theorem says we can calculate the flux of curl F across surface S by knowing information only about the values
of F along the boundary of S. Conversely, we can calculate the line integral of vector field F along the boundary of
surface S by translating to a double integral of the curl of F over S.

Let Sbe an oriented smooth surface with unit normal vector N. Furthermore, suppose the boundary of Sis a simple
closed curve C. The orientation of Sinduces the positive orientation of Cif, as you walk in the positive direction around C
with your head pointing in the direction of N, the surface is always on your left. With this definition in place, we can state
Stokes' theorem.

Theorem 6.19
Stokes’ Theorem

Let S be a piecewise smooth oriented surface with a boundary that is a simple closed curve C with positive orientation
(Figure 6.79). If F is a vector field with component functions that have continuous partial derivatives on an open

/F~dr=//curlF-dS.
C S

region containing S, then

X

Figure 6.79 Stokes’ theorem relates the flux integral over the surface to a line integral around the boundary of the
surface. Note that the orientation of the curve is positive.

Suppose surface Sis a flat region in the xy-plane with upward orientation. Then the unit normal vector is k and surface
integral //curl F - dS is actually the double integral //curl F - kdA. In this special case, Stokes' theorem gives

S S
/CF -dr = //S curl F - kdA. However, this is the circulation form of Green’s theorem, which shows us that Green's

theorem is a special case of Stokes’ theorem. Green'’s theorem can only handle surfaces in a plane, but Stokes' theorem
can handle surfaces in a plane or in space.

The complete proof of Stokes' theorem is beyond the scope of this text. We look at an intuitive explanation for the truth
of the theorem and then see proof of the theorem in the special case that surface Sis a portion of a graph of a function,
and S, the boundary of S, and F are all fairly tame.

Proof
First, we look at an informal proof of the theorem. This proof is not rigorous, but it is meant to give a general feeling for
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why the theorem is true. Let S be a surface and let D be a small piece of the surface so that D does not share any points
with the boundary of S. We choose D to be small enough so that it can be approximated by an oriented square E. Let D
inherit its orientation from S, and give E the same orientation. This square has four sides; denote them Ej, E,, E,, and
E, for the left, right, up, and down sides, respectively. On the square, we can use the flux form of Green's theorem:

/ F~dr://curlF-NdS://curlF~dS.
Ej+Eg+Er+Ey E E

To approximate the flux over the entire surface, we add the values of the flux on the small squares approximating small
pieces of the surface (Figure 6.80). By Green’s theorem, the flux across each approximating square is a line integral over
its boundary. Let Fbe an approximating square with an orientation inherited from S and with a right side E; (so Fis to
the left of E). Let F,. denote the right side of F; then, E; = —F;.. In other words, the right side of F is the same curve as
the left side of E, just oriented in the opposite direction. Therefore,

/ F~dr=—/ F-dr.
E Fr

As we add up all the fluxes over all the squares approximating surface S, line integrals /
E

each other out. The same goes for the line integrals over the other three sides of E. These three line integrals cancel out
with the line integral of the lower side of the square above E, the line integral over the left side of the square to the right
of E, and the line integral over the upper side of the square below E (Figure 6.81). After all this cancelation occurs over all
the approximating squares, the only line integrals that survive are the line integrals over sides approximating the
boundary of S. Therefore, the sum of all the fluxes (which, by Green’s theorem, is the sum of all the line integrals around
the boundaries of approximating squares) can be approximated by a line integral over the boundary of S. In the limit, as
the areas of the approximating squares go to zero, this approximation gets arbitrarily close to the flux.

F - drand / F - dr cancel
I Fr

Approwimating souare £ N

Surface 5 \Q E
h

Crientation of each
SOUAre IS same as =

Figure 6.80 Chop the surface into small pieces. The pieces should be small enough that they can be approximated by a
square.

'
B |
'
i
i

|

!
Y

(a) (&)

Figure 6.81 (a) The line integral along E; cancels out the line integral along F; because E; = —F,.. (b) The line integral
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along any of the sides of E cancels out with the line integral along a side of an adjacent approximating square.

Let's now look at a rigorous proof of the theorem in the special case that Sis the graph of function z = f (x, y) , where x
and yvary over a bounded, simply connected region D of finite area (Figure 6.82). Furthermore, assume that f has
continuous second-order partial derivatives. Let C denote the boundary of S and let C' denote the boundary of D. Then, D
is the “shadow” of Sin the plane and C'is the “shadow” of C. Suppose that Sis oriented upward. The counterclockwise
orientation of Cis positive, as is the counterclockwise orientation of C’. Let F (x, y, z) = (P, Q, R) be a vector field with
component functions that have continuous partial derivatives.

Iy

2 m I’{x. ¥)

0 _%C
/r/r-__/.‘\- = :‘_'l"—__-:_:l-‘_-"-
‘,l"-‘ '.1_\-L 1 - j'
X g e =N
C

Figure 6.82 D is the “shadow,” or projection, of Sin the plane and C’ is the projection of C.

We take the standard parameterization of S : x = x,y = y, z = g(x, y) . The tangent vectors are t, = (1,0, gx ) and
t, = (0,1,g,) . and therefore, t, X t, = (—gx,—gy., 1) . By Equation 6.19,

//curlF-dS=//[—(Ry—Qz)Zx—(Pz—Rx)zy"‘(Qx_Py)]dA’
S D

where the partial derivatives are all evaluated at (x, y, g (x, y)), making the integrand depend on x and y only. Suppose
(x(t),y(®)),a <t < bis aparameterization of C’. Then, a parameterization of Cis
x@®,y@®),g(x@®,y@®)),a <t <b. Armed with these parameterizations, the Chain rule, and Green'’s theorem, and

keeping in mind that P, @, and R are all functions of x and y, we can evaluate line integral / F-dr:
s

b
/F-dr =/ (Px" () +0Qy (1) + RZ' (1)) dr
C a

0z dx 0z dy
P 1)+ R t
/[”’”Qy(” (Fa5a)
b 0z
=/ <P+R—>x’(t)+<Q+R ) (t)]dt
a ox
:/ P+R% dx + Q+R% dy
ox dy
CI
d 0z 0 0z
= [[|= R—)-——(P+R=)|dA
//[r%f <Q+ 0y> 0y< ¥ 0><>]
90 9z , R 9z , OR 0z 0 2
ﬁ—+§£+aﬁ+a£a—i+1‘axa‘})

2
0P 0z |, OR 0z JdR 0z 9z 0“z
Jdy 0z 0y+0y 6x+6z 6ydx+R6y0x>

By Clairaut’s theorem Pz Pz
y " Oxdy — Oyox”
with

// - (P - Rx)zy"'(Qx_PY)] dA,

which equals //curlF-dS.

S
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d

We have shown that Stokes’ theorem is true in the case of a function with a domain that is a simply connected region of
finite area. We can quickly confirm this theorem for another important case: when vector field F is conservative. If F is

conservative, the curl of F is zero, so //curl F - dS = 0. Since the boundary of Sis a closed curve, / F - dris also zero.

C
S
EXAMPLE 6.73

Verifying Stokes’ Theorem for a Specific Case
Verify that Stokes’ theorem is true for vector field F (x, y, z) = (y, 2z, xz) and surface S, where Sis the paraboloid

z=4-x%— y2. Assume the surface is outward oriented and z > 0.

z

(0,0, 4)

Figure 6.83 Verifying Stokes’ theorem for a hemisphere in a vector field.

(V) Solution
As a surface integral, you have g(x,y) =4 — x? — )%, g, = —2xand g, = -2y
ik
curlF =|% o | =(-2.-2x.-1).
y 2z x2

By Equation 6.19,

//C“ﬂF'dS =//cur1F(r(¢,9))«(t¢ X tg) dA
S D
=// (=2,-2x,-1) - (2x,2y,1) dA
D

2 Va2
B /—2 Va—x2
=/ (-8xVa="-2Va=x7) dx

2
-2

(—4x—4xy—1)dydx

=—-4r

As a line integral, you can parameterize Cby r () = (2cost,2sint,0) 0 <7 < 2x. By Equation 6.19,
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2
/F-dr =/ n(Zsint,0,4coszt>-(—2sint,ZCost,0>dt
C 0

2n
= / —4sin’tdt = —4n
0

Therefore, we have verified Stokes' theorem for this example.

(6.22)

6.61 Verify that Stokes’ theorem is true for vector field F(x, y, z) = (y, x, —z) and surface S, where Sis the
upwardly oriented portion of the graph of f(x,y) = x*yovera triangle in the xy-plane with vertices (0, 0),
(2,0), and (0, 2).

Applying Stokes’ Theorem

Stokes' theorem translates between the flux integral of surface Sto a line integral around the boundary of S. Therefore,
the theorem allows us to compute surface integrals or line integrals that would ordinarily be quite difficult by translating
the line integral into a surface integral or vice versa. We now study some examples of each kind of translation.

EXAMPLE 6.74

Calculating a Surface Integral

Calculate surface integral // curl F - dS, where Sis the surface, oriented outward, in Figure 6.84 and
S
F={(z,2xy,x+y).

Figure 6.84 A complicated surface in a vector field.
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Solution
Note that to calculate // curl F - dS without using Stokes’ theorem, we would need to use Equation 6.19. Use of this
S

equation requires a parameterization of S. Surface Sis complicated enough that it would be extremely difficult to find a
parameterization. Therefore, the methods we have learned in previous sections are not useful for this problem. Instead,
we use Stokes' theorem, noting that the boundary C of the surface is merely a single circle with radius 1.

//curleIS:/F-dr,
S C

where C has parameterization r () = (sin#,0, 1 — cos 7),0 <t < 2x. By Equation 6.9,
ffScurlF~dS = /CF-dr

= 02”(1 —cost,0,—sint) - (sint,0,cost)dt

The curl of Fis (1, 1,2y) . By Stokes’ theorem,

= 02” (sint — 2sint cos?) dt

= 02” <sint — sin 2t) dt

= [—cos t- %cosZr] gﬁ

= [—cos 27 - %00547:] - [—cosO - %COSO]
=0

An amazing consequence of Stokes’ theorem is that if S’ is any other smooth surface with boundary C and the same

orientation as S, then // curlF - dS = / F - dr = 0 because Stokes’ theorem says the surface integral depends on the
S c
line integral around the boundary only.

In Example 6.74, we calculated a surface integral simply by using information about the boundary of the surface. In
general, let S and S, be smooth surfaces with the same boundary C and the same orientation. By Stokes’ theorem,

‘/— curlF-dS:/F-dr:// curl F - 4S. (6.23)
S] C Sz

Therefore, if // curl F - dS is difficult to calculate but //. curl F - dS is easy to calculate, Stokes’ theorem allows us to
Sy 52

calculate the easier surface integral. In Example 6.74, we could have calculated // curl F - dS by calculating
S

// curl F - dS, where S’ is the disk enclosed by boundary curve C(a much more simple surface with which to work).
SI

Equation 6.23 shows that flux integrals of curl vector fields are surface independent in the same way that line integrals
of gradient fields are path independent. Recall that if F is a two-dimensional conservative vector field defined on a simply

connected domain, f is a potential function for F, and Cis a curve in the domain of F, then / F - dr depends only on the
C

endpoints of C. Therefore if C’is any other curve with the same starting point and endpoint as C(that is, C" has the same

orientation as (), then /
C

path only; it does not really depend on the path itself.

F-dr= / F - dr. In other words, the value of the integral depends on the boundary of the

Analogously, suppose that Sand S are surfaces with the same boundary and same orientation, and suppose that G is a
three-dimensional vector field that can be written as the curl of another vector field F (so that F is like a “potential field”

of G). By Equation 6.23,

//G-dS://curlF-dS:/F-dr:// curlF-dS:// G -dS.
S S C ! !

Therefore, the flux integral of G does not depend on the surface, only on the boundary of the surface. Flux integrals of
vector fields that can be written as the curl of a vector field are surface independent in the same way that line integrals

Access for free at openstax.org



6.7 « Stokes' Theorem

of vector fields that can be written as the gradient of a scalar function are path independent.

6.62 Use Stokes’ theorem to calculate surface integral .// curl F - dS, where F = (z, x, y) and Sis the surface
S
as shown in the following figure. The boundary curve, C, is oriented clockwise when looking along the

positive y-axis.

4

EXAMPLE 6.75

Calculating a Line Integral

Calculate the line integral / F - dr,where F = (xy,x? + y* + z%,yz) and Cis the boundary of the parallelogram with
c

vertices (0,0, 1), (0, 1,0), (2,0, 1), and (2, 1,-2).

) Solution
To calculate the line integral directly, we need to parameterize each side of the parallelogram separately, calculate four
separate line integrals, and add the result. This is not overly complicated, but it is time-consuming.

By contrast, let's calculate the line integral using Stokes’ theorem. Let S denote the surface of the parallelogram. Note
that Sis the portion of the graph of z = 1 — x — y for (x, y) varying over the rectangular region with vertices (0, 0),
(0,1),(2,0), and (2, 1) in the xy-plane. Therefore, a parameterization of Sis (x,y,1 —x —y),0<x <2,0<y < 1.The
curl of Fis (—z,0, x) , and Stokes’' theorem and Equation 6.19 give

/F~dr =//curlF-dS
C S

2 1
= / / curl F(x,p) - (tx X ty) dydx
0 0
2 1
=/ / (—(1=x=),0,x)-({1,0,=1) x (0,1, —1)) dydx
0 0

2 1
=/ / (x+y—-1,0,x)-(1,1,1) dydx
0 0

2 1
/ / 2x +y— ldydx
0 0
3.

6.63 Use Stokes’ theorem to calculate line integral / F - dr, where F = (z, x, y) and Cis oriented clockwise
c
and is the boundary of a triangle with vertices (0,0, 1),(3,0,-2),and (0, 1, 2).

Interpretation of Curl

In addition to translating between line integrals and flux integrals, Stokes’ theorem can be used to justify the physical
interpretation of curl that we have learned. Here we investigate the relationship between curl and circulation, and we
use Stokes’ theorem to state Faraday’s law—an important law in electricity and magnetism that relates the curl of an
electric field to the rate of change of a magnetic field.

13
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Recall that if Cis a closed curve and F is a vector field defined on C, then the circulation of F around Cis line integral

/ F - dr. If F represents the velocity field of a fluid in space, then the circulation measures the tendency of the fluid to
Cc

move in the direction of C.

Let F be a continuous vector field and let D, be a small disk of radius r with center Py (Figure 6.85). If D, is small
enough, then (curl F)(P) =~ (curl F)(Py) for all points Pin D, because the curl is continuous. Let C, be the boundary
circle of D,. By Stokes' theorem,

/ F-dr=// curlF-NdSz/ (curl F) (Py) - N(Py) dS.
Cr Dy Dy

2

Figure 6.85 Disk D, is a small disk in a continuous vector field.

The quantity (curl F) (Py) - N (Py) is constant, and therefore
// (curl F) (Py) - N(Py)dS = xr? [(curl F)(Py) -N(P)].
Dy
Thus
/ F - dr ~ zr” [(curl F) (Py) - N(Py)],
Cr
and the approximation gets arbitrarily close as the radius shrinks to zero. Therefore Stokes' theorem implies that

. 1
(curl F) (Py) - N(Py) = lim — F-dr.
r—0t T Cr
This equation relates the curl of a vector field to the circulation. Since the area of the disk is 7r2, this equation says we
can view the curl (in the limit) as the circulation per unit area. Recall that if F is the velocity field of a fluid, then circulation

?{ F-dr = }l{ F - Tds is a measure of the tendency of the fluid to move around C,.. The reason for this is that F - T is
Cr Cr

a component of F in the direction of T, and the closer the direction of F is to T, the larger the value of F - T (remember
that if a and b are vectors and b is fixed, then the dot product a - b is maximal when a points in the same direction as b).
Therefore, if F is the velocity field of a fluid, then curl F - N is a measure of how the fluid rotates about axis N. The effect
of the curl is largest about the axis that points in the direction of N, because in this case curl F - N is as large as possible.

To see this effect in a more concrete fashion, imagine placing a tiny paddlewheel at point P, (Figure 6.86). The
paddlewheel achieves its maximum speed when the axis of the wheel points in the direction of curlF. This justifies the
interpretation of the curl we have learned: curl is a measure of the rotation in the vector field about the axis that points
in the direction of the normal vector N, and Stokes’ theorem justifies this interpretation.
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Figure 6.86 To visualize curl at a point, imagine placing a tiny paddlewheel at that point in the vector field.

Now that we have learned about Stokes' theorem, we can discuss applications in the area of electromagnetism. In
particular, we examine how we can use Stokes’ theorem to translate between two equivalent forms of Faraday's law.
Before stating the two forms of Faraday’s law, we need some background terminology.

Let Cbe a closed curve that models a thin wire. In the context of electric fields, the wire may be moving over time, so we
write C(f) to represent the wire. At a given time t, curve C(t) may be different from original curve C because of the
movement of the wire, but we assume that C(¢) is a closed curve for all times t. Let D(¢) be a surface with C(t) as its
boundary, and orient C(¢) so that D(¢) has positive orientation. Suppose that C(¢) is in a magnetic field B(¢) that can also
change over time. In other words, B has the form

B(x,y,z) = (P(x,y,2), O(x, y,2), R(x, y, 2)) ,
where P, Q, and R can all vary continuously over time. We can produce current along the wire by changing field B(¢) (this

is a consequence of Ampere’s law). Flux ¢(f) = // B(?) - dS creates electric field E(¢) that does work. The integral
D(1t)
form of Faraday's law states that

0
Work:/ E(t)-dr:——¢.
() ot

In other words, the work done by E is the line integral around the boundary, which is also equal to the rate of change of
the flux with respect to time. The differential form of Faraday’s law states that

curl E = —@.
ot

Using Stokes' theorem, we can show that the differential form of Faraday’s law is a consequence of the integral form. By
Stokes’ theorem, we can convert the line integral in the integral form into surface integral

_% — E®) - dr = // curl E(¢) - dS.
ot C() D)

Since ¢(t) = ] B(?) - dS, then as long as the integration of the surface does not vary with time we also have
D(1)

0
_9 _ // _B s
ot D(@t) ot
B
// —a—-dS=// curl E - dS.
pa Ot D@

To derive the differential form of Faraday’s law, we would like to conclude that curl E = —%. In general, the equation

Therefore,
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JB
/ ——-dS=/ curl E - dS
b Ot D)

is not enough to conclude that curl E = —%—1?. The integral symbols do not simply “cancel out,” leaving equality of the
integrands. To see why the integral symbol does not just cancel out in general, consider the two single-variable integrals

1 1
/ xdx and / f(x)dx, where
0 0

_ f1, 0<x<12
)= {0, 12<x<1.
1 1
Both of these integrals equal %, so / xdx = / f(x)dx. However, x # f(x). Analogously, with our equation
0 0

0B
// T das = // curl E - dS, we cannot simply conclude that curl E = —%—13 just because their integrals are
D) D(1)

oB

equal. However, in our context, equation // -——

D@ ot

is in contrast to the single-variable integrals just discussed). If F and G are three-dimensional vector fields such that

//F -dS = //G - dS for any surface S, then it is possible to show that F = G by shrinking the area of Sto zero by
N

N

-dS = // curl E - dS is true for any region, however small (this
D(1)

taking a limit (the smaller the area of S, the closer the value of //F - dS to the value of F at a point inside S). Therefore,
N
we can let area D (¢) shrink to zero by taking a limit and obtain the differential form of Faraday’s law:

oB
curlE = ——.
ot
In the context of electric fields, the curl of the electric field can be interpreted as the negative of the rate of change of the
corresponding magnetic field with respect to time.

EXAMPLE 6.76

Using Faraday’s Law
Calculate the curl of electric field E if the corresponding magnetic field is constant field B () = (1,—4,2).

Solution
Since the magnetic field does not change with respect to time, —%—1? = (0. By Faraday’s law, the curl of the electric field is
therefore also zero.

Analysis

A consequence of Faraday's law is that the curl of the electric field corresponding to a constant magnetic field is always
zero.

6.64 Calculate the curl of electric field E if the corresponding magnetic field is B(¢) = (tx, ty, —2tz) ,0 <t < o,

Notice that the curl of the electric field does not change over time, although the magnetic field does
change over time.

L

SECTION 6.7 EXERCISES

For the following exercises, without using Stokes’ theorem, calculate directly both the flux of curl F - N over the given
surface and the circulation integral around its boundary, assuming all boundaries have positive orientation.

326. F(x,y,z) = y2i + 22j +x2k; 327. F(x,y,z) = zi+ xj + yk; 328. F(x,y,z) = y2i + 2xj + 5Kk;
Sis the first-octant portion Sis hemisphere Sis hemisphere
ofplanex +y+z=1. z=(a2—x2—y2)1/2. z=(4—x2—y2)1/2.
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329. F(x,y,z)=zi+2xj+3yk; 330. F(x,y,2) =(x+22)i+(y—x)j+(z-»k;

Sis upper hemisphere
z=1/9—x2 —)2.

331. F(x,y, z) = 2yi — 6zj + 3xk;
Sis a portion of paraboloid
z=4—x2—y2 and is
above the xy-plane.

Sis a triangular region with vertices (3, 0, 0),
(0, 3/2,0), and (0, 0O, 3).

For the following exercises, use Stokes’ theorem to evaluate // (curl F - N)dS for the vector fields and surface.
S

332. F(x,y,z) = xyi—zjand Sisthe  333. F(x,y,z) = xyi+ x2j + z2k;  334. F(x,y,z) = 4yi + zj + 2k

surface of the cube
0<x<1,0<y<1,0<z<1,
except for the face where z = 0,
and using the outward unit
normal vector.

335. Use Stokes' theorem to evaluate
/ [nyzzdx + 2x2yzdy + (xzy2 — 2z) dz] ,
C
where Cis the curve given by
x =cost,y=sint,z=sint,0 <t < 2x,
traversed in the direction of increasing t.

|

and Cis the intersection of
paraboloid z = X% + y2 and
plane z = y, and using the
outward normal vector.

and Cis the intersection of
sphere x? + y2 +z2=4
with plane z = 0, and
using the outward normal
vector

. [T] Use a computer

algebraic system (CAS)
and Stokes' theorem to
approximate line integral

/(ydx + zdy + xdz),

Cc

where Cis the
intersection of plane

x + y = 2 and surface
x2+y2+z2 =2(x+y),
traversed
counterclockwise viewed
from the origin.
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337. [T] Use a CAS and Stokes’ 338. [T] Use a CAS and Stokes' theorem to

theorem to approximate approximate line integral

line integral /[(1 +y) zdx + (1 + 2) xdy + (1 + x) ydz],
/(3ydx+2zdy— 5xdz), c

C where Cis a triangle with vertices (1,0, 0),
where Cis the intersection (0,1,0), and (0,0, 1) oriented

of the xy-plane and counterclockwise.

hemisphere

z=1/1—-x2—32,

traversed

counterclockwise viewed
from the top—that is,
from the positive z-axis
toward the xy-plane.

339. Use Stokes' theorem to evaluate 340. [T] Use a CAS and Stokes’
// curl F - dS, where theorem to evaluate
S .o [/ (curl F - N)d.S, where
F(x, y, z) = e*cos zi + x“ zj + x)K, S
and Sis half of sphere F(x,y,z) = x2yi + xy2j + 23k
x = m, oriented out and Cis the curve of the
toward the positive x-axis. intersection of plane

3x +2y+ z =6 and cylinder
x% + y2 = 4, oriented
clockwise when viewed from
above.

341. [T] Use a CAS and Stokes' theorem to evaluate /curl F - dS, where 342. [T] Use a CAS and Stokes'

S theorem to evaluate

F(x,y,2) = <sin (y+2)— yx2 — §> i+xcos(y+2z)j+cos2y)k //curlF - dS, where

K
F(x,y,z) = Z2i— 3xyj + x3y3k
and Sis the top part of
z=5-—x%— y2 above plane
z =1, and Sis oriented
upward.

and S consists of the top and the four sides but not the bottom of
the cube with vertices (x1, 1, £1), oriented outward.
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Use Stokes' theorem to evaluate
1
/ <§y2dx +zdy + xdz> , where C

is the curve of intersection of plane
x + z = 1 and ellipsoid

X2+ 2y2 + z2 = 1, oriented
clockwise from the origin.

F(x,y,z) = [sin (x3) + xz] i+ (x — yz)j +cos (24) k and evaluate /

2y
|

i

X

348. Use Stokes' theorem

// (curl F - N)dS, for vector
Ky
field

F(x,y,z) = —%yzi —2xyj + yzk,
where Sis that part of the
surface of planex+y+z =1
contained within triangle C with
vertices (1, 0, 0), (0, 1, 0), and (0O,
0, 1), traversed counterclockwise
as viewed from above.

350. Use Stokes' theorem and let C be the boundary of surface z = x% + y2 with
0<x<2and0 < y<1,oriented with upward facing normal. Define

F - dr.
c

343. Use Stokes' theorem to 344. Use Stokes' theorem to 345.
evaluate evaluate line integral
// (curl F - N)dsS, where / (zdx + xdy + ydz)

S

F(x,y,z) = z%i + y%j + xk ¢ . . .
and Sis a triangle with Whe.re Cis a triangle with
vertices (1, 0, 0), (0, 1, 0) vertices (3, 0, 0). (0, 0, 2),
and (0, 0, 1) with and (0, 6, 0) traversed in
counterclockwise the given order.
orientation.

346. Use Stokes' theorem to 347. Use Stokes' theorem
evaluate // (curl F - N)dS, // (curl F - N)dsS, for

S S
where vector field
F(x,y,z) = xi + y2j + ze™k F(x,y,z) = zi+ 3xj + 2zk
and Sis the part of surface where Sis surface
z=1—x2—2y2with z:l—xz—yz,zzo,(_‘
z > 0, oriented is boundary circle
counterclockwise. X2+ y2 =1,and Sis
oriented in the positive
z-direction.

349. A certain closed path Cin
plane2x +2y+z=11is
known to project onto
unit circle x + y2 =1in
the xy-plane. Let cbe a
constant and let
R(x,y,z) = xi+ yj + zk.
Use Stokes' theorem to
evaluate
/(ck X R) - dr.

c
351. Let Sbe hemisphere 352. Let

X2 + y2 +2z2 =4 withz > 0, oriented
upward. Let

F(x,y,z) = x2eV%i + yzexzj + z2e¥k
be a vector field. Use Stokes’ theorem

to evaluate//curlF'dS.
S

2
F(x,y,z) = xyi + (ez + y>j + (x+ yk
and let S be the graph of function
2 2
y= % + %4 — Lwithy <0 oriented so

that the normal vector S has a positive y
component. Use Stokes' theorem to

compute integral // curl F - dS.
S
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353. Use Stokes’ theorem to 354. Use the surface integral in Stokes’ 355. Use Stokes' theorem to compute
evaluate /C F - dr where theorem to calculate thg c3ircu|ation // curl F - dS, where
F(x,y,z) = yi+ zj + xk of field F, F(x, y,z) = x“y°i+j + zk S
and Cis a triangle with around C, which is the intersection of  F(x, y,z) = i + xy?j + xy*’k and Sis
vertices (0, 0, 0), (2, 0, 0) cylinder X2+ y2 = 4 and hemisphere  a part of plane y + z = 2 inside
and (0, —2,2) oriented x* + y2 + 22 =16,z > 0, oriented cylinder X2+ y2 = 1 and oriented
counterclockwise when counterclockwise when viewed from outward.
viewed from above. above.

|
-
T SN

356. Use Stokes' theorem to 357. Let
evaluate // curl F - dS, F(x,y,2) = xyi +2zj - 2yk
s and let Cbe the
where intersection of plane
F(x,y,2) = —y*i + xj + z°k X 4+ z =5 and cylinder
and Sis the part of plane x% +y? =9, whichis
x + y+ z = 1 in the positive oriented counterclockwise
octant and oriented upward when viewed from the top.
x>0,y>0,z>0. Compute the line integral of
F over Cusing Stokes'
theorem.
358. [T] Use a CAS and let 359. Let Sbe ellipsoid 360. Let Sbe the part of
F(x,y,2) = xy*i + (yz — X)j + e”*?k. x2 + »” +22-1 paraboloid z = 9 — x2 — 2
Use Stokes’ theorem to compute the 4 2 with z > 0. Verify Stokes’
. oriented outward and let .
surface integral of curl F over surface ) . theorem for vector field
L ) . L F be a vector field with . .
Swith inward orientation consisting ¢ functi that F(x,y, z) = 3zi + 4xj + 2yk.
of cube [0, 1] X [0, 1] x [0, 1] with component functions tha

have continuous partial

the right side missing. derivatives. Compute

J /i curl F - ds
361. [T] Use a CAS and Stokes’ theorem to evaluate fC F-dr 362. [T] Use a CAS and Stokes’
if theorem to evaluate
F(x,y,z) = 3z —sinx)i+ (x2 + ey)j + (y3 — cos z) k, F(x,y, z) = 2yi + e?j — arctan xk
where Cis the curve given by with S as a portion of paraboloid
2 2
x=cost,y=sint,z=1;0<t < 2x. z =4 — x* — y* cut off by the

xy-plane oriented
counterclockwise.
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363. [T] Use a CAS to evaluate 364. Let Sbe paraboloid
— 2 2
// curl(F)-dS, where z=a (1 x>y ) , for
S z > 0,wherea>0isa

F(x,y,z) = 2zi+ 3xj + 5yk and Sis real number. Let
the surface parametrically by F={(x—y,y+2z,2z—x).
r(r,0) = rcos 0i + rsin 0 + (4 — "2) k For what value(s) of a (if
0<0<L2n,0<r<3). any) does

// (V X F) - ndS have
K

its maximum value?

For the following application exercises, the goal is to evaluate A = // (V X F)-ndS, whereF = (xz,—xz,xy) and S is
S

the upper half of ellipsoid x2 +y* +8z% =1, where z > 0.

365. Evaluate a surface 366. Evaluate Ausinga line 367. Take paraboloid z = x? + y2, for
integral over a more integral. 0 < z <4, and slice it with plane
convenient surface to find y = 0. Let Sbe the surface that
the value of A. remains for y > 0, including the

planar surface in the xz-plane. Let C
be the semicircle and line segment
that bounded the cap of Sin plane
z = 4 with counterclockwise
orientation. Let
F=2z+y2x+2z2y+x).

Evaluate// (V X F)-ndS.
S

For the following exercises, let S be the disk enclosed by curve
C:r(t) = {(cos@cost,sint,sin@cost), for0 <t <2z, where) < ¢ < % is a fixed angle.

368. What is the length of Cin 369. What is the circulation of 370. For whatvalue of @ is the
terms of ¢@? C of vector field circulation a maximum?
F=(-y,—z,x)asa
function of @?
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371. Circle Cin plane 372. Velocity field 373. Evaluate integral

x 4+ y+ z = 8 has radius v={0,1-x%0), for //(VxF)~ndS,

4 and center (2, 3, 3). |x| <land |z| <1, s

Evaluatey{ F - dr for represents a horizontal where

c flow in the y-direction. F = —xzi+ yzj + xye’k

F =(0,-z,2y),where C Compute the curl of vin a and Sis the cap of

has a counterclockwise clockwise rotation. paraboloid

orientation when viewed z=5-x%— y2 above

from above. plane z = 3, and n points
in the positive z-direction
onsS.

For the following exercises, use Stokes’ theorem to find the circulation of the following vector fields around any smooth,
simple closed curve C.

374. F = V (xsin ye?) 375. F= <yzz3, 2xyz3, 3xy222>

6.8 The Divergence Theorem

Learning Objectives
6.8.1 Explain the meaning of the divergence theorem.
6.8.2 Use the divergence theorem to calculate the flux of a vector field.
6.8.3 Apply the divergence theorem to an electrostatic field.

We have examined several versions of the Fundamental Theorem of Calculus in higher dimensions that relate the
integral around an oriented boundary of a domain to a “derivative” of that entity on the oriented domain. In this section,
we state the divergence theorem, which is the final theorem of this type that we will study. The divergence theorem has
many uses in physics; in particular, the divergence theorem is used in the field of partial differential equations to derive
equations modeling heat flow and conservation of mass. We use the theorem to calculate flux integrals and apply it to
electrostatic fields.

Overview of Theorems

Before examining the divergence theorem, it is helpful to begin with an overview of the versions of the Fundamental
Theorem of Calculus we have discussed:

1. The Fundamental Theorem of Calculus:

b
/ [ dx=f®)-f(a.

This theorem relates the integral of derivative f’ over line segment [a, b] along the x-axis to a difference of f
evaluated on the boundary.
2. The Fundamental Theorem for Line Integrals:

/CVf-dl‘=f(P1)—f(Po),

where P is the initial point of Cand P; is the terminal point of C. The Fundamental Theorem for Line Integrals
allows path Cto be a path in a plane or in space, not just a line segment on the x-axis. If we think of the gradient as
a derivative, then this theorem relates an integral of derivative V f over path Cto a difference of f evaluated on the

boundary of C.
//(Qx —Py)dA=/F-dr.
D C

3. Green's theorem, circulation form:
Since Ox — Py, = curl F - k and curl is a derivative of sorts, Green’s theorem relates the integral of derivative curlF
over planar region D to an integral of F over the boundary of D.

4. Green's theorem, flux form:
//(Px +0,)dA = / F - Nds.
D C
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Since Px + Q, = div F and divergence is a derivative of sorts, the flux form of Green’s theorem relates the integral
of derivative divF over planar region D to an integral of F over the boundary of D.

5. Stokes' theorem:
//curlF~dS=/F-dr.
S c

If we think of the curl as a derivative of sorts, then Stokes' theorem relates the integral of derivative curlF over
surface S(not necessarily planar) to an integral of F over the boundary of S.

Stating the Divergence Theorem

The divergence theorem follows the general pattern of these other theorems. If we think of divergence as a derivative of
sorts, then the divergence theorem relates a triple integral of derivative divF over a solid to a flux integral of F over the
boundary of the solid. More specifically, the divergence theorem relates a flux integral of vector field F over a closed
surface Sto a triple integral of the divergence of F over the solid enclosed by S.

Theorem 6.20

The Divergence Theorem
Let Sbe a piecewise, smooth closed surface that encloses solid E in space. Assume that Sis oriented outward, and let
F be a vector field with continuous partial derivatives on an open region containing E (Figure 6.87). Then

/// divFdV = //F-dS. (6.24)
E

S

Figure 6.87 The divergence theorem relates a flux integral across a closed surface Sto a triple integral over solid E
enclosed by the surface.

Recall that the flux form of Green’s theorem states that //

divFdA = / F - Nds. Therefore, the divergence theorem is
D c

a version of Green's theorem in one higher dimension.

The proof of the divergence theorem is beyond the scope of this text. However, we look at an informal proof that gives a
general feel for why the theorem is true, but does not prove the theorem with full rigor. This explanation follows the
informal explanation given for why Stokes’ theorem is true.

Proof

Let B be a small box with sides parallel to the coordinate planes inside E (Figure 6.88). Let the center of B have
coordinates (x, y, z) and suppose the edge lengths are Ax, Ay, and Az (Figure 6.88(b)). The normal vector out of the top
of the box is k and the normal vector out of the bottom of the box is —k. The dot product of F = (P, Q, R) with k is R
and the dot product with —k is —R. The area of the top of the box (and the bottom of the box) AS is AxAy.
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*k

|2, ¥, 2 + -"-Z,fl
Az Az [
l (x.y. 2)
| / L]
Ay
Y-« [ ¢ z -";"-'i
ot Yy} ————
(a) (k) (e

Figure 6.88 (a) A small box Binside surface E has sides parallel to the coordinate planes. (b) Box B has side lengths

Ax, Ay, and Az (c) If we look at the side view of B, we see that, since (x, y, z) is the center of the box, to get to the top of
the box we must travel a vertical distance of Az/2 up from (x, y, z). Similarly, to get to the bottom of the box we must
travel a distance Az/2 down from (x, y, z).

The flux out of the top of the box can be approximated by R (x, V,Z+ %) AxAy (Figure 6.88(c)) and the flux out of the
bottom of the box is —R (x, V,Z— %) AxAy. If we denote the difference between these values as AR, then the net flux
in the vertical direction can be approximated by ARAxAy. However,

ARAxAy = <i—R> AxAyAz = <3—R> AV.
z Z

Therefore, the net flux in the vertical direction can be approximated by (%) AV Similarly, the net flux in the x-direction
can be approximated by (‘;—f) AV and the net flux in the y-direction can be approximated by <%) AV.Adding the
fluxes in all three directions gives an approximation of the total flux out of the box:

Total flux ~ Q + Q + % AV =divFAV.
0x dy 0z

This approximation becomes arbitrarily close to the value of the total flux as the volume of the box shrinks to zero.

The sum of div FAV over all the small boxes approximating E is approximately /// div FdV'. On the other hand, the
E
sum of div FAV over all the small boxes approximating E is the sum of the fluxes over all these boxes. Just as in the

informal proof of Stokes’ theorem, adding these fluxes over all the boxes results in the cancelation of a lot of the terms.
If an approximating box shares a face with another approximating box, then the flux over one face is the negative of the
flux over the shared face of the adjacent box. These two integrals cancel out. When adding up all the fluxes, the only flux
integrals that survive are the integrals over the faces approximating the boundary of E. As the volumes of the
approximating boxes shrink to zero, this approximation becomes arbitrarily close to the flux over S.

O

EXAMPLE 6.77

Verifying the Divergence Theorem

Verify the divergence theorem for vector field F = (x — y, x + z, z — y) and surface S that consists of cone

x* + y2 = 72,0 < z < 1, and the circular top of the cone (see the following figure). Assume this surface is oriented
outward.
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field: F= x=pu+z, 2=y

cone: a” + y* = 2°

() Solution

Let E be the solid cone enclosed by S. To verify the theorem for this example, we show that /// divFdV = //F -dS by
E

S
calculating each integral separately.

To compute the triple integral, note that divF = Py + O, + R; = 2, and therefore the triple integral is

[ dweav =2 [l av

= 2 (volume of E).

The volume of a right circular cone is given by 7 % In this case, h = r = 1. Therefore,

2
/// div FdV = 2 (volume of E) = ?”
E

To compute the flux integral, first note that Sis piecewise smooth; S can be written as a union of smooth surfaces.
Therefore, we break the flux integral into two pieces: one flux integral across the circular top of the cone and one flux
integral across the remaining portion of the cone. Call the circular top .S} and the portion under the top S, . We start by
calculating the flux across the circular top of the cone. Notice that S| has parameterization

r(u,v) =({ucosv,usinv,1),0<u<1,0<0v <L 2x.

Then, the tangent vectors are t, = {cos v, sin v,0) and t, = (—u cos v, u sin v, 0) . Therefore, the flux across .S is

1 2z
// F-dS :/ / F@@u,v)-(t, x t,)dA
S1 0o Jo

1 2
=/ / (ucosv—usinv,ucosv+ 1,1 —usinv) - (0,0, u) dvdu
0 0

1 2
=/ / u — u*sin v dvdu = r.
0 0

We now calculate the flux over S,. A parameterization of this surface is
r(u,v) ={ucosv,usinv,u),0 <u<1,0<0v <27
The tangent vectors are t, = (cos v,sin v, 1) and t, = (—u sin v, u cos v,0), so the cross product is

ty, X t, = (—ucosv,—usino,u).
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Notice that the negative signs on the x and y components induce the inward orientation of the cone. Since the surface is
oriented outward, we use vector t, X t, = (ucos v, u sin v, —u) in the flux integral. The flux across .S, is then

1 2z
// F-dS =/ / F(r@uv) t, X t,)dA
SH 0 Jo

1 2r
=/ / (ucos v —usinv,ucos v+ u,u — sin v) - {(ucos v, u sin v, —u)
0 0

1 2z
:/ / u?cos?v + 2u?sin v — u dvdu = —%.
0 0

// F~dS=// F~dS+// F~dS=E=”diVFdV,
Sy S5 Sy 3 E

and we have verified the divergence theorem for this example.

The total flux across Sis

6.65 Verify the divergence theorem for vector field F(x, y, z) = (x + y + z, y,2x — y) and surface S given by the
cylinder 2 +12=1,0<z<3 plus the circular top and bottom of the cylinder. Assume that Sis oriented
outward.

Recall that the divergence of continuous field F at point P is a measure of the “outflowing-ness” of the field at P. If F
represents the velocity field of a fluid, then the divergence can be thought of as the rate per unit volume of the fluid
flowing out less the rate per unit volume flowing in. The divergence theorem confirms this interpretation. To see this, let
P be a point and let B, be a ball of small radius r centered at P (Figure 6.89). Let .S, be the boundary sphere of B,. Since
the radius is small and F is continuous, div F (Q) ~ div F (P) for all other points Q in the ball. Therefore, the flux across
S, can be approximated using the divergence theorem:

// F.dS = /// divFdV ~ /// divF (P)dV.
Sr By By
/// divF (P)dV = divF (P)V (B,).
By

Therefore, flux // F - dS can be approximated by div F (P) V' (B,) . This approximation gets better as the radius
Sy

Since div F (P) is a constant,

shrinks to zero, and therefore

1
divF(P) = lim—— [/ F-as.
VEP) =i o //Sr

This equation says that the divergence at P is the net rate of outward flux of the fluid per unit volume.

[

] " o
= 14
™ 1
£

o

\

4
Ny
P
"‘-\.._‘__

!
f:/
" i
#

Figure 6.89 Ball B, of small radius r centered at P.

o
F
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Using the Divergence Theorem

The divergence theorem translates between the flux integral of closed surface S and a triple integral over the solid
enclosed by S. Therefore, the theorem allows us to compute flux integrals or triple integrals that would ordinarily be
difficult to compute by translating the flux integral into a triple integral and vice versa.

EXAMPLE 6.78

Applying the Divergence Theorem

Calculate the surface integral // F - dS, where Sis cylinder X2+ y2 = 1,0 < z £ 2, including the circular top and
S

3 3 .
bottom, and F = <xT +yz,y7 —sm(xz),z—x—y>.

) Solution

We could calculate this integral without the divergence theorem, but the calculation is not straightforward because we
would have to break the flux integral into three separate integrals: one for the top of the cylinder, one for the bottom,

and one for the side. Furthermore, each integral would require parameterizing the corresponding surface, calculating

tangent vectors and their cross product, and using Equation 6.19.

By contrast, the divergence theorem allows us to calculate the single triple integral /// div FdV, where Eis the solid
E
enclosed by the cylinder. Using the divergence theorem and converting to cylindrical coordinates, we have

//F-dS =///dideV
s E
=///(x2+y2+1)dV
E
27 1 2
= / / (r* +1)rdzdrdo
0 0 Jo
27
3

=3/ do=3x
3!

6.66 Use the divergence theorem to calculate flux integral // F - dS, where Sis the boundary of the box given
S
by0<x<2,1<y<40<z<l,andF = <x2 +yz,y — z,2x + 2y + 2z ) (see the following figure).

EXAMPLE 6.79

Applying the Divergence Theorem
Letv = —% X 0) be the velocity field of a fluid. Let Cbe the solid cube givenby 1 < x <4,2<y<5,1 <z<4,and

—
let S be the boundary of this cube (see the following figure). Find the flow rate of the fluid across S.
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) Solution

The flow rate of the fluid across Sis // v - dS. Before calculating this flux integral, let's discuss what the value of the
S
integral should be. Based on Figure 6.90, we see that if we place this cube in the fluid (as long as the cube doesn’t

encompass the origin), then the rate of fluid entering the cube is the same as the rate of fluid exiting the cube. The field
is rotational in nature and, for a given circle parallel to the xy-plane that has a center on the z-axis, the vectors along that
circle are all the same magnitude. That is how we can see that the flow rate is the same entering and exiting the cube.
The flow into the cube cancels with the flow out of the cube, and therefore the flow rate of the fluid across the cube
should be zero.

To verify this intuition, we need to calculate the flux integral. Calculating the flux integral directly requires breaking the
flux integral into six separate flux integrals, one for each face of the cube. We also need to find tangent vectors, compute
their cross product, and use Equation 6.19. However, using the divergence theorem makes this calculation go much

more quickly:
//v-dS =///div(v)dV
S C
= /// 0dV = 0.
C

Therefore the flux is zero, as expected.

z°7z°
1 <x<4,2<y<5,1 <z<4, andlet Sbe the boundary of this cube (see the following figure). Find the
flow rate of the fluid across S.

6.67 Letv = < x 2 0) be the velocity field of a fluid. Let C be the solid cube given by

Access for free at openstax.org



6.8 *+ The Divergence Theorem

Example 6.79 illustrates a remarkable consequence of the divergence theorem. Let S be a piecewise, smooth closed
surface and let F be a vector field defined on an open region containing the surface enclosed by S. If F has the form
F=(f(3,2),g(x,2),h(x,y)),then the divergence of F is zero. By the divergence theorem, the flux of F across Sis also
zero. This makes certain flux integrals incredibly easy to calculate. For example, suppose we wanted to calculate the flux

integral//F-dSwhere Sis acube and
S

F= <sin(y) &Y%, x? 2%, cos (xy) eSinx> .

Calculating the flux integral directly would be difficult, if not impossible, using techniques we studied previously. At the
very least, we would have to break the flux integral into six integrals, one for each face of the cube. But, because the
divergence of this field is zero, the divergence theorem immediately shows that the flux integral is zero.

We can now use the divergence theorem to justify the physical interpretation of divergence that we discussed earlier.
Recall that if F is a continuous three-dimensional vector field and Pis a point in the domain of F, then the divergence of F
at Pis a measure of the “outflowing-ness” of F at P. If F represents the velocity field of a fluid, then the divergence of F at
Pis a measure of the net flow rate out of point P (the flow of fluid out of P less the flow of fluid in to P). To see how the
divergence theorem justifies this interpretation, let B, be a ball of very small radius r with center P, and assume that B,
is in the domain of F. Furthermore, assume that B, has a positive, outward orientation. Since the radius of B, is small
and F is continuous, the divergence of F is approximately constant on B,. That s, if P’ is any point in B;, then

div F(P) = div F(P'). Let S, denote the boundary sphere of B,. We can approximate the flux across .S, using the

divergence theorem as follows:
// F-dS =/// divFdV
Sr Br
~ “/// divF(P)dV
By

= divF(P)V(B,).

As we shrink the radius rto zero via a limit, the quantity div F(P)V (B, ) gets arbitrarily close to the flux. Therefore,

1
div F(P) = lim F-dS
(P) r—=0V(B) <//Sr

and we can consider the divergence at P as measuring the net rate of outward flux per unit volume at P. Since
“outflowing-ness” is an informal term for the net rate of outward flux per unit volume, we have justified the physical
interpretation of divergence we discussed earlier, and we have used the divergence theorem to give this justification.
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Application to Electrostatic Fields

The divergence theorem has many applications in physics and engineering. It allows us to write many physical laws in
both an integral form and a differential form (in much the same way that Stokes’ theorem allowed us to translate
between an integral and differential form of Faraday’s law). Areas of study such as fluid dynamics, electromagnetism,
and quantum mechanics have equations that describe the conservation of mass, momentum, or energy, and the
divergence theorem allows us to give these equations in both integral and differential forms.

One of the most common applications of the divergence theorem is to electrostatic fields. An important result in this
subject is Gauss’ law. This law states that if Sis a closed surface in electrostatic field E, then the flux of E across Sis the
total charge enclosed by S (divided by an electric constant). We now use the divergence theorem to justify the special
case of this law in which the electrostatic field is generated by a stationary point charge at the origin.

If (x, y, z) is a point in space, then the distance from the point to the origin is r = 1/x2 + y% + z2. Let F, denote radial

vector field F, = % X, %, %) . The vector at a given position in space points in the direction of unit radial vector
r

(% % %) and is scaled by the quantity 1/r%. Therefore, the magnitude of a vector at a given point is inversely
proportional to the square of the vector’s distance from the origin. Suppose we have a stationary charge of g Coulombs

at the origin, existing in a vacuum. The charge generates electrostatic field E given by

__4
47276()

Fr7

where the approximation gy = 8.854 X 10712 farad (F)/m is an electric constant. (The constant g0 is a measure of the
resistance encountered when forming an electric field in a vacuum.) Notice that E is a radial vector field similar to the
gravitational field described in Example 6.6. The difference is that this field points outward whereas the gravitational

field points inward. Because
q q 1 <x y z >
E = F = S\ T s s
drey " Are < P\rirr

we say that electrostatic fields obey an inverse-square law. That is, the electrostatic force at a given point is inversely
proportional to the square of the distance from the source of the charge (which in this case is at the origin). Given this
vector field, we show that the flux across closed surface Sis zero if the charge is outside of S, and that the flux is g/eg if
the charge is inside of S. In other words, the flux across S is the charge inside the surface divided by constant (. This is a
special case of Gauss’ law, and here we use the divergence theorem to justify this special case.

To show that the flux across Sis the charge inside the surface divided by constant £¢, we need two intermediate steps.
First we show that the divergence of F, is zero and then we show that the flux of F,. across any smooth surface Sis
either zero or 4z. We can then justify this special case of Gauss' law.

EXAMPLE 6.80

The Divergence of F, Is Zero
Verify that the divergence of F, is zero where F, is defined (away from the origin).

Solution

Since r = v/x2 + y2 + z2, the quotient rule gives us

i(i) =90 ( ___x
ox \ ,3 ax <x2+y2+22)3/2

3/2 12
(x2+y2+zz) —x[%(x2+y2+z2) Zx]

(x2+y2+22)3
— r3—3x2r — r2—3x2
6 S5
Similarly,
6<y> r2—3y2 d (z) rr =372
— =)= and — (| —= | =
ay \ 3 S 0z \ ;3 5
Therefore,
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2 _3x2 + r2=3y% + 2372
» » »

3r2—3(x2+y2+12>

»

2_22
3r 53r =0
r

divF, ==

Notice that since the divergence of F, is zero and E is F, scaled by a constant, the divergence of electrostatic field E is
also zero (except at the origin).

Theorem 6.21

Flux across a Smooth Surface

Let Sbe a connected, piecewise smooth closed surface and let F, = % < %, %, %) . Then,
s
// F. . dS = 0 if S does not encompass the origin
s 4r if S encompasses the origin.

In other words, this theorem says that the flux of F, across any piecewise smooth closed surface S depends only on
whether the origin is inside of S.

Proof
The logic of this proof follows the logic of Example 6.46, only we use the divergence theorem rather than Green's
theorem.

First, suppose that S does not encompass the origin. In this case, the solid enclosed by Sis in the domain of F,., and

since the divergence of F, is zero, we can immediately apply the divergence theorem and find that // F - dSis zero.
S

Now suppose that S does encompass the origin. We cannot just use the divergence theorem to calculate the flux,
because the field is not defined at the origin. Let .S, be a sphere of radius ainside of S centered at the origin. The
outward normal vector field on the sphere, in spherical coordinates, is

ty X tg = <a2cos 0 sin> ¢, a’sin 0 sin2¢, a’sin ¢ cos ¢>

(see Example 6.64). Therefore, on the surface of the sphere, the dot product F, - N (in spherical coordinates) is

F,-N = < sin ¢2°°s 0 sin d’;in 0. Coszd’ > - (a*cos 0 sin ¢, a®sin 0 sin’ ¢, a®sin ¢ cos )
a a a
= sin ¢ ({sin ¢ cos 0, sin ¢ sin O, cos ¢p) - {sin ¢ cos @, sin ¢ sin , cos ¢p))

= sin ¢.

The flux of F, across S, is

2z 4
// F, -NdS = / / sin pdpdo = 4x.
Sa 0 0

Now, remember that we are interested in the flux across S, not necessarily the flux across .S, . To calculate the flux across
S, let E be the solid between surfaces S, and S. Then, the boundary of E consists of S; and S. Denote this boundary by
S — S, to indicate that Sis oriented outward but now .S, is oriented inward. We would like to apply the divergence
theorem to solid E. Notice that the divergence theorem, as stated, can’t handle a solid such as E because E has a hole.
However, the divergence theorem can be extended to handle solids with holes, just as Green’s theorem can be extended
to handle regions with holes. This allows us to use the divergence theorem in the following way. By the divergence
theorem,
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//S_S(IFr.dS =//SF"dS_//SaFr'dS
Z///EdivF,dV
=///EOdV=o.

//F,.ds=// F, - dS = 4r,
S Sa

Therefore,

and we have our desired result.

O

q
dre(

Now we return to calculating the flux across a smooth surface in the context of electrostatic field E = F, of a point

charge at the origin. Let S be a piecewise smooth closed surface that encompasses the origin. Then

// E.-dS // 9§, .48

S S 471'6()

_ q

- 471'60 "//A; Fr ~dS
q .

)

//E~dS= g //Fr~dS=0.
s dreg J's

Therefore, we have justified the claim that we set out to justify: the flux across closed surface Sis zero if the charge is
outside of S, and the flux is g/g( if the charge is inside of S.

If Sdoes not encompass the origin, then

This analysis works only if there is a single point charge at the origin. In this case, Gauss' law says that the flux of E
across Sis the total charge enclosed by S. Gauss’ law can be extended to handle multiple charged solids in space, not just
a single point charge at the origin. The logic is similar to the previous analysis, but beyond the scope of this text. In full
generality, Gauss' law states that if Sis a piecewise smooth closed surface and Q is the total amount of charge inside of
S, then the flux of E across Sis Q/eg.

EXAMPLE 6.81

Using Gauss' law
Suppose we have four stationary point charges in space, all with a charge of 0.002 Coulombs (C). The charges are located
at(0,1,1),(1,1,4),(-1,0,0), and (-2, -2, 2). Let E denote the electrostatic field generated by these point charges. If Sis

the sphere of radius 2 oriented outward and centered at the origin, then find // E-dS.
S

Solution
According to Gauss' law, the flux of E across Sis the total charge inside of S divided by the electric constant. Since S has
radius 2, notice that only two of the charges are inside of S: the charge at (0, 1, 1) and the charge at (—1, 0, 0). Therefore,
the total charge encompassed by Sis 0.004 and, by Gauss' law,

004
// E.ds=— 9% 4518 % 10° vom.,
S 8.854 x 10712

6.68 Work the previous example for surface Sthat is a sphere of radius 4 centered at the origin, oriented
outward.
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SECTION 6.8 EXERCISES

For the following exercises, use a computer algebraic system (CAS) and the divergence theorem to evaluate surface

integral / F - Nds for the given choice of F and the boundary surface S. For each closed surface, assume N is the
S

outward unit normal vector.

376.

378.

380.

382.

384.

385.

387.

[TIF(x,y,z) = xi+yj+ zk; Sis  377. [T]
the surface of cube F(x,y,z) = (cos yz)i + e*%j + 3z2k;
0<x<1,0<y<10<z<L Sis the surface of hemisphere

z = /4 — x2 — y2 together with

disk x2 + y? < 4inthe xy-plane.

[T] 379. [T]

F(x,y,z) = (x2 +y% - x2) i+x2yj+3zk; S F(x,y,z) = xi + yj + zk;
is the surface of the unit cube Sis the surface of the
0<x<1,0<y<1,0<z<1excuding solid bounded by the
the face z = 0. parabola z = x% + y?

and the plane z = 9.

[T] 381. [T]
F(x,y,z) = x*i + y%j + 2°k; F(x,y,z) =xi+yj+ (22 - 1)k
Sis the surface of sphere Sis the surface of the solid
x>+ +z22 =4 bounded by cylinder
x* + y2 = 4 and planes
z=0andz = 1.
[T] 383. [T]
F(x,y,2) = xy*i + yz2j + x* zk; F(x,y,z) = x’i + °j + 3a® zk (constant a > 0);
Sis the surface of the solid Sis the surface of the solid bounded by
bounded above by sphere p =2 cylinder x% + y* = 4? and planes
and below by cone ¢ = 7 in z=0andz=1.

spherical coordinates. (Think of
S as the surface of an “ice cream
cone.”)

[T] Surface integral // F-dS, where Sis the surface of
S

the solid bounded by paraboloid z = x* + y2 and plane
z=4,and
F(x,y,2) = (x+y*22)i+ (y+22x2) j+ (z+ x?y*) k

Use the divergence theorem to calculate surface 386. Use the divergence theorem to
integral // F-dS, where calculate surface integral
S ) // F - NdS, where
. . 2\
F(x,y,z)=<y>1+(y+sm(z )i+ (z-Dk s A

F(x,y,z) = x"i— x3z2j + 4xy? zk
and S is the surface bounded by
cylinder x? + y2 = 1 and planes

and Sis the surface of the solid bounded by the
sphere x2 + y2 + 22 =1, and below by the plane

b z=x+2andz=0.
Use the divergence theorem to 388. Use the divergence theorem to calculate surface
calculate surface integral // F.-dS integral // F - dS when

S S
when F(x,y,z)=ztan"! (y?)i+ 23 (x® +1)j+ zk
F(x,y,z) = x2 231 + 2xyz3j + xz*k and Sis the surface of the solid bounded by the
and Sis the surface of the box with paraboloid x2 + y? + z = 2 and the plane z = 1.

vertices (+1, £2, +3).
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389.

390.

392.

394.

[T] Use a CAS and the divergence theorem to

F - dS, where
s

Fx,p,2)= (x> +y)i+ (P +23)j+ (2 +x%)k
and Sis a sphere with center (0, 0, 0) and radius 2.

calculate flux

Use the divergence theorem to compute the value of flux

integral // F - dS, where
S

F(x,y,2) = (3® +3x) i+ (xz+y)j+ [z + x*cos (x?y)| k
and Sis the surface of the solid bounded by
X242 =1,x20,y20,and0<z<1.

Use the divergence

393. Use the divergence theorem to

391. Use the divergence

theorem to compute flux

integral // F - dS, where
S

F(x,y,z) =yj—zkand S
consists of the union of
paraboloid
y=x>+z2,0<y<1,
and disk

2+z2< l,y=1,
oriented outward. What is
the flux through just the
paraboloid?

theorem to compute flux

integral // F - dS, where
S

F(x,y,z) = x + yj+ z°k
and Sis a part of cone

z = 1/x% + y2 beneath
top plane z = 1, oriented

calculate surface integral

//F~deor
S

F(x,y,z) = x*i — x3 22 + 4x)? zk,
where Sis the surface inside the
cylinder x% + y2 = 1 between the
planesz=x+2and z = 0.

downward.

Consider

F(x,y,z) = x%i+ xyj+ (z+ Dk.
Let E be the solid enclosed by
paraboloid z = 4 — x2 — y* and
plane z = 0 with normal vectors
pointing outside E. Compute flux
F across the boundary of E using
the divergence theorem.
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For the following exercises, use a CAS along with the divergence theorem to compute the net outward flux for the fields
across the given surfaces S.

395. [TIF = (x,-2y,3z); Sis 396. [TIF = (x,2y,z);Sisthe  397. [T]
sphere boundary of the F=(y—2x,x3—yy*-z);
{(x, y,2) x> +y* + 2% = 6} . tetrahedron in the first Sis sphere
octant formed by plane {(x,y, x>+ +z22 = 4} )
x+y+z=1

398. [TIF = (x,y,2); Sisthe
surface of paraboloid
z=4-—x2— 2,for
z > 0, plus its base in the
Xxy-plane.

For the following exercises, use a CAS and the divergence theorem to compute the net outward flux for the vector fields
across the boundary of the given regions D.

399. [T] 400. [T] 401. [TIF = (x?,-)*,2*):D
F=(z-x,x-y2y—1z); F=Xf —_»3 .p is the region in the first
Dis the region between Irl \/x24+y2+22 octant between planes
spheres of radius 2 and 4 is the region between z=4-x-yand
centered at the origin. spheres of radius 1 and 2 z=2-x-y.

centered at the origin.

402. LetF(x,y,z) =2xi — 3xyj + xz2Kk. Use the 403. Use the divergence theorem to find the

divergence theorem to calculate // F-ds, outward flux of3f|eld . .
s F(x,y,z) = (x —3y)1+(2yz+1)J+xyzk

where Sis the surface of the cube with through the cube bounded by planes

corners at (0,0, 0),(1,0,0), (0, 1,0), x=+1,y=+1, andz = 1.
(1,1,0),(0,0,1),(1,0,1),(0, 1, 1), and (1,1, 1),
oriented outward.

404. Let 405. Evaluate// F - NdS, where 406. Find the net outward flux of
F(x,y,z) = 2xi — 3yj + 5zk S5 . 33 field
and let S be hemisphere F(x, y.2) =x7i+ x3) +x’y’kandS g (bz — ¢y, cx — az, ay — bx)
R ey — together is the surface consisting of all faces of across any smooth closed
A S ) the tetrahedron bounded by plane face in R3. wh b and
with disk x~ + y* < 9in the surface In R, where a, b, and ¢

x + y+ z = 1 and the coordinate
Xy_p|ane. Use the ) R are constants.
g planes, with outward unit normal
divergence theorem.

vector N.
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407. Use the divergence
theorem to evaluate
Js IR|| R - ndS, where
R(x,y,z) =xi+yj+ zk
and Sis sphere
x2 +y2 +z2 = a2, with
constanta > 0.

410.

408. Use the divergence theorem to evaluate

// F - dS, where
Ky

F(x,y,z) = y*zi+ y’j + xzk and Siis
the boundary of the cube defined by

-1<x<1,-1<y<1l,and0<z<?2.

Let E be the solid bounded by the xy-plane and paraboloid 411.
z =4 — x% — y? so that Sis the surface of the paraboloid piece
together with the disk in the xy-plane that forms its bottom. If

. . . 2..2
F(x,y,2) = (xzsin(yz) + x3) i + cos (yz) j + <3zy2 —eX Y ) k,
find // F - dS using the divergence theorem.

S
414.

412. Use the divergence
theorem to calculate the
flux of
F(x,y,z) = x’i+ y°j + 2°k
through sphere
2y 42 =1,

415. Compute the flux of water
through parabolic cylinder
S:y= xz, from
0<x<2,0<L2z<L3,ifthe
velocity vector is

F(x,y, z) = 3z%i + 6j + 6xzk.
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413. Find//F‘dS,where
S

F(x,y,z) = xi + yj + zk
and Sis the outwardly
oriented surface obtained
by removing cube

[1,2] x [1,2] x [1,2]
from cube

[0,2] x [0,2] x [O,2].

416. [T] Use a CAS to find the flux of
vector field
F(x,y,z) = zi + zj + V/x% + y’k

across the portion of
hyperboloid x% + y2 =z2+1
between planes z = 0 and
Lo V3
=5
normal vector points away from

the z-axis.

oriented so the unit

409. Let Rbe the region
defined by
x2 +y2 +z2 < 1. Use the
divergence theorem to

find ///R 2av.

Let E be the solid unit cube with
diagonally opposite corners at the
origin and (1, 1, 1), and faces
parallel to the coordinate planes.
Let S be the surface of E, oriented
with the outward-pointing normal.

Use a CAS to find // F - dS using
S

the divergence theorem if
F(x,y, z) = 2xyi + 3ye®j + x sin zK.

Consider radial vector
field

F= (x,9.2) .
(x2+y2+22)1/2
Compute the surface
integral, where Sis the
surface of a sphere of
radius a centered at the

origin.

xo_
r|



417. [T] Use a CAS to find the flux of vector field
F(x,y,z) = (¥ + x)i+ (3cos(xz) —y)j+ zk
through surface S, where Sis given by
722 =4x2 + 4y2 from 0 < z < 4, oriented so
the unit normal vector points downward.

Evaluate // F - dS, where
S

F(x,y,z) = bxy*i + bx2yj + (x2 + y2) z2k
and Sis the boundary of the solid cylinder
x2+y2 <a*and0<z<b.

419.

421. Use the divergence theorem

to evaIuate//F-dS, where
S

F(x,y,z) = xyi - %yzj +zk
and Sis the surface
consisting of three pieces:
z=4-3x>-3)y’,1<z<4
on the top;
x2+y2=10<z<1on
the sides; and z = 0 on the
bottom.

423. Use the divergence

theorem to evaluate

// F - dS, where
S

F(x,y,z) = xi + yj + zk
and Sis the boundary of
the solid enclosed by
paraboloid

y= X2+ 722 - 2, cylinder
X2+ 272 = 1, and plane
x+y=2,andSis
oriented outward.

6.8 * The Divergence Theorem

418. [T] Use a CAS to compute

// F - dS, where
Ky

F(x,y,z) = xi+ yj+2zk
and Sis a part of sphere
x2 +y2 + z2 =2 with
0<z<1.

420. [T] Use a CAS to calculate the flux of
F(x,y,2) = (x> + ysinz) i+ (® + zsinx) j+ 3zk
across surface S, where Sis the boundary of the

solid bounded by hemispheres z = /4 — x2 — 2

and z = y/1 — x2 — y2, and plane z = 0.

422. [T] Use a CAS and the divergence theorem to

evaluate // F - dS, where
S

F(x,y,z) =(2x+ ycosz)i+ (x2 - y)j +y%zk
and Sis sphere x* + y2 + z2 = 4 orientated
outward.

For the following exercises, Fourier’s law of heat transfer states that the heat flow vector F at a point is proportional to
the negative gradient of the temperature; that is, F = —kVT, which means that heat energy flows hot regions to cold
regions. The constant k > 0 is called the conductivity, which has metric units of joules per meter per second-kelvin or
watts per meter-kelvin. A temperature function for region D is given. Use the divergence theorem to find net outward

heat flux// F-NdS =-k // VT - NdS across the boundary S of D, where k = 1.
S S

424. T(x,y,z)=100+ x+2y+ z;

D={(xy2:0<x<1,0<y<1,0<z< 1}

2—22 .
s

2
426. T(x,y,z)=100e™* 77
Dis the sphere of radius a
centered at the origin.

425. T(x,y,z) =100+ e7%;
D={(x,y92):0<x<1,0y<1,0<2z< 1}
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Chapter Review
Key Terms
circulation the tendency of a fluid to move in the direction of curve C. If Cis a closed curve, then the circulation of F

along Cis line integral/ F - Tds, which we also denote?{ F-Tds
C C
closed curve a curve for which there exists a parameterizationr (), a <t < b, such thatr (a) = r (b), and the curve is

traversed exactly once

closed curve a curve that begins and ends at the same point

connected region a region in which any two points can be connected by a path with a trace contained entirely inside
the region

conservative field a vector field for which there exists a scalar function f suchthat Vf =F

i j Kk
curl the curl of vector field F = (P, Q, R), denoted V X F, is the “determinant” of the matrix % a% a% and is
P O R

given by the expression (Ry, — Qz) i+ (P; — Rx)j+ (Qx — Py) k; it measures the tendency of particles at a point to
rotate about the axis that points in the direction of the curl at the point
divergence the divergence of a vector field F = (P, Q, R),denoted V - F,is Py + Oy + R; it measures the
“outflowing-ness” of a vector field
divergence theorem atheorem used to transform a difficult flux integral into an easier triple integral and vice versa
flux the rate of a fluid flowing across a curve in a vector field; the flux of vector field F across plane curve Cis line
integral / F- n() ds
c In@®]

flux integral another name for a surface integral of a vector field; the preferred term in physics and engineering

Fundamental Theorem for Line Integrals the value of line integral / V f - dr depends only on the value of f at the
Cc

endpoints of C / Vf-dr= f®b) - f((a)
c

Gauss' law if Sis a piecewise, smooth closed surface in a vacuum and Q is the total stationary charge inside of S, then
the flux of electrostatic field E across Sis Q/e

gradient field a vector field F for which there exists a scalar function f such that V f = F; in other words, a vector field
that is the gradient of a function; such vector fields are also called conservative

Green’s theorem relates the integral over a connected region to an integral over the boundary of the region

grid curves curves on a surface that are parallel to grid lines in a coordinate plane

heat flow a vector field proportional to the negative temperature gradient in an object

independence of path a vector field F has path independence if/ F.dr= / F - dr for any curves C| and C; in
1 ()

C
the domain of F with the same initial points and terminal points

inverse-square law the electrostatic force at a given point is inversely proportional to the square of the distance from
the source of the charge

line integral the integral of a function along a curve in a plane or in space

mass flux the rate of mass flow of a fluid per unit area, measured in mass per unit time per unit area

orientation of a curve the orientation of a curve Cis a specified direction of C

orientation of a surface if a surface has an “inner” side and an “outer” side, then an orientation is a choice of the inner
or the outer side; the surface could also have “upward” and “downward"” orientations

parameter domain (parameter space) the region of the uv plane over which the parameters u and vvary for
parameterization r (u, v) = (x (u, v),y (u, v), z (4, v))

parameterized surface (parametric surface) a surface given by a description of the form
r(u,v) = (xw,v),yw,v),zu,v)),where the parameters u and vvary over a parameter domain in the uv-plane

piecewise smooth curve an oriented curve that is not smooth, but can be written as the union of finitely many smooth
curves

potential function a scalar function f suchthat Vf =F

radial field a vector field in which all vectors either point directly toward or directly away from the origin; the
magnitude of any vector depends only on its distance from the origin

regular parameterization parameterization r(u, v) = (x(u, v), y(u, v), z(u, v)) such thatr, X r, is not zero for point
(u, v) in the parameter domain

rotational field a vector field in which the vector at point (x, y) is tangent to a circle with radius r = Vx24+y%:ina
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rotational field, all vectors flow either clockwise or counterclockwise, and the magnitude of a vector depends only on
its distance from the origin
scalar line integral the scalar line integral of a function f along a curve Cwith respect to arc length is the integral

/ fds, itis the integral of a scalar function f along a curve in a plane or in space; such an integral is defined in
c

terms of a Riemann sum, as is a single-variable integral
simple curve a curve that does not cross itself
simply connected region a region that is connected and has the property that any closed curve that lies entirely inside
the region encompasses points that are entirely inside the region
Stokes’ theorem relates the flux integral over a surface Sto a line integral around the boundary C of the surface S
stream function if F = (P, Q) is a source-free vector field, then stream function g is a function such that P = g, and
0=—g
surface area the area of surface S given by the surface integral // ds
S

surface independent flux integrals of curl vector fields are surface independent if their evaluation does not depend on
the surface but only on the boundary of the surface

surface integral an integral of a function over a surface

surface integral of a scalar-valued function a surface integral in which the integrand is a scalar function

surface integral of a vector field a surface integral in which the integrand is a vector field

unit vector field a vector field in which the magnitude of every vector is 1

vector field measuredinR2, an assignment of a vector F (x, ) to each point (x, y) of a subset D of R 2:inR3, an

assignment of a vector F (x, y, z) to each point (x, y, z) of a subset D of R 3

vector line integral the vector line integral of vector field F along curve Cis the integral of the dot product of F with

unit tangent vector T of Cwith respect to arc length, / F - Tds; such an integral is defined in terms of a Riemann
C
sum, similar to a single-variable integral

Key Equations

F(x,y) = (P(x,y), O(x, y))
Vector fieldinR2  or

F(x,y) = P(x, )i+ O(x, y)j

F(x,y,2) =(P(x,5,2),0(x,y,2), R(x,y,2))
Vector fieldinR3  or

F(x,y,2) = P(x,y,2) i+ Q(x,y,2)j+ R(x,y,2)k

b
Calculating a scalar line integral / f(x,y,2)ds = / f @) \/(x’(t))2 + (y’(t))2 + (z’(t))zdt
C a

b
/F-ds:/F-Tds:/ F (r(0) - (t)dt
C C a

Calculating a vector line integral  or

b dx dy dz
/C Pdx +Qdy+ Rdz = /a <P(r(t))5 + Q(r(t))E + R(r(r))E> dt

. 0] ’
Calculating flux / F- ds = / F (r(¢)) - n(t)dt
c @ a

Fundamental Theorem for Line Integrals / Vf-dr= f(b) - f(r(a)
C

Circulation of a conservative field over curve C that encloses a simply Vf.-dr=0
connected region c
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Green's theorem, circulation form j{ Pdx + Qdy = // Ox — PydA, where Cis the boundary of D
Cc D

Green'’s theorem, flux form 7{ F-dr= // Ox — PydA, where Cis the boundary of D
C D

Green’s theorem, extended version ;Z{ F.dr= // Ox — PydA
oD D

Curl VXxF=(R,-0Q;)i+(P; - R)j+ (0x - Pk
Divergence V- F=P+0,+R;
Divergence of curl is zero V- (VXF)=0

Curl of a gradient is the zerovector V X (Vf) =0

Scalar surface integral //f(x,y,z)dS:// S @@ o)ty X ty]|dA
S D

Flux integral //F-NdSz//F~dS:// F (r(u,v)) - (t, X t,)dA
S S D
Stokes' theorem /F-drz//curlF-dS
c S
Divergence theorem ///EdiVFdV=//F'dS

S

Key Concepts
6.1 Vector Fields

+  Avector field assigns a vector F(x, y) to each point (x, y) in a subset D of R 2orR3. F(x, y, z) to each point (x, y, z)

ina subset DofR 3.

+ Vector fields can describe the distribution of vector quantities such as forces or velocities over a region of the plane
or of space. They are in common use in such areas as physics, engineering, meteorology, oceanography.

+  We can sketch a vector field by examining its defining equation to determine relative magnitudes in various
locations and then drawing enough vectors to determine a pattern.

« Avector field F is called conservative if there exists a scalar function f suchthat Vf =F.

6.2 Line Integrals

+ Line integrals generalize the notion of a single-variable integral to higher dimensions. The domain of integration in
a single-variable integral is a line segment along the x-axis, but the domain of integration in a line integral is a curve
in a plane or in space.

« If Cis a curve, then the length of Cis / ds.
C
+ There are two kinds of line integral: scalar line integrals and vector line integrals. Scalar line integrals can be used to

calculate the mass of a wire; vector line integrals can be used to calculate the work done on a particle traveling
through a field.
+ Scalar line integrals can be calculated using Equation 6.8; vector line integrals can be calculated using Equation 6.9.
+ Two key concepts expressed in terms of line integrals are flux and circulation. Flux measures the rate that a field
crosses a given line; circulation measures the tendency of a field to move in the same direction as a given closed
curve.
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6.3 Conservative Vector Fields

The theorems in this section require curves that are closed, simple, or both, and regions that are connected or
simply connected.

The line integral of a conservative vector field can be calculated using the Fundamental Theorem for Line Integrals.
This theorem is a generalization of the Fundamental Theorem of Calculus in higher dimensions. Using this theorem
usually makes the calculation of the line integral easier.

Conservative fields are independent of path. The line integral of a conservative field depends only on the value of
the potential function at the endpoints of the domain curve.

Given vector field F, we can test whether F is conservative by using the cross-partial property. If F has the cross-
partial property and the domain is simply connected, then F is conservative (and thus has a potential function). If F
is conservative, we can find a potential function by using the Problem-Solving Strategy.

The circulation of a conservative vector field on a simply connected domain over a closed curve is zero.

6.4 Green's Theorem

Green's theorem relates the integral over a connected region to an integral over the boundary of the region. Green's
theorem is a version of the Fundamental Theorem of Calculus in one higher dimension.

Green’s Theorem comes in two forms: a circulation form and a flux form. In the circulation form, the integrand is

F - T. In the flux form, the integrand is F - N.

Green's theorem can be used to transform a difficult line integral into an easier double integral, or to transform a
difficult double integral into an easier line integral.

A vector field is source free if it has a stream function. The flux of a source-free vector field across a closed curve is
zero, just as the circulation of a conservative vector field across a closed curve is zero.

6.5 Divergence and Curl

The divergence of a vector field is a scalar function. Divergence measures the “outflowing-ness” of a vector field. If v
is the velocity field of a fluid, then the divergence of v at a point is the outflow of the fluid less the inflow at the
point.

The curl of a vector field is a vector field. The curl of a vector field at point P measures the tendency of particles at P
to rotate about the axis that points in the direction of the curl at P.

A vector field with a simply connected domain is conservative if and only if its curl is zero.

6.6 Surface Integrals

Surfaces can be parameterized, just as curves can be parameterized. In general, surfaces must be parameterized
with two parameters.

Surfaces can sometimes be oriented, just as curves can be oriented. Some surfaces, such as a Mdbius strip, cannot
be oriented.

A surface integral is like a line integral in one higher dimension. The domain of integration of a surface integral is a
surface in a plane or space, rather than a curve in a plane or space.

The integrand of a surface integral can be a scalar function or a vector field. To calculate a surface integral with an
integrand that is a function, use Equation 6.19. To calculate a surface integral with an integrand that is a vector field,

use Equation 6.20.
If Sis a surface, then the area of Sis // ds.
S

6.7 Stokes' Theorem

Stokes' theorem relates a flux integral over a surface to a line integral around the boundary of the surface. Stokes’
theorem is a higher dimensional version of Green’s theorem, and therefore is another version of the Fundamental
Theorem of Calculus in higher dimensions.

Stokes' theorem can be used to transform a difficult surface integral into an easier line integral, or a difficult line
integral into an easier surface integral.

Through Stokes’ theorem, line integrals can be evaluated using the simplest surface with boundary C.

Faraday's law relates the curl of an electric field to the rate of change of the corresponding magnetic field. Stokes’
theorem can be used to derive Faraday'’s law.

6.8 The Divergence Theorem

The divergence theorem relates a surface integral across closed surface Sto a triple integral over the solid enclosed
by S. The divergence theorem is a higher dimensional version of the flux form of Green’s theorem, and is therefore a




742 6« Chapter Review

higher dimensional version of the Fundamental Theorem of Calculus.
+ The divergence theorem can be used to transform a difficult flux integral into an easier triple integral and vice versa.
+ The divergence theorem can be used to derive Gauss' law, a fundamental law in electrostatics.

Review Exercises

True or False? Justify your answer with a proof or a counterexample.

427. Vector field 428. For vector field 429. The divergence of a
F(x,y) = x?yi + y*xj is F(x,y) = P(x, »)i+ O(x, y)j, vector field is a vector
conservative. if Py(x,y) = QOx(x,y)in field.

open region D, then
/ Pdx + Qdy = 0.
oD

430. Ifcurl F =0,thenFisa
conservative vector field.

Draw the following vector fields.

yi+3xj
x2+y2

431. F(x.y) = 1i+2xj 432. F(x,y) =

Are the following the vector fields conservative? If so, find the potential function f such thatF =V f.
433. F(x,y)=yi+(x—2e)j 434. F(x,y) = (6xy)i+ (3x2 — yey)j

435. F(x,y,2) = (2xy+z2)i+(x2+2yz)j+(2xz+y2)k 436. F(x,y,z):(exy)i+(ex+z)j+(ex+y2)k

Evaluate the following integrals.

437. /xzdy + (2x — 3xy) dx, 438. /ydx + xy2dy, where 439. // xyzdS, where Sis surface
S
C Cc 2
z=x"—-y,0<x<1,0<y<14
anngC:y:%xfrom(O, C:x=\/;,y=t—1,0§t§1
0)to (4, 2)

Find the divergence and curl for the following vector fields.

440. F(x,y,z) =3xyzi+ xye?j—3xyk 441. F(x,y,z) = e*i+ j+ &Y%k
Use Green’s theorem to evaluate the following integrals.

442. /3xydx +2xy%dy, 443. 75 3ydx + (x + ey) dy,
P C
where Cis a square with
vertices (0, 0), (0, 2), (2, 2)
and (2, 0) oriented
counterclockwise.

where Cis a circle
centered at the origin
with radius 3

Use Stokes’ theorem to evaluate // curl F - dsS.
S

444. F(x,y,z) = yi — xj + zk, 445. F(x,y,z) = yi+ xyzj — 2zxk,
where §'is the upper half where S is the upward-facing
of the unit sphere paraboloid z = x* + y2 lying

in cylinder x>+’ =1
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Use the divergence theorem to evaluate // F-ds.
N

446. F(x,y,2)= (x*y)i+Gy—e)j+z+x)k, 447. F(x,y,2) = 2xp)i+ (=y?)j+ (22°)k,

over cube S definedby -1 < x <1, where ' is bounded by paraboloid
0<y<2,0<zL2 z=x2+y2andplanez=2

448. Find the amount of work 449. Find the total mass of a 450. Find the total mass of a
performed by a 50-kg thin wire in the shape of thin sheet in the shape of
woman ascending a an upper semicircle with a hemisphere with radius
helical staircase with radius \/5 and a density 2 for z > 0 with a density
radius 2 m and height 100 function of function
m. The woman completes p(x,y)=y+ x2. p(,y,2)=x+y+2z.
five revolutions during
the climb.

451. Use the divergence theorem
to compute the value of the
flux integral over the unit
sphere with
F(x,y,z) = 3zi + 2yj + 2xk.
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SECOND ORDE IFFERENTIAL

EQUATIONS

\

Figure 7.1 A motorcycle suspension system is an example of a damped spring-mass system. The spring absorbs bumps
and keeps the tire in contact with the road. The shock absorber damps the motion so the motorcycle does not continue
to bounce after going over each bump. (credit: nSeika, Flickr)

Chapter Outline

Second-Order Linear Equations
Nonhomogeneous Linear Equations
Applications

Series Solutions of Differential Equations

-/ Introduction

We have already studied the basics of differential equations, including separable first-order equations. In this chapter, we
go a little further and look at second-order equations, which are equations containing second derivatives of the
dependent variable. The solution methods we examine are different from those discussed earlier, and the solutions tend
to involve trigonometric functions as well as exponential functions. Here we concentrate primarily on second-order
equations with constant coefficients.

Such equations have many practical applications. The operation of certain electrical circuits, known as
resistor-inductor-capacitor (RLC) circuits, can be described by second-order differential equations with constant
coefficients. These circuits are found in all kinds of modern electronic devices—from computers to smartphones to
televisions. Such circuits can be used to select a range of frequencies from the entire radio wave spectrum, and are they
commonly used for tuning AM/FM radios. We look at these circuits more closely in Applications.

Spring-mass systems, such as motorcycle shock absorbers, are a second common application of second-order
differential equations. For motocross riders, the suspension systems on their motorcycles are very important. The off-
road courses on which they ride often include jumps, and losing control of the motorcycle when landing could cost them
the race. The movement of the shock absorber depends on the amount of damping in the system. In this chapter, we
model forced and unforced spring-mass systems with varying amounts of damping.
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7.1 Second-Order Linear Equations

Learning Objectives
7.1.1 Recognize homogeneous and nonhomogeneous linear differential equations.
7.1.2 Determine the characteristic equation of a homogeneous linear equation.
7.1.3 Use the roots of the characteristic equation to find the solution to a homogeneous linear equation.
7.1.4 Solve initial-value and boundary-value problems involving linear differential equations.

When working with differential equations, usually the goal is to find a solution. In other words, we want to find a
function (or functions) that satisfies the differential equation. The technique we use to find these solutions varies,
depending on the form of the differential equation with which we are working. Second-order differential equations have
several important characteristics that can help us determine which solution method to use. In this section, we examine
some of these characteristics and the associated terminology.

Homogeneous Linear Equations

Consider the second-order differential equation
xy" + 2x2y' + 5x3y =0.

Notice that y and its derivatives appear in a relatively simple form. They are multiplied by functions of x, but are not
raised to any powers themselves, nor are they multiplied together. As discussed in Introduction to Differential Equations
(http://openstax.org/books/calculus-volume-2/pages/4-introduction), first-order equations with similar characteristics
are said to be linear. The same is true of second-order equations. Also note that all the terms in this differential equation
involve either y or one of its derivatives. There are no terms involving only functions of x. Equations like this, in which
every term contains y or one of its derivatives, are called homogeneous.

Not all differential equations are homogeneous. Consider the differential equation
xy" + 2x2y’ + 5x3y =x.
The x2 term on the right side of the equal sign does not contain y or any of its derivatives. Therefore, this differential

equation is nonhomogeneous.

Definition

A second-order differential equation is linear if it can be written in the form
, (7.1)
ay ()Y + a1 ()Y +ag(x)y=r),
where a5 (x), a1 (x), ag(x), and r(x) are real-valued functions and a; (x) is not identically zero. If r(x) = 0—in other
words, if r(x) = 0 for every value of x—the equation is said to be a homogeneous linear equation. If r(x) # O for
some value of x, the equation is said to be a nonhomogeneous linear equation.

[»| MEDIA

Visit this website (http://www.openstax.org/I/20_Secondord) to study more about second-order linear differential
equations.

In linear differential equations, y and its derivatives can be raised only to the first power and they may not be multiplied
by one another. Terms involving y2 or 1/y’ make the equation nonlinear. Functions of y and its derivatives, such as siny

/
or e¥ , are similarly prohibited in linear differential equations.

Note that equations may not always be given in standard form (the form shown in the definition). It can be helpful to
rewrite them in that form to decide whether they are linear, or whether a linear equation is homogeneous.

EXAMPLE 7.1

Classifying Second-Order Equations
Classify each of the following equations as linear or nonlinear. If the equation is linear, determine further whether it is
homogeneous or nonhomogeneous.
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V' 4+ 3xty 452y =3

(sinx)y” + (cosx)y’ +3y =0

42x" + 3txx’ +4x =0

5y" +y=4x°

(cosx)y” —siny’ + (sinx)y — cosx = 0
8ty — 612y +4ty—312 =0

sin(x2)y” — (cosx)y’ +xZy=y -3
y" +5xy =3y =cosy

SQ P 2 n T

Solution
a. This equation is nonlinear because of the y2 term.
b. This equation is linear. There is no term involving a power or function of y, and the coefficients are all functions of x.
The equation is already written in standard form, and r(x) is identically zero, so the equation is homogeneous.
c. This equation is nonlinear. Note that, in this case, x is the dependent variable and tis the independent variable. The
second term involves the product of x and x’, so the equation is nonlinear.
This equation is linear. Since r(x) = 4x7, the equation is nonhomogeneous.
e. This equation is nonlinear, because of the siny’ term.
f. This equation is linear. Rewriting it in standard form gives
81%y" — 612y + 4ty = 31%.

With the equation in standard form, we can see that r(¢) = 312, so the equation is nonhomogeneous.
g. This equation looks like it's linear, but we should rewrite it in standard form to be sure. We get
sin(xz)y” —(cosx+ 1)y + x2y = -3.

This equation is, indeed, linear. With r(x) = —3, it is nonhomogeneous.
h. This equation is nonlinear because of the cosy term.

[»] MEDIA

Visit this website (http://www.openstax.org/l/20_Secondord?) that discusses second-order differential equations.

71 Classify each of the following equations as linear or nonlinear. If the equation is linear, determine further
whether it is homogeneous or nonhomogeneous.

a. ) —-y +8x3y=0
b. (sint)y” +cost —3ty' =0

Later in this section, we will see some techniques for solving specific types of differential equations. Before we get to
that, however, let's get a feel for how solutions to linear differential equations behave. In many cases, solving differential
equations depends on making educated guesses about what the solution might look like. Knowing how various types of
solutions behave will be helpful.

EXAMPLE 7.2

Verifying a Solution
Consider the linear, homogeneous differential equation

xzy” —xy =3y=0.

Looking at this equation, notice that the coefficient functions are polynomials, with higher powers of x associated with
higher-order derivatives of y. Show that y = x3 is a solution to this differential equation.

Solution
Let y = x3. Then y/ = 3x2 and y” = 6x. Substituting into the differential equation, we see that
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X2y’ —xy =3y =x*(6x)—x (3x%) =3 (x*)
= 6x3 - 3X3 - 3x3
=0.

7.2 Show that y = 2x is a solution to the differential equation

1
Exzy”—xy/ +y=0.

Although simply finding any solution to a differential equation is important, mathematicians and engineers often want
to go beyond finding one solution to a differential equation to finding all solutions to a differential equation. In other
words, we want to find a general solution. Just as with first-order differential equations, a general solution (or family of
solutions) gives the entire set of solutions to a differential equation. An important difference between first-order and
second-order equations is that, with second-order equations, we typically need to find two different solutions to the
equation to find the general solution. If we find two solutions, then any linear combination of these solutions is also a
solution. We state this fact as the following theorem.

Theorem 7.1

Superposition Principle
If y1(x) and y;(x) are solutions to a linear homogeneous differential equation, then the function
(x) = c1y1(x) + c2y2(x),

where ¢; and ¢y are constants, is also a solution.

The proof of this superposition principle theorem is left as an exercise.

EXAMPLE 7.3

Verifying the Superposition Principle
Consider the differential equation

y' —4y —5y=0.
Given that e and ¥ are solutions to this differential equation, show that 4e™> + &% is a solution.

Solution
We have

y(x) = de™* + &>, 50y (x) = —de™ + 5¢°F and y"(x) = 4™ + 25¢°*.
Then
Y =4y =5y = (467 +25¢7%) —4 (—4e™* +5¢7) — 5 (4e™ + &)
= 4e™ 4+ 25¢7% 4 1667 — 20e7* — 20e™* — 5¢°%
=0.

Thus, y(x) = 4e™* + ¥ is a solution.

7.3 Consider the differential equation

¥ +5y +6y=0.

—2x —3x —3x

Given that e and e are solutions to this differential equation, show that 372X 4 6e is a solution.

Unfortunately, to find the general solution to a second-order differential equation, it is not enough to find any two
solutions and then combine them. Consider the differential equation
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x"+7x" +12x = 0.

Both e~3" and 2¢~3" are solutions (check this). However, x(f) = cje > + ¢, (2e‘3’) is not the general solution. This

expression does not account for all solutions to the differential equation. In particular, it fails to account for the function
e~#  which is also a solution to the differential equation.

It turns out that to find the general solution to a second-order differential equation, we must find two linearly
independent solutions. We define that terminology here.

Definition

A set of functions f}(x), f2(x),...,fn(x) is said to be linearly dependent if there are constants ¢y, ¢3,...c;, not all
zero, such that ¢y f1(x) + ¢ f2(x) + -+ + ¢, fn(x) = 0 for all x over the interval of interest. A set of functions that is
not linearly dependent is said to be linearly independent.

In this chapter, we usually test sets of only two functions for linear independence, which allows us to simplify this
definition. From a practical perspective, we see that two functions are linearly dependent if either one of them is
identically zero or if they are constant multiples of each other.

First we show that if the functions meet the conditions given previously, then they are linearly dependent. If one of the
functions is identically zero—say, f>(x) = O—then choose ¢; = 0 and ¢, = 1, and the condition for linear dependence is

satisfied. If, on the other hand, neither f{(x) nor f,(x) is identically zero, but f1(x) = C f,(x) for some constant C, then

choose c| = % and ¢, = —1, and again, the condition is satisfied.

Next, we show that if two functions are linearly dependent, then either one is identically zero or they are constant
multiples of one another. Assume f(x) and f>(x) are linearly independent. Then, there are constants, ¢; and c,, not
both zero, such that

c1f1(x)+ e fa(x)=0
for all x over the interval of interest. Then,
1 f1(x) = e f2(%).

Now, since we stated that ¢; and ¢y can’t both be zero, assume ¢y # 0. Then, there are two cases: either ¢y = 0 or
c;y #0.Ifc; =0, then

0=—cr/o(x)
0= f2(x),

so one of the functions is identically zero. Now suppose c¢; # 0. Then,
]
f1(x) = <——> f2(x)
€1
and we see that the functions are constant multiples of one another.

Theorem 7.2

Linear Dependence of Two Functions

Two functions, f1(x) and f>(x), are said to be linearly dependent if either one of them is identically zero or if
f1(x) = Cfo(x) for some constant Cand for all x over the interval of interest. Functions that are not linearly
dependent are said to be linearly independent.

EXAMPLE 7.4

Testing for Linear Dependence
Determine whether the following pairs of functions are linearly dependent or linearly independent.

a. f1(x)=x2%, f(x) = 5x2
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b. f1(x)=sinx, fr(x) =cosx
¢ fix)=e*, fr(x) = e
d. f1(x)=3x, fr(x)=3x+1

Solution

a. f2(x) =5f1(x), so the functions are linearly dependent.

b. Thereis no constant Csuch that f7(x) = Cf>(x), so the functions are linearly independent.

c. Thereis no constant Csuch that f(x) = Cf>(x), so the functions are linearly independent. Don't get confused by
the fact that the exponents are constant multiples of each other. With two exponential functions, unless the
exponents are equal, the functions are linearly independent.

d. Thereis no constant Csuch that f](x) = Cf;(x), so the functions are linearly independent.

7.4 Determine whether the following pairs of functions are linearly dependent or linearly independent:
f1(x) = €%, fo(x) =3¢

If we are able to find two linearly independent solutions to a second-order differential equation, then we can combine
them to find the general solution. This result is formally stated in the following theorem.

Theorem 7.3

General Solution to a Homogeneous Equation
If y1(x) and y,(x) are linearly independent solutions to a second-order, linear, homogeneous differential equation,
then the general solution is given by

y(x) =c1y1(x) + c232(x),

where ¢; and ¢, are constants.

When we say a family of functions is the general solution to a differential equation, we mean that (1) every expression of
that form is a solution and (2) every solution to the differential equation can be written in that form, which makes this
theorem extremely powerful. If we can find two linearly independent solutions to a differential equation, we have,
effectively, found all solutions to the differential equation—quite a remarkable statement. The proof of this theorem is
beyond the scope of this text.

EXAMPLE 7.5

Writing the General Solution
Ify (1) = e and (@) = ¢~ are solutions to y” =9y = 0, what is the general solution?

Solution
Note that y; and y; are not constant multiples of one another, so they are linearly independent. Then, the general
solution to the differential equation is y(f) = ¢; e + cpe™".

7.5 If y; (x) = €3¥ and y,(x) = xe3* are solutions to y” — 6y + 9y = 0, what is the general solution?

Second-Order Equations with Constant Coefficients

Now that we have a better feel for linear differential equations, we are going to concentrate on solving second-order
equations of the form
7.2
ay” + by +cy=0, 72
where a, b, and ¢ are constants.

Since all the coefficients are constants, the solutions are probably going to be functions with derivatives that are
constant multiples of themselves. We need all the terms to cancel out, and if taking a derivative introduces a term that is
not a constant multiple of the original function, it is difficult to see how that term cancels out. Exponential functions have
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derivatives that are constant multiples of the original function, so let’s see what happens when we try a solution of the
form y(x) = e'lx, where A (the lowercase Greek letter lambda) is some constant.

If y(x) = e*, then Y/ (x) = Ae?* and y” = A2e4*. Substituting these expressions into Equation 7.1, we get
ay’ +by +cy = a(A%e?) + b(Ae?) + ce™*
= e (aA? + bA+ o).

Ax

Since e”* is never zero, this expression can be equal to zero for all x only if

ai’ +bi+c=0.

We call this the characteristic equation of the differential equation.

Definition

The characteristic equation of the differential equation ay” + by’ + cy =0is ar’> +bi+c=0.

The characteristic equation is very important in finding solutions to differential equations of this form. We can solve the
characteristic equation either by factoring or by using the quadratic formula

e
N 2a '

This gives three cases. The characteristic equation has (1) distinct real roots; (2) a single, repeated real root; or (3)
complex conjugate roots. We consider each of these cases separately.

A

Distinct Real Roots
If the characteristic equation has distinct real roots A and 4;, then e*1¥ and e#2* are linearly independent solutions to
Example 7.1, and the general solution is given by
y(x) = 1M + cpet2,
where ¢; and ¢ are constants.
For example, the differential equation y” + 9y’ + 14y = 0 has the associated characteristic equation 2 +91+14=0.

This factors into (4 + 2) (A + 7) = 0, which has roots A; = =2 and 1, = —7. Therefore, the general solution to this
differential equation is

y(x) = cre 2 +cpe” X,

Single Repeated Real Root

Things are a little more complicated if the characteristic equation has a repeated real root, 4. In this case, we know M is
a solution to Equation 7.1, but it is only one solution and we need two linearly independent solutions to determine the
general solution. We might be tempted to try a function of the form ke”*, where k is some constant, but it would not be
linearly independent of e’ Therefore, let's try xe?* as the second solution. First, note that by the quadratic formula,

1= -b+ \/m.
2a

But, A is a repeated root, so b2 —dac=0and A = 5—5. Thus, if y = xe’lx, we have

v =™ + Axe™ and y” = 24e™ + A2 xe?.
Substituting these expressions into Equation 7.1, we see that

ay” + by +cy =are’™ + 12xe™) + b(e™ + Axe’™) + cxet
= xe™(aA* + bA+¢) + e’ (2aA + b)

xe’*(0) + e (2(1 (;—5) + b)
=0+ (0)
=0.

This shows that xe?* is a solution to Equation 7.1. Since e’ and xe™* are linearly independent, when the characteristic
equation has a repeated root 4, the general solution to Equation 7.1 is given by
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y(x) = 1™ + cyxet™,

where ¢; and ¢, are constants.

For example, the differential equation y” + 12y’ + 36y = 0 has the associated characteristic equation
A% + 124 + 36 = 0. This factors into (4 + 6)% = 0, which has a repeated root A = —6. Therefore, the general solution to
this differential equation is

y(x) = c1 e + ¢y xe 0.

Complex Conjugate Roots

The third case we must consider is when b? — 4ac < 0. In this case, when we apply the quadratic formula, we are taking
the square root of a negative number. We must use the imaginary numberi = \/—71 to find the roots, which take the
form A1 = a + fiand A» = a — fi. The complex number a + fi is called the conjugate of a — fi. Thus, we see that when
b% — 4ac < 0, the roots of our characteristic equation are always complex conjugates.

This creates a little bit of a problem for us. If we follow the same process we used for distinct real roots—using the roots
of the characteristic equation as the coefficients in the exponents of exponential functions—we get the functions
e@HFDX and e(@=PDx a5 our solutions. However, there are problems with this approach. First, these functions take on
complex (imaginary) values, and a complete discussion of such functions is beyond the scope of this text. Second, even if
we were comfortable with complex-value functions, in this course we do not address the idea of a derivative for such
functions. So, if possible, we'd like to find two linearly independent real-value solutions to the differential equation. For
purposes of this development, we are going to manipulate and differentiate the functions e®+#)* and e(*=#)x 35 if they
were real-value functions. For these particular functions, this approach is valid mathematically, but be aware that there
are other instances when complex-value functions do not follow the same rules as real-value functions. Those of you
interested in a more in-depth discussion of complex-value functions should consult a complex analysis text.

Based on the roots a + fii of the characteristic equation, the functions e(@tPDX and e(@=hDx zre linearly independent
solutions to the differential equation. and the general solution is given by

Y(x) = ¢ @TPx 4 ¢y ela=hidx,

Using some smart choices for ¢; and ¢;, and a little bit of algebraic manipulation, we can find two linearly independent,
real-value solutions to Equation 7.1 and express our general solution in those terms.

We encountered exponential functions with complex exponents earlier. One of the key tools we used to express these

exponential functions in terms of sines and cosines was Euler’s formula, which tells us that
0 _ L.
e’ =cosf+isinf

for all real numbers 6.
Going back to the general solution, we have

Yx) = cpe@Hix 4 o) pla=pix
e ePiX ¢y e* o hix
= e** (cleﬂix + cze_ﬂix) .

Applying Euler’s formula together with the identities cos(—x) = cosx and sin(—x) = —sinx, we get

y(x) = e* [eq (cosfx + isin fx) + ¢y (cos(—px) + isin(—px))]
=e™ [(c] + cp)cosfx + (c1 — ¢p)isinfx].

Now, if we choose ¢| = ¢ = % the second term is zero and we get
y(x) = e**cos fx
as a real-value solution to Equation 7.1. Similarly, if we choose ¢; = —% andcy = % the first term is zero and we get

y(x) = e®sin fx
as a second, linearly independent, real-value solution to Equation 7.1.

Based on this, we see that if the characteristic equation has complex conjugate roots a + fi, then the general solution to
Equation 7.1 is given by
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y(x) c1e®cos fx + cpe* sin fx

e™ (cycos fx + cysin fx),
where ¢ and ¢, are constants.

For example, the differential equation y” — 2y’ + 5y = 0 has the associated characteristic equation 42 — 24 + 5 = 0. By
the quadratic formula, the roots of the characteristic equation are 1 + 2i. Therefore, the general solution to this
differential equation is

y(x) = e¥ (c;cos2x + cpsin2x).

Summary of Results

We can solve second-order, linear, homogeneous differential equations with constant coefficients by finding the roots of
the associated characteristic equation. The form of the general solution varies, depending on whether the characteristic
equation has distinct, real roots; a single, repeated real root; or complex conjugate roots. The three cases are
summarized in Table 7.1.

Characteristic Equation Roots General Solution to the Differential Equation

Distinct real roots, A; and 4, y(x) = cle’llx + C2e’12x

A repeated real root, A Y(x) = c;e™ + ¢y xe*

Complex conjugate roots @ + fi | y(x) = e™ (cqcos fx + ¢ sin fix)

Table 7.1 Summary of Characteristic Equation Cases

Problem-Solving Strategy

Using the Characteristic Equation to Solve Second-Order Differential Equations with Constant Coefficients
1. Write the differential equation in the form ay” + by’ + cy = 0.
2. Find the corresponding characteristic equation ar’> +bi+c=0.
3. Either factor the characteristic equation or use the quadratic formula to find the roots.
4. Determine the form of the general solution based on whether the characteristic equation has distinct, real roots;
a single, repeated real root; or complex conjugate roots.

EXAMPLE 7.6

Solving Second-Order Equations with Constant Coefficients
Find the general solution to the following differential equations. Give your answers as functions of x.

a. y'+3y —4y=0
b. y+6y +13y=0
c. ¥y 4+2yY+y=0
d ¥y =5/=0

e. Yy —-16y=0

f. y+16y=0
) Solution

Note that all these equations are already given in standard form (step 1).

a. The characteristic equation is A2 +31-4=0 (step 2). This factors into (4 + 4) (A — 1) = 0, so the roots of the
characteristic equation are Ay = —4 and A, = 1 (step 3). Then the general solution to the differential equation is
y(x) = cre™* + cpe” (step 4).
b. The characteristic equation is P2 +64+13=0 (step 2). Applying the quadratic formula, we see this equation has
complex conjugate roots —3 =+ 2i (step 3). Then the general solution to the differential equation is
y(1) = e (c1 cos2t + cpsin21) (step 4).
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c. The characteristic equation is A2 421+1=0 (step 2). This factors into (4 + 1)2 = 0, so the characteristic equation
has a repeated real root A = —1 (step 3). Then the general solution to the differential equation is
(1) =cre”! + cate™ (step 4).

d. The characteristic equation is 12 -5, (step 2). This factors into 4 (4 — 5) = 0, so the roots of the characteristic
equation are 41 = 0 and 1, =5 (step 3). Note that e% = &0 = 1, so our first solution is just a constant. Then the
general solution to the differential equation is

y(x) = ¢] + cpe (step 4).

e. The characteristic equation is A2-16=0 (step 2). This factors into (4 + 4)(4 — 4) = 0, so the roots of the
characteristic equation are A; =4 and A, = —4 (step 3). Then the general solution to the differential equation is
y(x) = c1 e + cye™™ (step 4).

f. The characteristic equation is 2 +16=0 (step 2). This has complex conjugate roots +4i (step 3). Note that
e =Y =1, s0the exponential term in our solution is just a constant. Then the general solution to the differential
equation is
¥(t) = cicosdt + cpsindt (step 4).

7.6 Find the general solution to the following differential equations:

a. y' =2y +10y=0
b. y"+ 14y +49y =0

Initial-Value Problems and Boundary-Value Problems

So far, we have been finding general solutions to differential equations. However, differential equations are often used to
describe physical systems, and the person studying that physical system usually knows something about the state of
that system at one or more points in time. For example, if a constant-coefficient differential equation is representing how
far a motorcycle shock absorber is compressed, we might know that the rider is sitting still on his motorcycle at the start
of a race, time t = f(. This means the system is at equilibrium, so y(tg) = 0, and the compression of the shock absorber
is not changing, so ' (tp) = 0. With these two initial conditions and the general solution to the differential equation, we
can find the specific solution to the differential equation that satisfies both initial conditions. This process is known as
solving an initial-value problem. (Recall that we discussed initial-value problems in Introduction to Differential Equations
(http://openstax.org/books/calculus-volume-2/pages/4-introduction).) Note that second-order equations have two
arbitrary constants in the general solution, and therefore we require two initial conditions to find the solution to the
initial-value problem.

Sometimes we know the condition of the system at two different times. For example, we might know y(¢g) = yg and
¥(t1) = y1. These conditions are called boundary conditions, and finding the solution to the differential equation that
satisfies the boundary conditions is called solving a boundary-value problem.

Mathematicians, scientists, and engineers are interested in understanding the conditions under which an initial-value
problem or a boundary-value problem has a unique solution. Although a complete treatment of this topic is beyond the
scope of this text, it is useful to know that, within the context of constant-coefficient, second-order equations, initial-
value problems are guaranteed to have a unique solution as long as two initial conditions are provided. Boundary-value
problems, however, are not as well behaved. Even when two boundary conditions are known, we may encounter
boundary-value problems with unique solutions, many solutions, or no solution at all.

EXAMPLE 7.7

Solving an Initial-Value Problem
Solve the following initial-value problem: y” + 3y’ — 4y =0, y(0) = 1, ¥/ (0) = -9.

Solution
We already solved this differential equation in Example 7.6a. and found the general solution to be

y(x) = cre ¥ 4 cpe”,

Then
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V' (x) = —dcie™ + cpe”.
When x = 0, we have y(0) = ¢; + ¢, and y/ (0) = —4¢| + c,. Applying the initial conditions, we have

cg+e =1
—4ci+cp = 9.

Then c; = 1 — ¢,. Substituting this expression into the second equation, we see that

—4(l—-cp)+cy = -9
—4+4cr+cp = -9
5C2 = =5

C = -1.

So, ¢; = 2 and the solution to the initial-value problem is

y(x) = 2 — X,

7.7 Solve the initial-value problem y” — 3y — 10y = 0, y(0) = 0, y/ (0) = 7.

EXAMPLE 7.8

Solving an Initial-Value Problem and Graphing the Solution
Solve the following initial-value problem and graph the solution:

¥ +6y +13y =0, (0) =0, y (0) =2

() Solution
We already solved this differential equation in Example 7.6b. and found the general solution to be

y(x) = e (] cos2x + ¢psin2x) .
Then
Y (x) = e 3% (=2¢y sin2x + 2¢yc082x) — 37X () cos2x + ¢psin2x) .
When x = 0, we have y(0) = ¢; and y’(0) = 2c, — 3c;. Applying the initial conditions, we obtain

cp = 0
=3c1 + 2¢; 2.

Therefore, c; = 0, ¢; = 1, and the solution to the initial value problem is shown in the following graph.

y = e ¥sin2x.

yi
0.8

0.6+

0.44 :
¥ix) = e ™ sin2x

0.z

0.2 0.1 0.1 0.2 0.3 0.4 05 06 07 08 09 1 11 12 13 1.4 15 18%

0.41

7.8 Solve the following initial-value problem and graph the solution: y” — 2y’ 4+ 10y = 0, y(0) = 2, ' (0) = —1
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756 7 Second-Order Differential Equations

EXAMPLE 7.9

Initial-Value Problem Representing a Spring-Mass System

The following initial-value problem models the position of an object with mass attached to a spring. Spring-mass systems
are examined in detail in Applications. The solution to the differential equation gives the position of the mass with
respect to a neutral (equilibrium) position (in meters) at any given time. (Note that for spring-mass systems of this type,
it is customary to define the downward direction as positive.)

Yy +2y +y=0,0)=1,y'(0)=0

Solve the initial-value problem and graph the solution. What is the position of the mass at time ¢t = 2 sec? How fast is the
mass moving at time ¢ = 1 sec? In what direction?

) Solution
In Example 7.6c. we found the general solution to this differential equation to be

y(t) =cre” +cyte™.

Then
y’(t) = —Cj e+ ) (—te_’ + e_t) .
When 7 = 0, we have y(0) = ¢; and ¥/ (0) = —c; + ¢, . Applying the initial conditions, we obtain
cg =1
—c1+cp = 0.

Thus, ¢; =1, ¢ = 1, and the solution to the initial value problem is

yt)y=e " +te”".

This solution is represented in the following graph. At time ¢ = 2, the mass is at position
y(2) = e 2 +2¢72 = 3¢72 ~ 0.406 m below equilibrium.

¥i
.LE--E

plly = 7" 4 gl
05+

=

—D.EDT 02040608 1 12141618 2 22242628 3 32343638 4°

0.5
-1 4
1.51

To calculate the velocity at time ¢ = 1, we need to find the derivative. We have y(f) = e~ +te™’, so

Yt =—e'+e ! —te™ = —te.

Then y' (1) = —e~! &~ —0.3679. At time ¢ = 1, the mass is moving upward at 0.3679 m/sec.

7.9 Suppose the following initial-value problem models the position (in feet) of a mass in a spring-mass system
at any given time. Solve the initial-value problem and graph the solution. What is the position of the mass
attime t = 0.3 sec? How fast is it moving at time # = 0.1 sec? In what direction?

V' + 14y +49y =0, y(0) =0,y (0) = 1

EXAMPLE 7.10

Solving a Boundary-Value Problem
In Example 7.6f. we solved the differential equation y” + 16y = 0 and found the general solution to be
¥(t) = cicosdt + cpsindt. If possible, solve the boundary-value problem if the boundary conditions are the following:
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a. y0)=0,y

8
¢ y(§)=0.y(5)=2

Solution
We have

y(x) = cjcosdt + cpsin4t.

a. Applying the first boundary condition given here, we get y(0) = ¢; = 0. So the solution is of the form y(t) = cpsin4t.

When we apply the second boundary condition, though, we get y (§) = ¢asin (4 (%)) = casinz = 0 for all values

of ¢p. The boundary conditions are not sufficient to determine a value for c;, so this boundary-value problem has
infinitely many solutions. Thus, y(f) = c¢psin4t is a solution for any value of ¢;.

b. Applying the first boundary condition given here, we get y(0) = ¢; = 1. Applying the second boundary condition
gives y (£) = ¢2 = 0, 50 ¢; = 0. In this case, we have a unique solution: y(r) = cos4r.

c. Applying the first boundary condition given here, we get y (%) = ¢p = 0. However, applying the second boundary

condition gives y (%”) = —cy = 2,50 ¢y = —2.We cannot have ¢y = 0 = —2, so this boundary value problem has
no solution.
L
SECTION 7.1 EXERCISES

Classify each of the following equations as linear or nonlinear. If the equation is linear, determine whether it is
homogeneous or nonhomogeneous.

1. Xy +(x-1)y —-8y=0 2. (1+)%)y +xy =3y=cosx 3. xy'+e¥y =x
4, y”+%y’—8xy=5x2+1 5. ' +(sinx)y —xy=4y 6. y”+(#)y’=0

For each of the following problems, verify that the given function is a solution to the differential equation. Use a
graphing utility to graph the particular solutions for several values of c¢; and c,. What do the solutions have in common?

7. [Ty"+2y =3y =0; 8. [TIx y”—2y—3x2 +1=0; 9. [Tly" + 14y +49y =0;
Y(x) = cre¥ +cpeX y(x) = c1x2 + eax” ! + X2n(x) + % y(x) =cre” ™ +epxe” ¥
10. [T16y” —49)' +8y =0; 11. y" =3y —10y=0 12. y' =7y +12y=0
¥(x) = c1e¥0 + cped*
Find the general solution
to the linear differential
equation.
13. y"+4y +4y=0 14. 4y" — 12y +9y =0 15. 2y" =3y —=5y=0
16. 3y" — 14y +8y =0 17. y"+y +y=0 18. 5" +2y +4y=0
19. y" =121y =0 20. 8y" + 14y —15y=0 21. y"+8ly=0
22. "=y +11y=0 23. 2y" =0 24. y' -6y +9y=0
2
25 3y"—2) —Ty=0 26. 4y — 10y =0 27. 3672 + 122 4 y=0
dx x
28 2522 _ 80 feay=0 20, L¥_odr _g 30. 4422 48y =0
) dx V= 2 Cdx A2 TV =

Solve the initial-value problem.

31y +5)y +6y=0, y0)=0, y(©0)=-2 32 y"+2y —8y=0, y0)=5, y(0)=4
33. y"+4y=0, y0)=3, Y(0)=10 34. y"— 18y +81y=0, y0) =1, y(0)=5
35. y' —y =30y =0, yO) =1, y(0)=-16 36. 4y" +4)y —8y=0, y0) =2, Yy (0)=1
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758 T Second-Order Differential Equations

37. 25y" +10y' +y =0, y0) =2, y(0)=1 38 y'+y=0, ymy =1, y(@=-5

Solve the boundary-value problem, if possible.

39. y' +)y —42y =0, y0)=0, »(1)=2 40. 9Y" +y=0, y(%’r) =6, y(0)=-8
4. y"+ 10y +34y =0, y0)=6, y(r)=2 42. y"+7y —60y =0, y0)=4, y2)=0
43, y' -4y +4y=0, y0)=2, y()=-1 44, y" -5y =0, y0)=3, (-1)=2

45. y'+9y=0, y0)=4, y(§)=—4 46. 4y +25y=0, y(0) =2, yQx) = -2

47. Find a differential equation  48. Find a differential equation
with a general solution that with a general solution that
isy=cje +cpe ¥, isy=cje* +cpe”3,

For each of the following differential equations:

a. Solve theinitial value problem.
b. [T] Use a graphing utility to graph the particular solution.

49. y' +64y=0; y0)=3, YO0 =16 50. y' =2y +10y=0 0 =1, y(©0) =13

51. y"+5) +15y=0 y(0)=-2, ' (0)=7 52. (Principle of superposition)
Prove that if y; (x) and
yp(x) are solutions to a
linear homogeneous
differential equation,

Y+ p(x)y' +q(x)y =0,
then the function

¥(x) = c1y1(x) + 2 y2(x),
where ¢; and ¢j are
constants, is also a
solution.

53. Prove thatif a, b, and care
positive constants, then all
solutions to the second-
order linear differential
equation
ay" +by +cy=0
approach zero as x — .

(Hint: Consider three cases:
two distinct roots, repeated
real roots, and complex
conjugate roots.)

7.2 Nonhomogeneous Linear Equations

Learning Objectives
7.2.1 Write the general solution to a nonhomogeneous differential equation.
7.2.2 Solve a nonhomogeneous differential equation by the method of undetermined coefficients.
7.2.3 Solve a nonhomogeneous differential equation by the method of variation of parameters.

In this section, we examine how to solve nonhomogeneous differential equations. The terminology and methods are
different from those we used for homogeneous equations, so let's start by defining some new terms.

General Solution to a Nonhomogeneous Linear Equation
Consider the nonhomogeneous linear differential equation
ay () y" +a; ()Y +ag () y=rx).

The associated homogeneous equation
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7.3
()Y +a1 (X)) +a0(x)y =0 7:3)

is called the complementary equation. We will see that solving the complementary equation is an important step in
solving a nonhomogeneous differential equation.

Definition

A solution y,(x) of a differential equation that contains no arbitrary constants is called a particular solution to the
equation.

Theorem 7.4

General Solution to a Nonhomogeneous Equation
Let y,(x) be any particular solution to the nonhomogeneous linear differential equation
ay (x)y" + a1 ()Y +ag (x)y=r().

Also, let c1 y1 (x) + c2 ¥»(x) denote the general solution to the complementary equation. Then, the general solution to
the nonhomogeneous equation is given by

y(x) = c1y1(x) + e2y2(x) + yp(x). (7.4)

Proof
To prove y(x) is the general solution, we must first show that it solves the differential equation and, second, that any
solution to the differential equation can be written in that form. Substituting y(x) into the differential equation, we have
" " /
a ()Y +a1(x)y +ag(x)y =ay(x) (c1y1 +c2y2 +yp) " +ar(x)(c1y1 +c2y2 +yp)
+ap(x) (c1y1 +c2y2 +yp)
= [aa(x) (c1y1 + c232) " + a1 (xX)(c1y1 + c2y2) + ap(x) (c1y1 + c232)]
+ay(x)yp" + ar (x)yp" + ao(x)yp
=0+r(x)
= r(x).
So y(x) is a solution.
Now, let z(x) be any solution to a; (x) y” + a; (x)y' + ag (x) y = r(x). Then
" / "
a(x)(z=yp) " +a1(x)(z=yp) +ao(x) (z—=yy) = (a20)z" +a1(x)z' +ap(x)z)
- (az(X)yp” +a (X)J’p, + aO(x)J’p)

= r(x) = r(x)
= 0,

S0 z(x) — yp(x) is a solution to the complementary equation. But, ¢; yj (x) + c2 y2(x) is the general solution to the
complementary equation, so there are constants ¢; and ¢y such that

z(x) = yp(x) = c1 y1 (%) + 2 y2 ().
Hence, we see that z(x) = c1y1 (x) + c2y2(X) + yp(x).

O

EXAMPLE 7.11

Verifying the General Solution
Given that y,(x) = x is a particular solution to the differential equation y” + y = x, write the general solution and check
by verifying that the solution satisfies the equation.
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760 7+ Second-Order Differential Equations

Solution
The complementary equation is y” + y = 0, which has the general solution ¢ cosx + cpsinx. So, the general solution to
the nonhomogeneous equation is

y(x) = cjcosx + cpsinx + x.
To verify that this is a solution, substitute it into the differential equation. We have
Y (x) = —cysinx + cpcosx + 1 and y”(x) = —cjcosx — ¢ sinx.
Then

Y'(x)+ y(x) = —cjcosx —cpsinx + ¢jcosx + ¢cpsinx + x

= X.

So, y(x) is a solutionto y”" + y = x.

7.10 Given that y,(x) = =2 is a particular solution to y" — 3y’ — 4y = 8, write the general solution and verify
that the general solution satisfies the equation.

In the preceding section, we learned how to solve homogeneous equations with constant coefficients. Therefore, for
nonhomogeneous equations of the form ay” + by’ + cy = r(x), we already know how to solve the complementary
equation, and the problem boils down to finding a particular solution for the nonhomogeneous equation. We now
examine two techniques for this: the method of undetermined coefficients and the method of variation of parameters.

Undetermined Coefficients

The method of undetermined coefficients involves making educated guesses about the form of the particular solution
based on the form of r(x). When we take derivatives of polynomials, exponential functions, sines, and cosines, we get
polynomials, exponential functions, sines, and cosines. So when r(x) has one of these forms, it is possible that the
solution to the nonhomogeneous differential equation might take that same form. Let's look at some examples to see
how this works.

EXAMPLE 7.12

Undetermined Coefficients When r(x) Is a Polynomial
Find the general solution to y” + 4y’ + 3y = 3x.

Solution
The complementary equation is y” + 4y’ + 3y = 0, with general solution ¢;e™ + cye 3. Since r(x) = 3x, the particular
solution might have the form y,(x) = Ax + B. If this is the case, then we have yp’(x) =Aandy,"(x) =0.Fory,tobea
solution to the differential equation, we must find values for A and B such that

Y +4y +3y 3x
0+ 4(A) + 3(Ax + B) 3x
3Ax+(4A+3B) = 3x.

Setting coefficients of like terms equal, we have

34 = 3
4A+3B = 0.

Then, A=1and B = —%, SO yp(x) = x — % and the general solution is

4
X px— o

y(x)=cre ¥ +cpe 3

In Example 7.12, notice that even though r(x) did not include a constant term, it was necessary for us to include the

constant term in our guess. If we had assumed a solution of the form y, = Ax (with no constant term), we would not
have been able to find a solution. (Verify this!) If the function r(x) is a polynomial, our guess for the particular solution
should be a polynomial of the same degree, and it must include all lower-order terms, regardless of whether they are
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presentin r(x).

EXAMPLE 7.13

Undetermined Coefficients When r(x) Is an Exponential
Find the general solutionto y" — )/ —2y = 263,

() Solution
The complementary equation is y” — 3’ — 2y = 0, with the general solution ¢ e~ + czez". Since r(x) = 2¢>*, the
particular solution might have the form y,(x) = Ae3* . Then, we have yp’(x) =3Ae> and yp"(x) = 9Ae3* . For yp to be
a solution to the differential equation, we must find a value for A such that
y// _ y/ _ 2y — 2e3x
9A4e™ =343 — 243 = 2%
4Ae3X = 263,
So,4A =2and A = 1/2. Then, y,(x) = (%) ¢3* and the general solution is

1
y(x) =cre ™ + e + 5e3x.

7.11 Find the general solution to y” — 4y’ + 4y = 7sint — cost.

In the previous checkpoint, r(x) included both sine and cosine terms. However, even if r(x) included a sine term only or a
cosine term only, both terms must be present in the guess. The method of undetermined coefficients also works with
products of polynomials, exponentials, sines, and cosines. Some of the key forms of r(x) and the associated guesses for
¥p(x) are summarized in Table 7.2.

r(x) Initial guess for y,(x)

k (a constant) A (a constant)

ax+b AXx + B (Note: The guess must include both terms even if b = 0.)

ax? +bx +c Ax? + Bx+C (Note: The guess must include all three terms even if b or c are
zero.)

Higher-order polynomials Polynomial of the same order as r(x)

aeix Ae/lx

acos fix + bsin fx Acos fix + Bsin fix (Note: The guess must include both terms even if either a = 0
orb=0.)

ae®™ cos fx + be™ sin fix Ae® cos fx + Be™ sin fx

(ax2 + bx + c) e (Ax2 + Bx + C) e

(a 2 2

2x% + a1 x + agp) cos fx (Ayx* + A1 x + Ag) cospx

+(b2x2+b1x+b0) sin fix +(Bzx2+le+Bo) sin fix

(a2x? + ayx + ap) e**cos fx (A2x? + Ayjx + Ag) e cos fx

+ (b2x2 +byx+ bo) e™sinfix | + (B2x2 + Bix+ BO) e™sin fx

Table 7.2 Key Forms for the Method of Undetermined Coefficients
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Keep in mind that there is a key pitfall to this method. Consider the differential equation y” 4+ 5y’ 4+ 6y = 3e~2* Based
on the form of r(x), we guess a particular solution of the form y,(x) = Ae~2% | But when we substitute this expression
into the differential equation to find a value for A, we run into a problem. We have

yp (%) = —2Ae X
and
yp' =44,

SO we want
Y +5y +6y = 3e7X
44672 +5(-24e72) + 647 = 37X
4Ae72X — 104 + 6Ae™2¥ = 37
0 3e™2x,

which is not possible.

Looking closely, we see that, in this case, the general solution to the complementary equation is ¢ e X 4 c e The
exponential function in r(x) is actually a solution to the complementary equation, so, as we just saw, all the terms on the
left side of the equation cancel out. We can still use the method of undetermined coefficients in this case, but we have to
alter our guess by multiplying it byx. Using the new guess, y,(x) = Axe™2* we have

yp (x)=A (e_zx - 2xe_2x)
and
" —_ —2x —2x
¥p"(x) = —4Ae +4Axe™ .
Substitution gives
Y +5y +6y = 3e7X
(—4A4e72% +4Axe™> ) +5 (Ae™> —2Axe™2¥) + 6Axe™>¥ = 37
—4Ae™ 4 4Axe™ 2 + 5472 — 10Axe™ 2 + 6Axe™2X = 3¢~
Ae™ = 372X,
So,A=3andy,(x) = 3xe2X. This gives us the following general solution

y(x) = cre” 2 + cpe X + 3xe” .

Note that if xe™2* were also a solution to the complementary equation, we would have to multiply by x again, and we
would try y,(x) = Ax2e2x,

Problem-Solving Strategy

Method of Undetermined Coefficients

1. Solve the complementary equation and write down the general solution.

2. Based on the form of r(x), make an initial guess for y,(x).

3. Check whether any term in the guess for y,(x) is a solution to the complementary equation. If so, multiply the
guess byx. Repeat this step until there are no terms in y,(x) that solve the complementary equation.

4. Substitute y,(x) into the differential equation and equate like terms to find values for the unknown coefficients
in yp(x).

5. Add the general solution to the complementary equation and the particular solution you just found to obtain the
general solution to the nonhomogeneous equation.
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Solving Nonhomogeneous Equations
Find the general solutions to the following differential equations.

Qn oo

y" —9y = —6c¢cos3x
X"+ 2x" +x=4de”!
y' =2y +5y=10x* = 3x -3
y' =3y =—12¢
Solution
The complementary equation is y” — 9y = 0, which has the general solution ¢; e>* + ¢cye™3* (step 1). Based on the
form of r(x) = —6cos3x, our initial guess for the particular solution is y,(x) = Acos3x + Bsin3x (step 2). None of
the terms in y,(x) solve the complementary equation, so this is a valid guess (step 3).
Now we want to find values for A and B, so substitute yp into the differential equation. We have
yp'(x) = —3Asin3x + 3Bcos3x and y,"(x) = —9Acos3x — 9Bsin3x,
so we want to find values of A and B such that
y' =9y = —6cos3x
—9Acos3x —9Bsin3x —9(Acos3x + Bsin3x) = —6cos3x
—18Acos3x — 18Bsin3x = —6cos3x.
Therefore,
—184 = -6
—-18B = 0.
This gives A = % and B=0,s0 y,(x) = (%) cos3x (step 4).
Putting everything together, we have the general solution
1
y(x) =1 +cpe > + gc053x.
The complementary equation is x” + 2x’ + x = 0, which has the general solution cje™" + cote™ (step 1). Based on

the form r(¢) = 4e™", our initial guess for the particular solution is xp(t) = Ae™" (step 2). However, we see that this
guess solves the complementary equation, so we must multiply by#, which gives a new guess: x,(¢) = Are™" (step
3). Checking this new guess, we see that it, too, solves the complementary equation, so we must multiply by tagain,
which gives x,(?) = A2e! (step 3 again). Now, checking this guess, we see that x, () does not solve the
complementary equation, so this is a valid guess (step 3 yet again).
We now want to find a value for A, so we substitute x, into the differential equation. We have

xp(t) = Affe™, s0

xp'(t) = 2Ate™! — Ae™!

and x,"(f) = 24e™" = 2Ate™ — (2Ate™ — A?e™!) = 2Ae™" — 4Ate™! + At
Substituting into the differential equation, we want to find a value of A so that

X' +2x +x = de”!
247" —4Ate™ + AT +2 (2A1e7 — AreT!) + APe™ = 4o
24e¢7" = de™.

This gives A = 2,50 xp(t) = 21271 (step 4). Putting everything together, we have the general solution

x(t) =cre” +epte™ + 227",

The complementary equation is y” — 2y’ + 5y = 0, which has the general solution ¢j e*cos2x + cpe*sin2x (step 1).
Based on the form r(x) = 10x2 — 3x — 3, our initial guess for the particular solution is y,(x) = Ax2 + Bx+C (step
2). None of the terms in y,(x) solve the complementary equation, so this is a valid guess (step 3). We now want to
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find values for A, B, and C, so we substitute y, into the differential equation. We have y,,’(x) =2Ax + Band
¥p"(x) = 2A, so we want to find values of A, B, and C such that

y' =2y +5y = 10x* —3x -3
2A-2QAx+B)+5(Ax> + Bx+C) = 10x> -3x-3
5Ax2 + (5B—4A)x + (5C —2B+2A) = 10x? —3x —3.
Therefore,
54 = 10
5B—4A = -3
5C-2B+2A = -3.

ThisgivesA=2,B=1,and C = —1,s0 yp(x) = 2x2 +x—1 (step 4). Putting everything together, we have the
general solution
Y(x) = 1 e¥cos2x + cpesin2x + 2x% + x — 1.

d. The complementary equation is y” — 3y’ = 0, which has the general solution ¢;e> + ¢, (step 1). Based on the form
r(f) = —12¢, our initial guess for the particular solution is y,(¢) = A7 + B (step 2). However, we see that the constant
term in this guess solves the complementary equation, so we must multiply by #, which gives a new guess:
yp) = Af? + Bt (step 3). Checking this new guess, we see that none of the terms in y,(¢) solve the complementary
equation, so this is a valid guess (step 3 again). We now want to find values for A and B, so we substitute y, into the
differential equation. We have yp’(t) =2At+ Band y,"(t) = 2A, so we want to find values of A and B such that

y' =3y = —12t

2A-3QRAt+B) = —-12¢
—6At+ (2A-3B) = —12t.
Therefore,
—-64A = -12
2A-3B = 0.

This gives A =2 and B = 4/3,50 y,(t) = 212 + (4/3)t (step 4). Putting everything together, we have the general
solution

4
y(t) = cred +cy + 217 + 3t

7.12 Find the general solution to the following differential equations.

a. ¥ =5/ +4y=3¢
b. y' + y’ — 6y =52cos2t

Variation of Parameters

Sometimes, r(x) is not a combination of polynomials, exponentials, or sines and cosines. When this is the case, the
method of undetermined coefficients does not work, and we have to use another approach to find a particular solution
to the differential equation. We use an approach called the method of variation of parameters.

To simplify our calculations a little, we are going to divide the differential equation through by a, so we have a leading
coefficient of 1. Then the differential equation has the form

Y +py +aqy = r(x),
where p and g are constants.

If the general solution to the complementary equation is given by ¢ y1(x) + ¢2 ¥ (x), we are going to look for a
particular solution of the form y,(x) = u(x)y; (x) + v(x)y2(x). In this case, we use the two linearly independent
solutions to the complementary equation to form our particular solution. However, we are assuming the coefficients are

Access for free at openstax.org



7.2  Nonhomogeneous Linear Equations

functions of x, rather than constants. We want to find functions u(x) and v(x) such that y,(x) satisfies the differential
equation. We have

Yo = uyi+oy
v o= dy+uy + 0y oy’

n / n 14
w' o= Wy +0y) +d ) +uy+ 0y oy

Substituting into the differential equation, we obtain
v+ +ay, = [(”’Y1 + U n) +dy +uy U+ Uyz”]
+p [y +uy + 0 yy + oy | + qluyy +vyr]
=uly"+pyi’ +ayi] +v [ +pn’ +qn]
+(u'y + U’yg), +p(Wyr+Vy)+ Wy +0 ).
Note that y; and y; are solutions to the complementary equation, so the first two terms are zero. Thus, we have
(u'y1 + U/yz)’ +p(Wyr+0y)+ Wy +0 ") =r.

If we simplify this equation by imposing the additional condition u’ y; + v’ y» = 0, the first two terms are zero, and this
reduces tou’ y;’ + v’ y,’ = r(x). So, with this additional condition, we have a system of two equations in two unknowns:

Wy +y, =0
uy" +0'y = .
Solving this system gives us &’ and v/, which we can integrate to find uand v.

Then, y,(x) = u(x)y; (x) + v(x)y2(x) is a particular solution to the differential equation. Solving this system of equations

is sometimes challenging, so let’s take this opportunity to review Cramer’s rule, which allows us to solve the system of
equations using determinants.

Rule: Cramer’s Rule

The system of equations

ajz1 +bizp = r
arzy +byzy = ry

has a unique solution if and only if the determinant of the coefficients is not zero. In this case, the solution is given by

ri b ap ry
r b a r
7y =220 and oz = 22
a; by ap by
ay by ay by

EXAMPLE 7.15

Using Cramer’s Rule
Use Cramer’s rule to solve the following system of equations.

Il
o

X2Z1 +2x2zp
21 —3x222 = 2x

Solution
We have
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766 7+ Second-Order Differential Equations

a(x) = x*
a(x) =1
bi(x) = 2x
by(x) = —3x%
ri(x) =0
rap(x) = 2x.
Then,
a; by x2 2x 4
= =-3x" —2x
a b 1 —3x2
and
b 0 2x
A 5 =0 —4x* = —4x°
ry by 2x —3x
Thus,
re b
rp b2 —4x2 dx
Z = = = .
! a; b —3x*—2x 3x3+42
a b
In addition,
2
a1 053203
a r 1 2x
Thus,
a n
a 1 2x3 —2x?
ZZ = = = .
a; b “3x4 —2x  3x3 42
ay by
7.13 Use Cramer’s rule to solve the following system of equations.
2xz1 —3zp = 0
x2zl +4xz, = x+1

Problem-Solving Strategy

Method of Variation of Parameters
1. Solve the complementary equation and write down the general solution
c1y1(x) + e y2(%).
2. Use Cramer’s rule or another suitable technique to find functions ' (x) and ¢/ (x) satisfying
Wy +0vy, =0
Wy +0'y) = rx).
3. Integrate #’ and v’ to find u(x) and v(x). Then, Yp(x) = u(x)y1 (x) + v(x)y2(x) is a particular solution to the
equation.

4. Add the general solution to the complementary equation and the particular solution found in step 3 to obtain the
general solution to the nonhomogeneous equation.
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EXAMPLE 7.16

Using the Method of Variation of Parameters
Find the general solution to the following differential equations.
t
a. Y -2 +y=%
t
b. y"+y=3sin’x

Solution

a. The complementary equation is y” — 2y’ + y = 0 with associated general solution cj e’ + cyte’. Therefore,

y1(®) = €' and y, (1) = te’. Calculating the derivatives, we get y;’(t) = e’ and y,/(¢) = e’ + te’ (step 1). Then, we
want to find functions «’ (t) and v/ (¢) so that

e+t = 0
t
't ’o(t A
ue +v (e +te) = 2
Applying Cramer’s rule, we have
0 te!
et t t e 2t
= e +te 0—te (& _et
S =1 72 1
et te! el (e’ + te’) —elte! e t
el el +tel
and
e 0
t t
! e t( e
e = &
2 ( 2 ) 1
’ t '
v o= = = — (step 2).
el te! o2t 12 P
el el +tet

Integrating, we get

Then we have

Yp —e'ln t] — %te’

—e'In |t] — €' (step 4).

The ¢! term is a solution to the complementary equation, so we don't need to carry that term into our general
solution explicitly. The general solution is

y(t) = cre' +cpte’ —e'In 1] (step 5).

The complementary equation is y” + y = 0 with associated general solution c¢jcosx + ¢, sinx. So, y;(x) = cosx and
y2(x) = sinx (step 1). Then, we want to find functions «’ (x) and ¢/ (x) such that

u'cosx + v'sinx 0

—u'sinx + v'cosx = 3sin®x.

Applying Cramer’s rule, we have
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768 7+ Second-Order Differential Equations

0 sinx

’ 3sin®x cosx 0—3sin’x . 3
u = = = —3sin’x

cosx sinx cos2x + sinx
—sinx Ccosx
and
COSX 0
’ —sinx 3sin’x 3sin®xcosx .2
= - = = 3sin“xcosx (step 2).
cosx  sinx 1

—sinx CcosSx

Integrating first to find u, we get

. 1 . 2 . .
u= /—3sm3xdx =-3 [—gsmzxcosx +§ /smxdx] = sin®xcosx + 2cosXx.

Now, we integrate to find v. Using substitution (with w = sinx), we get

v= [ 3sin®xcosxdx = [ 3w?dw = w’ =sin’x.

Then,
2 -3 :
XCO8X + 2¢0sx) cosx + (sin’x) sinx

xc0s2x + 2cos?x + sin?x

yp = (sin
= sin?
=2cos2x + sin®x (coszx + sin®x) (step 4).

= 2cos?x + sin’x

=cos?x + 1

The general solution is
y(x) = cjcosx + cpsinx + 1 + cos®x (step 5).

7.14 Find the general solution to the following differential equations.

a. y'+y=secx

!
b. x”—2x’+x=97

L

54.
57.
60.

SECTION 7.2 EXERCISES
Solve the following equations using the method of undetermined coefficients.
2y" =5y — 12y =6 55. 3y"+) —4y=8 56. y' — 6y +5y=¢7"
V' + 16y = e™2* 58. y' —4y=x%+1 59. y" — 4y +4y =8x? + 4x
y" =2y =3y =sin2x 61. y' +2y +y=sinx+cosx 62. y"+9y = e cosx
V" +y=3sin2x + xcos2x  64. y’ + 3y —28y=10e** 65. y' +10y +25y = xe X +4

63.

In each of the following problems,

a. Write the form for the particular solution y,(x) for the method of undetermined coefficients.
[T] Use a computer algebra system to find a particular solution to the given equation.

66.

y' =y —y=x+e* 67. y' —3y=x%—4x+11 68. y' —y —4y=e cos3x
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69. 2y —y +y= (x2 —5x)e™™ 70. 4y’ +5y —2y= e 4 xsinx  71. y' —y —2y=x%e*sinx

Solve the differential equation using either the method of undetermined coefficients or the variation of parameters.
72. y' +3y —4y=2¢" 73. ' +2y =& 74. y'+6y +9y=¢""

75. y' +2y — 8y = 62X

Solve the differential equation using the method of variation of parameters.

76. 4y" + y =2sinx 77. y" —9y =8x 78. y" +y=secx, O0<x<n/2
79. y'+4y=3csc2x, O0<x<n/2

Find the unique solution satisfying the differential equation and the initial conditions given, where y,(x) is the particular
solution.

80. y" =2y +y=12¢%, 81. y' — 7y =4xe’*, 82. y" +y=cosx —4sinx,
yp(x) = 6x2e", yp(x) = %xze%‘ - f—9xe7x, Vp(x) = 2xcosx + %xsinx,
y0) =6, y(0)=0 y0)=-1, y'(0)=0 y(0)=38, y'(0)=-4

83. y' -5y = e + 8¢,
yp(x) = %xeSx + %e“sx,

y0)=-2, y'(0)=0

In each of the following problems, two linearly independent solutions—y| and y, —are given that satisfy the
corresponding homogeneous equation. Use the method of variation of parameters to find a particular solution to the
given nonhomogeneous equation. Assume x > 0 in each exercise.

84. x2y” +2xy’ =2y = 3x, 85. xzy” —2y= 10x2 -1,
N =x ) =x"2 @ =x% yl0)=x"

7.3 Applications

Learning Objectives
7.3.1 Solve a second-order differential equation representing simple harmonic motion.
7.3.2 Solve a second-order differential equation representing damped simple harmonic motion.
7.3.3 Solve a second-order differential equation representing forced simple harmonic motion.
7.3.4 Solve a second-order differential equation representing charge and current in an RLC series circuit.

1

We saw in the chapter introduction that second-order linear differential equations are used to model many situations in
physics and engineering. In this section, we look at how this works for systems of an object with mass attached to a
vertical spring and an electric circuit containing a resistor, an inductor, and a capacitor connected in series. Models such
as these can be used to approximate other more complicated situations; for example, bonds between atoms or
molecules are often modeled as springs that vibrate, as described by these same differential equations.

Simple Harmonic Motion

Consider a mass suspended from a spring attached to a rigid support. (This is commonly called a spring-mass system.)
Gravity is pulling the mass downward and the restoring force of the spring is pulling the mass upward. As shown in
Figure 7.2, when these two forces are equal, the mass is said to be at the equilibrium position. If the mass is displaced
from equilibrium, it oscillates up and down. This behavior can be modeled by a second-order constant-coefficient
differential equation.
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Figure 7.2 A spring in its natural position (a), at equilibrium with a mass m attached (b), and in oscillatory motion (c).

Let x(¢) denote the displacement of the mass from equilibrium. Note that for spring-mass systems of this type, it is
customary to adopt the convention that down is positive. Thus, a positive displacement indicates the mass is below the
equilibrium point, whereas a negative displacement indicates the mass is above equilibrium. Displacement is usually
given in feet in the English system or meters in the metric system.

Consider the forces acting on the mass. The force of gravity is given by mg. In the English system, mass is in slugs and
the acceleration resulting from gravity is in feet per second squared. The acceleration resulting from gravity is constant,
so in the English system, g = 32 ft/sec2. Recall that 1 slug—foot/sec2 is a pound, so the expression mg can be expressed in
pounds. Metric system units are kilograms for mass and m/sec? for gravitational acceleration. In the metric system, we
have g = 9.8 m/sec?.

According to Hooke's law, the restoring force of the spring is proportional to the displacement and acts in the opposite
direction from the displacement, so the restoring force is given by —k (s + x) . The spring constant is given in pounds per
foot in the English system and in newtons per meter in the metric system.

Now, by Newton's second law, the sum of the forces on the system (gravity plus the restoring force) is equal to mass
times acceleration, so we have
mx" =—-k(s+x)+mg
= —ks — kx + mg.
However, by the way we have defined our equilibrium position, mg = ks, the differential equation becomes
mx" + kx = 0.
It is convenient to rearrange this equation and introduce a new variable, called the angular frequency, w. Letting

W= \/k/_m, we can write the equation as
x" +w’x = 0. (7:)
This differential equation has the general solution
x(t) = cjcoswt + cpsinwt, (7.6)

which gives the position of the mass at any point in time. The motion of the mass is called simple harmonic motion.
The period of this motion (the time it takes to complete one oscillation) is T = z—u’)’ and the frequency is f = % = %

(Figure 7.3).
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f{t) = sin2y

Figure 7.3 A graph of vertical displacement versus time for simple harmonic motion.

EXAMPLE 7.17

Simple Harmonic Motion
Assume an object weighing 2 Ib stretches a spring 6 in. Find the equation of motion if the spring is released from the
equilibrium position with an upward velocity of 16 ft/sec. What is the period of the motion?

() Solution
We first need to find the spring constant. We have

mg = ks
2 = k()
k = 4.

We also know that weight W equals the product of mass m and the acceleration due to gravity g. In English units, the
acceleration due to gravity is 32 ft/sec?.

W = mg
2 = m(32)
|
m = 16

Thus, the differential equation representing this system is

1
Ex” +4x =0.

Multiplying through by 16, we get x” + 64x = 0, which can also be written in the form x” + (8%) x = 0. This equation has
the general solution
x(t) = cjcos (8t) + cpsin (81).
The mass was released from the equilibrium position, so x(0) = 0, and it had an initial upward velocity of 16 ft/sec, so
x'(0) = —16. Applying these initial conditions to solve for ¢; and c;. gives
x(t) = —2sin8t.

The period of this motion is %’r = 7 sec.
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7.15 A 200-g mass stretches a spring 5 cm. Find the equation of motion of the mass if it is released from rest
from a position 10 cm below the equilibrium position. What is the frequency of this motion?

Writing the general solution in the form x(f) = ¢ cos (wt) + ¢ sin (wt) has some advantages. It is easy to see the link
between the differential equation and the solution, and the period and frequency of motion are evident. This form of the
function tells us very little about the amplitude of the motion, however. In some situations, we may prefer to write the
solution in the form

. 7.7
X(t) = Asin (@ + ¢). (7.7)

Although the link to the differential equation is not as explicit in this case, the period and frequency of motion are still
evident. Furthermore, the amplitude of the motion, A, is obvious in this form of the function. The constant ¢ is called a
phase shift and has the effect of shifting the graph of the function to the left or right.

To convert the solution to this form, we want to find the values of A and ¢ such that
cjcos (wt) + cpsin (wt) = Asin (ot + ¢@).
We first apply the trigonometric identity
sin(a + f) = sinacos f + cosasin f
to get

cicos (wt) + cpsin (wt) = A (sin (wt) cos¢ + cos (wt) sing)
= Asing (cos (wt)) + Acos¢ (sin (w?)) .

Thus,
¢ = Asingand ¢y = Acos¢.
If we square both of these equations and add them together, we get
c% + c% = Azsinzd) + A2c052¢
= A? (sin?¢ + cos?¢)
= A%,

— 2 2
A—,/cl +c5.

Now, to find ¢, go back to the equations for c¢; and c;, but this time, divide the first equation by the second equation to

Thus,

get
‘. _ Asing
¢ T Acos¢
= tan¢.
Then,
c
tang = €
(4]

We summarize this finding in the following theorem.

Theorem 7.5

Solution to the Equation for Simple Harmonic Motion
The function x(t) = cjcos (wf) + cpsin (w?) can be written in the form x(f) = Asin (wf + ¢) , where A = 4 /c% + c%

and tan¢ = %

Note that when using the formula tan¢ = % to find ¢, we must take care to ensure ¢ is in the right quadrant (Figure
7.4).
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2 |
A ] ur

Figure 7.4 A graph of vertical displacement versus time for simple harmonic motion with a phase change.

EXAMPLE 7.18

Expressing the Solution with a Phase Shift
Express the following functions in the form Asin (@t + ¢) . What is the frequency of motion? The amplitude?

a. x(t) =2cos (3t) +sin (31)
b. x(t) = 3cos (2t) — 2sin (2¢)
) Solution
a. We have
A= ,/c%+c% =22 +1° =\/§
and
2
tang = a_z_ 2.
c 1
Note that both ¢; and ¢, are positive, so ¢ is in the first quadrant. Thus,
¢ =~ 1.107 rad,
so we have

x(t) = 2cos (3t) + sin (3t) = /5sin 3t + 1.107).

The frequency is 2—“; = 2—3” ~ 0.477. The amplitude is \/g
b. We have
A= /3 +3=V3+2"=/13
and
C1l 3 3
t = — = — = ——,
ang="=3=73

Note that c; is positive but ¢, is negative, so ¢ is in the fourth quadrant. Thus,
¢ ~ —0.983 rad,
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so we have
x(t) = 3cos (2t) — 2sin (2t)

= /13sin (2t — 0.983).

The frequency is 32 = 2—2” ~ 0.318. The amplitude is 1/13.

7.16 Express the function x(t) = cos (4¢) + 4sin (47) in the form Asin (ot + ¢) . What is the frequency of
motion? The amplitude?

Damped Vibrations

With the model just described, the motion of the mass continues indefinitely. Clearly, this doesn't happen in the real
world. In the real world, there is almost always some friction in the system, which causes the oscillations to die off
slowly—an effect called damping. So now let’s look at how to incorporate that damping force into our differential
equation.

Physical spring-mass systems almost always have some damping as a result of friction, air resistance, or a physical
damper, called a dashpot (a pneumatic cylinder; see Figure 7.5).

\.
%
%,

Figure 7.5 A dashpot is a pneumatic cylinder that dampens the motion of an oscillating system.

Because damping is primarily a friction force, we assume it is proportional to the velocity of the mass and acts in the
opposite direction. So the damping force is given by —bx’ for some constant b > 0. Again applying Newton's second law,
the differential equation becomes

mx" + bx' + kx = 0.

Then the associated characteristic equation is

miZ +bi+k=0.

Applying the quadratic formula, we have
b —amk
=—

Just as in Second-Order Linear Equations we consider three cases, based on whether the characteristic equation has
distinct real roots, a repeated real root, or complex conjugate roots.

Case 1: b% > 4mk
In this case, we say the system is overdamped. The general solution has the form

t

/11[ +C2812 ,

x(t) =cje
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where both 4; and A, are less than zero. Because the exponents are negative, the displacement decays to zero over
time, usually quite quickly. Overdamped systems do not oscillate (no more than one change of direction), but simply
move back toward the equilibrium position. Figure 7.6 shows what typical critically damped behavior looks like.

X X

ml

T

(@) (b)
Figure 7.6 Behavior of an overdamped spring-mass system, with no change in direction (a) and only one change in
direction (b).

EXAMPLE 7.19

Overdamped Spring-Mass System

A 16-lb mass is attached to a 10-ft spring. When the mass comes to rest in the equilibrium position, the spring measures
15 ft 4 in. The system is immersed in a medium that imparts a damping force equal to % times the instantaneous
velocity of the mass. Find the equation of motion if the mass is pushed upward from the equilibrium position with an
initial upward velocity of 5 ft/sec. What is the position of the mass after 10 sec? Its velocity?

) Solution

The mass stretches the spring 5 ft 4 in., or % ft. Thus, 16 = ( 16

T) k,sok =3.Wealsohavem = 2 = %,sothe

differential equation is
%x” +%x' +3x=0.

Multiplying through by 2 gives x” + 5x’ + 6x = 0, which has the general solution

x(t) = ¢ e 4 cze_St.
Applying the initial conditions, x(0) = 0 and x’ (0) = =5, we get

x(1) = =5e72 4+ 5¢73.
After 10 sec the mass is at position

x(10) = =5¢720 + 5¢73% ~ —1.0305 x 107 ~ 0,

so it s, effectively, at the equilibrium position. We have x’ (1) = 10e=2' — 15¢~3!, so after 10 sec the mass is moving at a
velocity of

%' (10) = 10e720 = 156730 ~ 2.061 x 1078 ~ 0.

After only 10 sec, the mass is barely moving.

7.17 A 2-kg mass is attached to a spring with spring constant 24 N/m. The system is then immersed in a
medium imparting a damping force equal to 16 times the instantaneous velocity of the mass. Find the
equation of motion if it is released from rest at a point 40 cm below equilibrium.
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Case 2: b* = 4mk
In this case, we say the system is critically damped. The general solution has the form

x(t) = clellt + czteﬂlt,

where 4y is less than zero. The motion of a critically damped system is very similar to that of an overdamped system. It
does not oscillate. However, with a critically damped system, if the damping is reduced even a little, oscillatory behavior
results. From a practical perspective, physical systems are almost always either overdamped or underdamped (case 3,
which we consider next). It is impossible to fine-tune the characteristics of a physical system so that b% and 4mk are
exactly equal. Figure 7.7 shows what typical critically damped behavior looks like.

X x

(@) (b)
Figure 7.7 Behavior of a critically damped spring-mass system. The system graphed in part (a) has more damping than
the system graphed in part (b).

EXAMPLE 7.20

Critically Damped Spring-Mass System
A 1-kg mass stretches a spring 20 cm. The system is attached to a dashpot that imparts a damping force equal to 14
times the instantaneous velocity of the mass. Find the equation of motion if the mass is released from equilibrium with
an upward velocity of 3 m/sec.
() Solution
We have mg = 1(9.8) = 0.2k, so k = 49. Then, the differential equation is
x" 4+ 14x" +49x =0,

which has general solution

x(t) = ¢ e+ czte_n.
Applying the initial conditions x(0) = 0 and x’ (0) = —3 gives

x(t) = =3te” ",

7.18 A 1-lb weight stretches a spring 6 in., and the system is attached to a dashpot that imparts a damping
force equal to half the instantaneous velocity of the mass. Find the equation of motion if the mass is
released from rest at a point 6 in. below equilibrium.

Case 3: b* < 4mk
In this case, we say the system is underdamped. The general solution has the form

x(t) = e (¢ cos (Bt) + casin (f1)),

where a is less than zero. Underdamped systems do oscillate because of the sine and cosine terms in the solution.
However, the exponential term dominates eventually, so the amplitude of the oscillations decreases over time. Figure 7.8
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shows what typical underdamped behavior looks like.

X

Figure 7.8 Behavior of an underdamped spring-mass system.

Note that for all damped systems, lim x(¢) = 0. The system always approaches the equilibrium position over time.

t—>o00
EXAMPLE 7.21

Underdamped Spring-Mass System
A 16-lb weight stretches a spring 3.2 ft. Assume the damping force on the system is equal to the instantaneous velocity
of the mass. Find the equation of motion if the mass is released from rest at a point 9 in. below equilibrium.

) Solution
6 16

We have k = 31—2 =5andm= 33 = % so the differential equation is

%x” +x +5x=0, orx” +2x" +10x = 0.
This equation has the general solution
x(t) = e (¢cicos (3t) + ¢;s8in (37)).

Applying the initial conditions, x(0) = % and x’(0) = 0, we get

x()=e" <% cos (31) + %sin (31)) .

7.19 A 1-kg mass stretches a spring 49 cm. The system is immersed in a medium that imparts a damping force
equal to four times the instantaneous velocity of the mass. Find the equation of motion if the mass is
released from rest at a point 24 cm above equilibrium.
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EXAMPLE 7.22

Chapter Opener: Modeling a Motorcycle Suspension System

Figure 7.9 (credit: modification of work by nSeika, Flickr)

For motocross riders, the suspension systems on their motorcycles are very important. The off-road courses on which
they ride often include jumps, and losing control of the motorcycle when they land could cost them the race.

This suspension system can be modeled as a damped spring-mass system. We define our frame of reference with
respect to the frame of the motorcycle. Assume the end of the shock absorber attached to the motorcycle frame is fixed.
Then, the “mass” in our spring-mass system is the motorcycle wheel. We measure the position of the wheel with respect
to the motorcycle frame. This may seem counterintuitive, since, in many cases, it is actually the motorcycle frame that
moves, but this frame of reference preserves the development of the differential equation that was done earlier. As with
earlier development, we define the downward direction to be positive.

When the motorcycle is lifted by its frame, the wheel hangs freely and the spring is uncompressed. This is the spring’s
natural position. When the motorcycle is placed on the ground and the rider mounts the motorcycle, the spring
compresses and the system is in the equilibrium position (Figure 7.10).

Matural position Equilibrium position

Uncompressed 3
spring _

\
»
| | :
I'I.I .IlI \ /
\ S
5

Figure 7.10 We can use a spring-mass system to model a motorcycle suspension.

This system can be modeled using the same differential equation we used before:
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mx" + bx' + kx = 0.

A motocross motorcycle weighs 204 Ib, and we assume a rider weight of 180 Ib. When the rider mounts the motorcycle,
the suspension compresses 4 in., then comes to rest at equilibrium. The suspension system provides damping equal to
240 times the instantaneous vertical velocity of the motorcycle (and rider).

a.
b.

a.

C.

Set up the differential equation that models the behavior of the motorcycle suspension system.

We are interested in what happens when the motorcycle lands after taking a jump. Let time ¢ = O denote the time
when the motorcycle first contacts the ground. If the motorcycle hits the ground with a velocity of 10 ft/sec
downward, find the equation of motion of the motorcycle after the jump.

Graph the equation of motion over the first second after the motorcycle hits the ground.

Solution

We have defined equilibrium to be the point where mg = ks, so we have
mg = ks

384 = k(1)
k = 1152.

We also have

384

Il
3
—~
W
]
~

Therefore, the differential equation that models the behavior of the motorcycle suspension is
12x" +240x" + 1152x = 0.

Dividing through by 12, we get
x" +20x" +96x = 0.

The differential equation found in part a. has the general solution

x(t) = cle_St + cze_u’.

Now, to determine our initial conditions, we consider the position and velocity of the motorcycle wheel when the
wheel first contacts the ground. Since the motorcycle was in the air prior to contacting the ground, the wheel was

hanging freely and the spring was uncompressed. Therefore the wheel is 4 in. (% ft) below the equilibrium position
(with respect to the motorcycle frame), and we have x(0) = % According to the problem statement, the motorcycle
has a velocity of 10 ft/sec downward when the motorcycle contacts the ground, so x’(0) = 10. Applying these initial
conditions, we getc; = % andcy = — (16—9) , SO the equation of motion is

T8 _ 19 1

x(t) = Ee_ 3

The graph is shown in Figure 7.11.

779



780 7+ Second-Order Differential Equations

X
025+
02+
015+
i Ha E 124

01+ X0 =B 2

N il

-01 9 p1 0203 048 05 06 07 08 09 1 1-.jl 12 13 14 15 16!
0.05

+

-1
-0.15¢
-0.2

-0.25 ¢

Figure 7.11 Graph of the equation of motion over a time of one second.

STUDENT PROJECT

Landing Vehicle

NASA is planning a mission to Mars. To save money, engineers have decided to adapt one of the moon landing
vehicles for the new mission. However, they are concerned about how the different gravitational forces will affect the
suspension system that cushions the craft when it touches down. The acceleration resulting from gravity on the
moon is 1.6 m/sec?, whereas on Mars it is 3.7 m/sec?.

The suspension system on the craft can be modeled as a damped spring-mass system. In this case, the spring is
below the moon lander, so the spring is slightly compressed at equilibrium, as shown in Figure 7.12.

Lander at touchdown Equilibrium pasition

Uncompressed u

Spring - :_:: ,___I

Landing surface | |

Figure 7.12 The landing craft suspension can be represented as a damped spring-mass system. (credit “lander”:
NASA)

We retain the convention that down is positive. Despite the new orientation, an examination of the forces affecting
the lander shows that the same differential equation can be used to model the position of the landing craft relative to
equilibrium:
mx" + bx" + kx = 0,
where mis the mass of the lander, b is the damping coefficient, and k is the spring constant.
1. Thelander has a mass of 15,000 kg and the spring is 2 m long when uncompressed. The lander is designed to

compress the spring 0.5 m to reach the equilibrium position under lunar gravity. The dashpot imparts a damping
force equal to 48,000 times the instantaneous velocity of the lander. Set up the differential equation that models
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the motion of the lander when the craft lands on the moon.

2. Lettimet = 0 denote the instant the lander touches down. The rate of descent of the lander can be controlled by
the crew, so that it is descending at a rate of 2 m/sec when it touches down. Find the equation of motion of the
lander on the moon.

3. Ifthe lander is traveling too fast when it touches down, it could fully compress the spring and “bottom out.”
Bottoming out could damage the landing craft and must be avoided at all costs. Graph the equation of motion
found in part 2. If the spring is 0.5 m long when fully compressed, will the lander be in danger of bottoming out?

4. Assuming NASA engineers make no adjustments to the spring or the damper, how far does the lander compress
the spring to reach the equilibrium position under Martian gravity?

5. If the lander crew uses the same procedures on Mars as on the moon, and keeps the rate of descent to 2 m/sec,
will the lander bottom out when it lands on Mars?

6. What adjustments, if any, should the NASA engineers make to use the lander safely on Mars?

Forced Vibrations

The last case we consider is when an external force acts on the system. In the case of the motorcycle suspension system,
for example, the bumps in the road act as an external force acting on the system. Another example is a spring hanging
from a support; if the support is set in motion, that motion would be considered an external force on the system. We
model these forced systems with the nonhomogeneous differential equation

7.8
mx" + bx' + kx = f(1), (7.8)
where the external force is represented by the f(f) term. As we saw in Nonhomogenous Linear Equations, differential
equations such as this have solutions of the form

x(1) = c1x1(®) + caxp(8) + xp(0),

where ¢ x1 () + cp x2(?) is the general solution to the complementary equation and x,(?) is a particular solution to the

nonhomogeneous equation. If the system is damped, lim ¢; x1 (f) + ¢y x2(¢) = 0. Since these terms do not affect the
t—00

long-term behavior of the system, we call this part of the solution the transient solution. The long-term behavior of the

system is determined by x,(?), so we call this part of the solution the steady-state solution.

[»] MEDIA

This website (http://www.openstax.org/l/20 Oscillations) shows a simulation of forced vibrations.

EXAMPLE 7.23

Forced Vibrations

A mass of 1 slug stretches a spring 2 ft and comes to rest at equilibrium. The system is attached to a dashpot that
imparts a damping force equal to eight times the instantaneous velocity of the mass. Find the equation of motion if an
external force equal to f(¢) = 8sin (4¢) is applied to the system beginning at time ¢ = 0. What is the transient solution?
What is the steady-state solution?

Solution
We have mg = 1(32) = 2k, so k = 16 and the differential equation is
x" + 8x" + 16x = 8sin (41).
The general solution to the complementary equation is
cle_4t + czte_4[.
Assuming a particular solution of the form x,(¢) = Acos (47) + Bsin (4t) and using the method of undetermined
coefficients, we find x,(¢) = —% cos (4t), so

4t

1
x(t) = cle_4t +cpte T — 1 cos (41).

Att = 0, the mass is at rest in the equilibrium position, so x(0) = x’(0) = 0. Applying these initial conditions to solve for


http://www.openstax.org/l/20_Oscillations
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¢y and ¢, we get
1 1
x(t) = Ze“" +re ¥ — 7 €08 (40).

The transient solution is %e“" +te™¥ . The steady-state solution is —% cos (41).

7.20 A mass of 2 kg is attached to a spring with constant 32 N/m and comes to rest in the equilibrium position.
Beginning at time ¢ = 0, an external force equal tof(¢) = 68e~2 cos (41) is applied to the system. Find the
equation of motion if there is no damping. What is the transient solution? What is the steady-state
solution?

STUDENT PROJECT

Resonance

Consider an undamped system exhibiting simple harmonic motion. In the real world, we never truly have an
undamped system; -some damping always occurs. For theoretical purposes, however, we could imagine a spring-
mass system contained in a vacuum chamber. With no air resistance, the mass would continue to move up and down
indefinitely.

The frequency of the resulting motion, given by f = % = % is called the natural frequency of the system. If an
external force acting on the system has a frequency close to the natural frequency of the system, a phenomenon

called resonance results. The external force reinforces and amplifies the natural motion of the system.

1. Consider the differential equation x” + x = 0. Find the general solution. What is the natural frequency of the
system?

2. Now suppose this system is subjected to an external force given by f(#) = Scost. Solve the initial-value problem
x" + x = 5cost, x(0) = 0, x'(0) = 1.

3. Graph the solution. What happens to the behavior of the system over time?

4. 1In the real world, there is always some damping. However, if the damping force is weak, and the external force is
strong enough, real-world systems can still exhibit resonance. One of the most famous examples of resonance is
the collapse of the Tacoma Narrows Bridge on November 7, 1940. The bridge had exhibited strange behavior
ever since it was built. The roadway had a strange “bounce” to it. On the day it collapsed, a strong windstorm
caused the roadway to twist and ripple violently. The bridge was unable to withstand these forces and it
ultimately collapsed. Experts believe the windstorm exerted forces on the bridge that were very close to its
natural frequency, and the resulting resonance ultimately shook the bridge apart.

[»] MEDIA

This website (http://www.openstax.org/l/20_TacomaNarrow) contains more information about the collapse
of the Tacoma Narrows Bridge.

[>] MEDIA

During the short time the Tacoma Narrows Bridge stood, it became quite a tourist attraction. Several people
were on site the day the bridge collapsed, and one of them caught the collapse on film. Watch the video
(http://www.openstax.org/l/20_TacomaNarro2) to see the collapse.

5. Another real-world example of resonance is a singer shattering a crystal wineglass when she sings just the right
note. When someone taps a crystal wineglass or wets a finger and runs it around the rim, a tone can be heard.
That note is created by the wineglass vibrating at its natural frequency. If a singer then sings that same note at a
high enough volume, the glass shatters as a result of resonance.

[»] MEDIA

The TV show Mythbusters aired an episode on this phenomenon. Adam Savage described the experience.
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7.3 * Applications

Watch this video (http://www.openstax.org/I/20_glass2) for his account.

The RLC Series Circuit

Consider an electrical circuit containing a resistor, an inductor, and a capacitor, as shown in Figure 7.10. Such a circuit is
called an RLC series circuit. RLC circuits are used in many electronic systems, most notably as tuners in AM/FM radios.
The tuning knob varies the capacitance of the capacitor, which in turn tunes the radio. Such circuits can be modeled by
second-order, constant-coefficient differential equations.

Let I(t) denote the current in the RLC circuit and g(#) denote the charge on the capacitor. Furthermore, let L denote
inductance in henrys (H), R denote resistance in ohms (), and C denote capacitance in farads (F). Last, let E(t) denote
electric potential in volts (V).

Kirchhoff's voltage rule states that the sum of the voltage drops around any closed loop must be zero. So, we need to
consider the voltage drops across the inductor (denoted E7 ), the resistor (denoted ER), and the capacitor (denoted E¢).
Because the RLC circuit shown in Figure 7.10 includes a voltage source, E(t), which adds voltage to the circuit, we have
E;p + ER+ Ec = E@).

We present the formulas below without further development. Those of you interested in the derivation of these formulas
should consult a physics text. Using Faraday’s law and Lenz's law, the voltage drop across an inductor can be shown to be
proportional to the instantaneous rate of change of current, with proportionality constant L. Thus,

E;p =L—.
L=
Next, according to Ohm'’s law, the voltage drop across a resistor is proportional to the current passing through the
resistor, with proportionality constant R. Therefore,

Eg = RI.

Last, the voltage drop across a capacitor is proportional to the charge, g, on the capacitor, with proportionality constant
1/C. Thus,

Ec = %q.
Adding these terms together, we get
Lﬂ + RI + lq = E(1).
dt C
Noting that I = (dq)/(dt) , this becomes
d%q dg 1 (7.9)

Mathematically, this system is analogous to the spring-mass systems we have been examining in this section.

Figure 7.13 An RLC series circuit can be modeled by the same differential equation as a mass-spring system.
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EXAMPLE 7.24

The RLC Series Circuit

Find the charge on the capacitor in an RLC series circuit where L = 5/3 H, R =10Q, C = 1/30 F, and E(¢) = 300 V.
Assume the initial charge on the capacitor is 0 C and the initial current is 9 A. What happens to the charge on the
capacitor over time?

Solution
We have

d? d
LSS +RG +¢a = EQ

5 d%q dq =

$ L4109 +30 = 300
d*q dq -
dt_z + T +18¢ = 180.

The general solution to the complementary equation is
e~ (cycos (3t) + ¢psin (31)).

Assume a particular solution of the form g, = A, where A is a constant. Using the method of undetermined coefficients,
we find A = 10. So,

q(1) = e (¢ cos (31) + ¢psin (31)) + 10.

Applying the initial conditions g(0) = 0 and i(0) = ((dq)/ (dt)) (0) = 9, we find ¢y = —10 and ¢; = —7. So the charge on
the capacitor is

q(r) = =10 cos (3t) — Te~'sin (31) + 10.

Looking closely at this function, we see the first two terms will decay over time (as a result of the negative exponent in
the exponential function). Therefore, the capacitor eventually approaches a steady-state charge of 10 C.

7.21 Find the charge on the capacitor in an RLC series circuit where L = 1/5H, R =2/5Q, C = 1/2 F, and
E(r) = 50 V. Assume the initial charge on the capacitor is 0 C and the initial current is 4 A.

L

SECTION 7.3 EXERCISES

86. A mass weighing 4 Ib 87. A mass weighing 2 |b 88. A 100-g mass stretches a
stretches a spring 8 in. Find stretches a spring 2 ft. Find spring 0.1 m. Find the
the equation of motion if the equation of motion if equation of motion of the
the spring is released from the spring is released from mass if it is released from
the equilibrium position 2 in. below the equilibrium rest from a position 20 cm
with a downward velocity position with an upward below the equilibrium
of 12 ft/sec. What is the velocity of 8 ft/sec. What is position. What is the
period and frequency of the period and frequency frequency of this motion?
the motion? of the motion?
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89.

92.

A 400-g mass stretches a
spring 5 cm. Find the
equation of motion of the
mass if it is released from
rest from a position 15 cm
below the equilibrium
position. What is the
frequency of this motion?

A 1-kg mass is attached to
a vertical spring with a
spring constant of 21 N/m.
The resistance in the
spring-mass system is
equal to 10 times the
instantaneous velocity of
the mass.

a. Find the equation of
motion if the mass is
released from a position
2 m below its
equilibrium position
with a downward
velocity of 2 m/sec.

b. Graph the solution and
determine whether the
motion is overdamped,
critically damped, or
underdamped.

90.

93.

A block has a mass of 9 kg
and is attached to a vertical
spring with a spring
constant of 0.25 N/m. The
block is stretched 0.75 m
below its equilibrium
position and released.

a. Find the position
function x(¢) of the
block.

b. Find the period and
frequency of the
vibration.

Sketch a graph of x(¢).

d. Atwhattime does the
block first pass through
the equilibrium
position?

D

An 800-1b weight (25 slugs)
is attached to a vertical
spring with a spring
constant of 226 Ib/ft. The
system is immersed in a
medium that imparts a
damping force equal to 10
times the instantaneous
velocity of the mass.

a. Find the equation of
motion if it is released
from a position 20 ft
below its equilibrium
position with a
downward velocity of 41
ft/sec.

b. Graph the solution and
determine whether the
motion is overdamped,
critically damped, or
underdamped.

91.

94.

A block has a mass of 5 kg
and is attached to a vertical
spring with a spring
constant of 20 N/m. The
block is released from the
equilibrium position with a
downward velocity of 10
m/sec.

a. Find the position
function x(¢) of the
block.

b. Find the period and
frequency of the
vibration.

Sketch a graph of x(z).

d. Atwhattime does the
block first pass through
the equilibrium
position?

o

A 9-kg mass is attached to
a vertical spring with a
spring constant of 16 N/m.
The system is immersed in
a medium that imparts a
damping force equal to 24
times the instantaneous
velocity of the mass.

a. Find the equation of
motion if it is released
from its equilibrium
position with an upward
velocity of 4 m/sec.

b. Graph the solution and
determine whether the
motion is overdamped,
critically damped, or
underdamped.

7.3 * Applications
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95. A 1-kg mass stretches a
spring 6.25 cm. The
resistance in the spring-
mass system is equal to
eight times the
instantaneous velocity of
the mass.

a. Find the equation of
motion if the mass is
released from a position
5 m below its
equilibrium position
with an upward velocity
of 10 m/sec.

b. Determine whether the
motion is overdamped,
critically damped, or
underdamped.

98. A mass that weighs 8 Ib

stretches a spring 6 inches.

The system is acted on by

an external force of 8sin 8¢

Ib. If the mass is pulled

down 3 inches and then

released, determine the
position of the mass at any
time.

101. Find the charge on the
capacitor in an RLC series
circuit where L = 2 H,

R =24Q,C =0.005F,
and E(t) = 12sin10¢ V.
Assume the initial charge
on the capacitor is 0.001 C
and the initial currentis 0
A.

96. A 32-Ib weight (1 slug)
stretches a vertical spring 4
in. The resistance in the
spring-mass system is
equal to four times the
instantaneous velocity of
the mass.

a. Find the equation of
motion if it is released
from its equilibrium
position with a
downward velocity of 12
ft/sec.

b. Determine whether the
motion is overdamped,
critically damped, or
underdamped.

99. A mass that weighs 6 |b
stretches a spring 3 in. The
system is acted on by an
external force of 8sin (4t)
Ib. If the mass is pulled
down 1 inch and then
released, determine the
position of the mass at any
time.

102. A series circuit consists of
a device where L = 1 H,
R =20Q, C =0.002 F,
and E(t) = 12 V. If the
initial charge and current
are both zero, find the
charge and current at
time t.

97.

100.

103.

A 64-lb weight is attached
to a vertical spring with a
spring constant of 4.625 Ib/
ft. The resistance in the
spring-mass system is
equal to the instantaneous
velocity. The weight is set
in motion from a position 1
ft below its equilibrium
position with an upward
velocity of 2 ft/sec. Is the
mass above or below the
equation position at the
end of & sec? By what
distance?

Find the charge on the
capacitor in an RLC series
circuit where L = 40 H,

R =30Q,C=1/200F,
and E(t) = 200 V. Assume
the initial charge on the
capacitor is 7 C and the
initial current is 0 A.

A series circuit consists of
a device where L = % H,
R=10Q,C = 5 F and
E(t) = 250 V. If the initial
charge on the capacitor is
0 C and the initial current
is 18 A, find the charge
and current at time t.

7.4 Series Solutions of Differential Equations

Learning Objectives

7.4.1 Use power series to solve first-order and second-order differential equations.

In Introduction to Power Series (http://openstax.org/books/calculus-volume-2/pages/6-introduction), we studied how

00
functions can be represented as power series, y(x) = ano anx". We also saw that we can find series representations

of the derivatives of such functions by differentiating the power series term by term. This gives ¥’ (x) = Z nayx"~

00

4]

Iand

n=1

y'(x) = 2 n(n — l)a,,x”‘z. In some cases, these power series representations can be used to find solutions to

n=2
differential equations.

Be aware that this subject is given only a very brief treatment in this text. Most introductory differential equations
textbooks include an entire chapter on power series solutions. This text has only a single section on the topic, so several
important issues are not addressed here, particularly issues related to existence of solutions. The examples and
exercises in this section were chosen for which power solutions exist. However, it is not always the case that power
solutions exist. Those of you interested in a more rigorous treatment of this topic should consult a differential equations
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text.

Problem-Solving Strategy

Finding Power Series Solutions to Differential Equations

00
1. Assume the differential equation has a solution of the form y(x) = ano apx".
00 00
2. Differentiate the power series term by term to get y/ (x) = Z nap,x"~! and V'(x) = Z n(n — Dapx"2.
n=1 n=2
Substitute the power series expressions into the differential equation.
Re-index sums as necessary to combine terms and simplify the expression.
Equate coefficients of like powers of x to determine values for the coefficients a, in the power series.
Substitute the coefficients back into the power series and write the solution.

EXAMPLE 7.25

Series Solutions to Differential Equations
Find a power series solution for the following differential equations.

ey Gn S 8

a. y'—-y=0
b. (x> —1)y" +6xy +4y=—4
Solution
00 00
00
a. Assume y(x) = ano a,x" (step 1). Then, y/ (x) = Z na,x"~1 and y’(x) = Z n(n — 1)a,x"~2 (step 2). We want
n=1 n=2
to find values for the coefficients a, such that
y'—-y =0
00
00
Z n(n — Dayx"2 — ano apx" = 0(step 3).
n=2

We want the indices on our sums to match so that we can express them using a single summation. That is, we want
to rewrite the first summation so that it starts with n = 0.

To re-index the first term, replace n with n + 2 inside the sum, and change the lower summation limit to n = 0. We
get

00 00
Z n(n — Dayx"2 = Z (n+2)(n+ Dayox".
n=2 n=0
This gives
00
2 D)t Dagox" = ¥y anx" = 0
n=0

oo (1 2+ Dayer —a] " = 0(step 4.

Because power series expansions of functions are unique, this equation can be true only if the coefficients of each
power of x are zero. So we have
(n+2)(n+ Dayyp —a, =0forn=0,1,2,....
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This recurrence relationship allows us to express each coefficient a, in terms of the coefficient two terms earlier.
This yields one expression for even values of n and another expression for odd values of n. Looking first at the
equations involving even values of n, we see that

90
a = >
_ 9 _ 9
a4 = 73 = 30
_ Y _ 9
9% = &5 = &
. . ag
Thus, in general, when nis even, a, = r (step 5).
For the equations involving odd values of n, we see that
) |
a3 = 33 =30
_ 43 _ 9
a5 = 347 351
_ 45 _ 9
4 = 76 =70

Therefore, in general, when nis odd, a, = ‘;—1, (step 5 continued).
Putting this together, we have

00

Yx) =) apx”

n=0

[ a [ a
=ap+a;x+ x>+ 3xd + Dt S 4

Re-indexing the sums to account for the even and odd values of n separately, we obtain

1

00 00
1
2k 2k+1
y(x)=a02 X +ay z—x
= 2k)! = 2k + 1!

(step 6).

Analysis for part a.
As expected for a second-order differential equation, this solution depends on two arbitrary constants. However,
note that our differential equation is a constant-coefficient differential equation, yet the power series solution does
not appear to have the familiar form (containing exponential functions) that we are used to seeing. Furthermore,
since y(x) = c1e* + cpe™™ is the general solution to this equation, we must be able to write any solution in this
form, and it is not clear whether the power series solution we just found can, in fact, be written in that form.
Fortunately, after writing the power series representations of ¢* and e™*, and doing some algebra, we find that if
we choose

_(ag+ay) _(ag—ay)

Q=5 =

we then have ag = cg + ¢ anda; = ¢y — ¢, and
q, a q, a
yx) =ag+arx+ 5xt 4 g+ gt 0 4

cn+c cn—¢ cn+c cn—c¢
=(cg+cy)+(cg—cp)x+ (02 l)x2 + (03! l)x3 + (04! l)x4 + (05! l)xs + -

00 (2]
n n
X (=x)
=0 Y e Y —
n=0 n=0 .

=cpeX +cre*.

So we have, in fact, found the same general solution. Note that this choice of ¢; and ¢, is not obvious. This is a case
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when we know what the answer should be, and have essentially “reverse-engineered” our choice of coefficients.
00 00
00
b. Assume y(x) = ano apx" (step 1). Then, y/ (x) = z na,x"~! and y"(x) = Z n(n — 1)a,x"~2 (step 2). We want
n=1 n=2
to find values for the coefficients a, such that

(2 =1y +6xy +4y = —4
00 00 00
(x2 - 1) Z n(n — Dap,x"~2 + 6x Z na,x"~1 +4 Z apx" = —4
n=2 n=1 n=0
00 00 00 00
x2 Z n(n — Dapx""2 — Z n(n — Dap,x"2 + 6x Z nayx"1 +4 Z apx" = —4.
n=2 n=2 n=1 n=0
Taking the external factors inside the summations, we get
00 00 00 00
2 n(n— Da,x" — 2 n(n — Dapx"2 + 2 6na,x" + z 4a,x" = —4 (step 3).
n=2 n=2 n=1 =0

Now, in the first summation, we see that when n = 0 or n = 1, the term evaluates to zero, so we can add these
terms back into our sum to get

00 00

Zn(n— Dayx" = Zn(n— 1a,x".

n=2 n=0

Similarly, in the third term, we see that when n = 0, the expression evaluates to zero, so we can add that term back
in as well. We have

00 (oo}

Z 6na,x" = Z 6na,x".

n=1 n=0

Then, we need only shift the indices in our second term. We get

o0 00

2 aln = Danx"2 = 3 (1+2) (n+ Dagyox".

n=2 n=0

Thus, we have
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Z n(n — Dayx" — Z (m+2)(n+ Da,px" + Z 6na, x" + Z dayx" = —4(step 4).
n=0 n=0 n=0 =0
2:;0 ["(" —Day, — (n+2)(n+ )ay,4p + 6na, + 4a,,] x" = —4
Z:::o [(n? = man + 6na, +4a, — (n+2)(n+ Daygo ]| x" = —4
Z::O [n?an +5nap +4a, — (n+ 2)(n + Dap] x" = —4
Z:;o (7 + 50+ dap — (n+ D(n+ Dayn] x" = —4
2:;0 [((n+4)(n+ Dap — (n+2)(n + Dayyo ]| x" = -4

Looking at the coefficients of each power of x, we see that the constant term must be equal to —4, and the
coefficients of all other powers of x must be zero. Then, looking first at the constant term,
4a0 - 2a2 = -4
ay = 2ag+2(step 3).

Forn > 1, we have
m+4Hm+Da, —(n+2)(n+a,ep = 0

(n+1) [(n +4da, —(n+ 2)an+2] = 0.

Sincen>1,n+ 1 # 0, we see that

(m+4)a, —(n+2)a,n =0
and thus

n+4
a = ay.
2 n+2 "
For even values of n, we have
a; = %Qag+2)=3a+3
ag = $@3ag+3)=4a9+4

In general, ayx = (k + 1) (ag + 1) (step 5).
For odd values of n, we have

ay = %al

as = %(13 = %(11

a; = %a5 = %al = 3a;
In general, arg+1 = 2k3+3 aj (step 5 continued).
Putting this together, we have

00 00
2k +3
y(x) = Z (k+ 1)(ag + 1)x2k + Z <—> a1x2k+1 (step 6).
k=0 k=0 3
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7.22 Find a power series solution for the following differential equations.

a. YV +2xy=0
b. (x+1)y =3y

We close this section with a brief introduction to Bessel functions. Complete treatment of Bessel functions is well beyond
the scope of this course, but we get a little taste of the topic here so we can see how series solutions to differential
equations are used in real-world applications. The Bessel equation of order nis given by

xzy” +xy + (x2 - nz)y =0.
This equation arises in many physical applications, particularly those involving cylindrical coordinates, such as the
vibration of a circular drum head and transient heating or cooling of a cylinder. In the next example, we find a power
series solution to the Bessel equation of order 0.

EXAMPLE 7.26

Power Series Solution to the Bessel Equation
Find a power series solution to the Bessel equation of order 0 and graph the solution.

Solution
The Bessel equation of order 0 is given by

xzy” +xy + xzy =0.
00 (2]
00
We assume a solution of the form y = ano ayx". Then y (x) = Z nap,x"~1 and y"(x) = Z n(n — Dapx"2.
n=1 n=2

Substituting this into the differential equation, we get

00 00
00
x2 2 n(n — Dapx"2 + x 2 napx"! + x2 ano apx" =0  Substitution.
n=1

n=2
00 00
00
Z n(n — Da,x" + Z na, x" + ano apx"t2 =0 Bring external factors within sums.
n=2 n=1
00 00
00
Z n(n — Da,x" + Z napx" + anz a,_rx" =0 Re-index third sum.
n=2 n=1
00 00
00
Z n(n— Dapx" + a1 x + Z napx" + anz a,_ox" =0 Separate n = 1 term from second sum.
n=2 =2
00
arx + Z [n(n — Day, + na, + an_z] x"=0 Collect summation terms.
n=2
00
arx + 2 [(n2 —n)a, + na, + an_z] x"=0 Multiply through in first term.
n=2
00
arx + Z [nzan + an_z] x"=0. Simplify.
n=2

Then, a; =0,and forn > 2,

791
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a = —2—2110
1 1
a = ——a) = ——=4Aa).
4 22T o2
1 1
g = ——= Q4 =—————=20a
6 62 4 62.42.22 0
In general,
(DX
Q) =

@2

Thus, we have

( l)k (7.10)
y(x) = 02 (2)2k(k|)2 x*

The graph appears below.

WANaIWAW,
NAVERVAA

7.23 Verify that the expression found in Example 7.26 is a solution to the Bessel equation of order 0.

- SECTION 7.4 EXERCISES
Find a power series solution for the following differential equations.
104. y"+6y =0 105. 5y"+y =0 106. " +25y=0
107. y"—y=0 108. 2y +y=0 109. y —2xy=0
110. (x=7)y +2y=0 M. y'—xy —y=0 112. (1+x2)y”—4xy’+6y=0
113. x2y" —xy =3y=0 114. y' -8y =0, y(0)=-2, ¥y (0)=10
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115. y" —2xy =0, y(0)=1, y (0)=-3 116. The differential equation
X2y +xy + (x*=1)y=0
is a Bessel equation of order
1. Use a power series of the

00
formy = Z apx" to find
n=0
the solution.
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Chapter Review
Key Terms

boundary conditions the conditions that give the state of a system at different times, such as the position of a spring-
mass system at two different times
boundary-value problem a differential equation with associated boundary conditions
characteristic equation the equation aA® 4+ bA + ¢ = 0 for the differential equation ay” + by +cy=0
complementary equation for the nonhomogeneous linear differential equation
ay ()Y + a1 ()Y +ag(x)y=rx),

the associated homogeneous equation, called the complementary equation, is
a ()Y +a1 ()Y +ag (x)y=0

homogeneous linear equation a second-order differential equation that can be written in the form
ay (x)y" +a; (x)y +ag(x)y =r(x),butr(x) = 0 for every value of x

linearly dependent a set of functions f1(x), f2(x),...,fn(x) for which there are constants ¢y, ¢3,...c,, not all zero,
such that ¢y f1(x) + ¢ fo(x) + -+ + ¢, fn(x) = O for all xin the interval of interest

linearly independent a set of functions f7(x), f2(x),...,fn(x) for which there are no constants cy, cp,...c,, such that
c1 f1(0) + e fo(x)+ -+ + cp fn(x) = 0 for all xin the interval of interest

method of undetermined coefficients a method that involves making a guess about the form of the particular
solution, then solving for the coefficients in the guess

method of variation of parameters a method that involves looking for particular solutions in the form
Yp(x) = u(x)y1 (x) + v(x)y2(x), where y; and y; are linearly independent solutions to the complementary equations,
and then solving a system of equations to find u(x) and v(x)

nonhomogeneous linear equation a second-order differential equation that can be written in the form
a (x)y" +a; (x)y +ag (x)y =r(x), but r(x) # 0 for some value of x

particular solution a solution y,(x) of a differential equation that contains no arbitrary constants

RLC series circuit a complete electrical path consisting of a resistor, an inductor, and a capacitor; a second-order,
constant-coefficient differential equation can be used to model the charge on the capacitor in an RLC series circuit

simple harmonic motion motion described by the equation x(¢) = ccos (®f) + cpsin (w?), as exhibited by an
undamped spring-mass system in which the mass continues to oscillate indefinitely

steady-state solution a solution to a nonhomogeneous differential equation related to the forcing function; in the
long term, the solution approaches the steady-state solution

Key Equations
Linear second-order differential equation ay (x)y" +a; (x)y +ag(x)y=r(x)
Second-order equation with constant coefficients ay” + by’ +cy =0
Complementary equation ay (x)y" +a; (x)y +ag(x)y=0
General solution to a nonhomogeneous linear differential equation  y(x) = c;y1(x) + ca2y2(x) + yp(x)
Equation of simple harmonic motion  x” + w*x =0
Solution for simple harmonic motion  x(f) = ¢y cos (@t) + ¢y sin (wt)
Alternative form of solution for SHM  x(¢) = Asin (ot + ¢)

Forced harmonic motion mx" + bx' + kx = f(t)

2
Charge in a RLC series circuit 44 + R4 + iq =E®)
a2 a T C
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Key Concepts

7.1 Second-Order Linear Equations

Second-order differential equations can be classified as linear or nonlinear, homogeneous or nonhomogeneous.
To find a general solution for a homogeneous second-order differential equation, we must find two linearly
independent solutions. If y; (x) and y,(x) are linearly independent solutions to a second-order, linear,
homogeneous differential equation, then the general solution is given by

y(x) = c1y1(x) + c2y2(x).

To solve homogeneous second-order differential equations with constant coefficients, find the roots of the
characteristic equation. The form of the general solution varies depending on whether the characteristic equation
has distinct, real roots; a single, repeated real root; or complex conjugate roots.

Initial conditions or boundary conditions can then be used to find the specific solution to a differential equation that
satisfies those conditions, except when there is no solution or infinitely many solutions.

7.2 Nonhomogeneous Linear Equations

To solve a nonhomogeneous linear second-order differential equation, first find the general solution to the
complementary equation, then find a particular solution to the nonhomogeneous equation.
Let y,(x) be any particular solution to the nonhomogeneous linear differential equation

ay (x)y" +a; (x)y +ag(x)y=r(x),

and let ¢1 y1 (x) + ¢ ¥»(x) denote the general solution to the complementary equation. Then, the general solution
to the nonhomogeneous equation is given by
y(x) = c1y1(x) + c2y2(x) + yp(x).

When r(x) is a combination of polynomials, exponential functions, sines, and cosines, use the method of
undetermined coefficients to find the particular solution. To use this method, assume a solution in the same form as
r(x), multiplying by x as necessary until the assumed solution is linearly independent of the general solution to the
complementary equation. Then, substitute the assumed solution into the differential equation to find values for the
coefficients.
When r(x) is not a combination of polynomials, exponential functions, or sines and cosines, use the method of
variation of parameters to find the particular solution. This method involves using Cramer’s rule or another suitable
technique to find functions u’ (x) and v/ (x) satisfying
Wy +0'y; =0
Wy" +0'y) = ).

Then, y,(x) = u(x)y; (x) + v(x)y2(x) is a particular solution to the differential equation.

7.3 Applications

Second-order constant-coefficient differential equations can be used to model spring-mass systems.
An examination of the forces on a spring-mass system results in a differential equation of the form
mx" + bx' + kx = f(1),

where m represents the mass, b is the coefficient of the damping force, k is the spring constant, and f(¢) represents
any net external forces on the system.

If b = 0, there is no damping force acting on the system, and simple harmonic motion results. If b # 0, the behavior
of the system depends on whether b2 — dmk > 0, b% — dmk = 0, or b% — 4mk < 0.

If b2 — 4mk > 0, the system is overdamped and does not exhibit oscillatory behavior.

If b2 — 4mk = 0, the system is critically damped. It does not exhibit oscillatory behavior, but any slight reduction in
the damping would result in oscillatory behavior.

If b — 4mk < 0, the system is underdamped. It exhibits oscillatory behavior, but the amplitude of the oscillations
decreases over time.

If f(¢) # 0, the solution to the differential equation is the sum of a transient solution and a steady-state solution.
The steady-state solution governs the long-term behavior of the system.

The charge on the capacitor in an RLC series circuit can also be modeled with a second-order constant-coefficient
differential equation of the form
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d%q dg 1
L—+R—+ —q=E@),
% priaaL ®
where L is the inductance, Ris the resistance, Cis the capacitance, and E(¢) is the voltage source.

7.4 Series Solutions of Differential Equations

+ Power series representations of functions can sometimes be used to find solutions to differential equations.
+ Differentiate the power series term by term and substitute into the differential equation to find relationships
between the power series coefficients.

Review Exercises

True or False? Justify your answer with a proof or a counterexample.

117. If y and z are both 118. The following system of 119. y = e*cos(3x) + e*sin(2x)
solutions to algebraic equations has a is a solution to the
¥y’ +2y +y=0,then unique solution: second-order differential
y+ zis also a solution. 6z1 +32zp =8 equation
4z) +22, =4, Y 42y +10=0.

120. To find the particular
solution to a second-
order differential
equation, you need one
initial condition.

Classify the differential equation. Determine the order, whether it is linear and, if linear, whether the differential equation
is homogeneous or nonhomogeneous. If the equation is second-order homogeneous and linear, find the characteristic
equation.

2
121. ' =2y=0 122. y" —3y+2y =cos (t) 123. (d—f> +yy =1
124 ﬂ+tﬂ+sin2 Hy=e¢
Ca2 T har y=
For the following problems, find the general solution.
125. y"+9y=0 126. y'+2y +y=0 127. y" =2y + 10y = 4x
128. y" =cos (x)+2y +y 129. ¥ +5y+y=x+e>* 130. )" =3y +xe™*

131. )" —-x2= -3y - %y+3x 132. y" =2cosx+) —y

For the following problems, find the solution to the initial-value problem, if possible.
133. y"+4y +6y=0, 134. y" =3y —cos (x),

YO =0, (0)=v2 yO =45 ©0)=0
For the following problems, find the solution to the boundary-value problem.

135. 4y = —6y+2y", 136. y' =3x—y—,
y0)=0,y()=1 y(0)=-3,y(1)=0
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For the following problem, set up and solve the differential equation.

137. The motion of a swinging
pendulum for small
angles 6 can be
approximated by
%0
di2
the angle the pendulum
makes with respect to a
vertical line, g is the
acceleration resulting
from gravity, and L is the
length of the pendulum.
Find the equation
describing the angle of
the pendulum at time 7,
assuming an initial
displacement of 6y and
an initial velocity of zero.

+ %9 =0, where @ is

The following problems consider the “beats” that occur when the forcing term of a differential equation causes “slow”
and “fast” amplitudes. Consider the general differential equationay” + by = cos(wt) that governs undamped motion.

Assume that % #* .

138. Find the general solution 139. Assuming the system starts from rest, show
to this equation (Hint: call that the particular solution can be written

wo = \/bla). as

2 . ( wo—ot > . ( w(+ot )
= sin sin .
Y a(wg2—0?) 2 2

140. [T] Using your solutions
derived earlier, plot the
solution to the system
2y" + 9y = cos(2t) over
the interval t = [-50, 50].
Find, analytically, the
period of the fast and
slow amplitudes.
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For the following problem, set up and solve the differential equations.

141. An opera singer is
attempting to shatter a
glass by singing a
particular note. The
vibrations of the glass can
be modeled by
y" + ay = cos(bt), where
y" + ay = 0 represents
the natural frequency of
the glass and the singer is
forcing the vibrations at
cos(bt). For what value b
would the singer be able
to break that glass? (Note:
in order for the glass to
break, the oscillations
would need to get higher
and higher.)
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Basic Integrals

1. /u du=*% n+1 +C,n# -1
d
2./—”=1n|u|+c
u
3./e”du:e“+C
4./a”du=1—+C
na

5./sinudu:—cosu+C

6./cosudu=sinu+C
7./sec2udu=tanu+C
8./csczudu=—cotu+C
9./secutanudu=secu+C

cscucotudu=—cscu+C

14. [ cscudu =1In |cscu —cotu| +C
du
15. =sin"'4 +C
2 2
du
16. Litan~1% 4 C
a? +u? a
du
17./ = %860_1%+C
uVu? — a2

Trigonometric Integrals
18. /sinzu du = %u—%sin 2u+C

1
cos?u du = Eu+ Lsin2u+C

21. [ cotudu = —cotu—u+C

20. /tan udu=tanu—u+C

A + Table of Integrals
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1
22. /sin3udu = —§(2+sin2u) cosu+C

1 .
23. [ cosPudu = §(2+coszu) sinu+ C
[
24. [ tandudu = Etan u+ln |cosu| + C
3 1
25. [ cot’udu = —Ecot u—In |sinu| + C
1
26. [ secPudu= Esecutanu+ Eln|secu+tanu|+C
1
27. [ csc udu——zcscucotu+—ln |cscu —cotu| + C
| n—2
28. [ sin"udu = ——sin”" ucosu+ — [ sin"“udu
n
1 -l n—1 n—2
29. [ cos"udu = —cos”" usmu+— cos" “udu
n n

w
o

.\\\\\\\\\\\\\\\\\\\

tan" u du =

1
1tan"_lu— /tan"‘zu du

cot’udu =

w
e

-1 i B
lcot” lu—/cot" 24 du

1 n—2
sec"u du = tan u sec” 2u + sec"2u du
n—1 n—1
-1 n—2
33. [ esc"udu = cotucsc" 2u+ esc"2u du
n—1 n—1
sin((@a—b)u)  sin((at+bu)
34. [ sinau sin bu du = 2(a—b) ) +C
sin((@—b)u)  sin((a+bu)
35. [ cosaucos budu = 2= 2ath) +C
cos((@a—b)u)  cos((at+byu)
36. [ sinaucos budu = — 2a=b ~ 2(ath) +C
37. [ usinudu=sinu—ucosu+C
38. [ ucosudu=cosu+usinu+ C
39. [ u"sinudu=—u" cosu+n/u"_1c0sudu
40. [ u"cosudu=u" smu—n/u"_lsinudu
n mydy = _sin" L ycosMtl y 4+ 1=l - on=2 "y d
sin"ucos™ udu =—S——rEn—t + = | sin""ucos™u du
41 ) .
_ ity cos™ 1y m—1 - n m—2
—T+n+m/sm U Ccos udu

Exponential and Logarithmic Integrals

42. /ue““ du=—(au—1)e™ +C
a

43. /u"ea“ du = %u”e"” - %/u”_le”“ du
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44, “sin bu du = 29(1”2 (asin bu — b cos bu) + C
+b

45. [ e™cos budu = ;auz (acos bu + b sin bu) + C
+b

47. [ u lnudu— [(m+Dlnu—-1]1+C

1)2

48. du=In|lnu|+C

/¢
/¢
46. /lnudu—ulnu—u+C
/
[/ w

Hyperbohc Integrals

49, [ sinhudu = coshu+ C

50. [ coshudu =sinhu+ C
51. [ tanhu du = Incoshu + C

52. [ cothudu =In |[sinhu| + C

54. [ cschudu=In |tanh%u| +C

55. [ sech?udu = tanhu + C
56. [ csch?udu = —cothu + C
57.

sechutanh u du = —sechu + C

58. [ cschucothudu =—cschu+ C

/
/
/
/
/
/
/
/
/

Inverse Trigonometric Integrals

59./sin_1udu=usin_lu+\/1—u2+C
60. /cos udu=ucos lu—\1-u2+C
61./tan_1udu=utan_1u—%ln (1+u2)+C
2 2
62. /usm udu=%sin'lu+%+c
2 2
63. /ucos udu=2”4—_lcos_lu—" 2" +C
u2+1 1 u
64. [ utan™ludu = 5 tan™ u—§+C
) u”+1du
65. /u sin”~ uduzﬁlu"“sm_lu—/ﬁ] ,n#—1
1—u
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un+1 du
66. /u”cos_ludu = n-+1 [u"+1cos_lu+/ﬁ] ,n#—1
1—u

un+1 du
67. [ uMtan'udu= -1 |utltanlu— | ——— |, n# -1
n+l 1+u?

Integrals Involving a’+u? a>0

68. [ Va4 du= a4 4 Sin (u+ VT +i2) 4 C

9. [PV A du= (e 4 22) Va1 — G (Va2 4 C

70./@@:@_“11
/\/T = ‘/—+ln( \/m>+c

=1n(u+\/m)+c

a2 442
a+1114+u +C

u
72./—
Va? +u?
2
d 2
73./i=%<\/a2+u2)—”71n (u+\/a2+u2)+C
Va? +u?
/ du
74. _
u\/az+u2

a2 +u+a
u

__1

du N )
75./ =-YCH 4
uz\a? +u? atu

76/ d______u ¢

. (a2+142)3/2 T 2V2+2

Integrals Involving u?-a?% a>0

77. /\/u e du—— uz —a? - 4 1n|u+\/ —az|+C

78/ \/u —a du—%( u —az)\/uz—az—%ln|u+\/u2—a2|+C
N )

79./%@:\/uz—az—acos_lﬁ+c

A/ y2 — g2 55
80./%&4:—#+ln~u+\/u2—a2‘+C
=ln)u+\/u2—a2.+C

2

du
81. _
Vi2 — &2
u? du 2
— = uz—a2+a7ln~u+\/u2—a2~+c

2 — a2

[T

83/ du _
)V a2

du
84a. / =-— = +C
<u2 _ 02)3/2 a2Vu2-d2

84b. [ —As = In|zg

2|l+C

u+a
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u 2 .
85./ az—uzdu=5\/a2—u2+”7sm_1%+c
u 4
86./u2\/a2—u2du:§(2u2_02)1/a2_u2+a?sin—l%+c
L1+\/(12—u2

u

+C

A a2 — 2
87./udu=\/a2— 2 _gln
u
2 2 1
88_/Ludu= >
u2

——Va
u

—u2—sin_l%+C

2 2 .
89. [ —du =—4Va? -2 + Lsin'L 1 C

N
90./7‘1” _ Ly |etvel= ) o
M\/ 112 - u2 “ “

-V -w2+cC

du
91. = 5
2\ a2 —u? au

92./((12—L42)3/2 du:—%(2u2—5a2) az—u2+isin_lﬂ+c

8 a
du u
93a./ T +C
<02_u2) a2 a2 _u2

93b. [ %> = LIn|“e|1C

a2—u2 u-a
Integrals Involving 2au - u“, a>0
94, /\/Zau —u’ du= 4 2au — u? + écos_1 (£4) +cC

2

=cos™! (£4) +C

du
9. [ —
V2au — u?
2 2 3
96. /u 2au —u? du = W\Qau—uz + %COS_I (£4)+cC

d 2
97./ 4o Ve o
u\/2au—u2

Integrals Involving a+ bu, a= 0

d
98./ uau =b%(a+bu—a1n|a+bu|)+C

a+ bu

2d
99./ e =ﬁ[(a+bu)2—4a(a+bu)+2a21n|a+bu|]+C

a+ bu
du 1 u
100./—u(a+bu) =2Ln|t-|+C
du _ 1 b a+bu
101/m——a+a—zln|7|+c
udu 4 1
02. = +—21n|a+bu|+C
(a+bu)?  bathy b
udu _ 1 1 a+bu
103/u(a+bu)2 ~ a(a+bu) - a_21n |T|+C

A + Table of Integrals

803




804 A - Table of Integrals

2
d 2
04./%:b%(a+bu—aim—2aln|a+bu|>+c
a—+ bu

105./u a+budu=#(3bu—2a)(a+bu)3/2+c

106, [ du_ =% 2 (hu—2a)\Ja+bu+C

\/a+bu

107. / \/a+—bu 15b3 (Sa + 3b%42 —4abu) va+bu+C

d \a+bu—
/—u =Llna+—“\/z+cy ifa>0
08 uv/a+ bu Va o | Vatbuty/a
= —Z—tan— 14/ 1+ C, ifa<0

V-a
Va+b
109./Mdu:2\/a+bu+a/
u
110/Va+bud _ \/a+bu

du
uv/a+ bu

u\/a+bu
111./u"\/a+budu= m[u"(a+bu)3/2 —na/u"_ly/a+budu]

112 / udu  2u"\fatbu __2na ! du
\/a-l-—bu b(2n+1) b(2n+1) \/a-i-—bu

113 du Vatbu  b2n-3)
' uv\/a+ bu “(" Dun=1 ~ 2a(n=1) ~1y\/a + bu
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B | TABLE OF DERIVATIVES

General Formulas

1.4)=0

2. e (f D +g) = f @)+ ()

3. 408N =/ Mg+ /(8 @)
4. 4 (x") = nx"". for real numbers n

5. Lef@)=cf %

6. LS @ —g) =/ ()-g ®

7 d < fx) ) _ 80 (0-f08' )
dx\ g) (8(x))?

8. L[f (gl =f (g(x) ¢ (%)
Trigonometric Functions
9. d%(sinx) = CcOoSX

2

d —
10. E(tanx) =sec’x

d —
M. (secx) = secxtanx

d o
12. ¢ (cosx) = —sinx
d — el
13. ¢ (cotx) = —csc”x
d =
14. -~ (cscx) = —cscxcotx

Inverse Trigonometric Functions
15. L (sin"1x) = -

dx V12
16. L (tan~1x) = 1+1x2
17. & (sec™!x) = le\/lxz——l
18. L (cos7!x) = —ﬁ
19. L (cot™x) = - 1+1x2
20. 4 (cse!x) = _le\/1>c2_—1

Exponential and Logarithmic Functions
21. L (e¥) = ¢
22. L(ln|x]) =+
23. L (b*) = b*Inb

24. L (logyx) = =
Hyperbolic Functions

d (o —
25. E(smhx) = coshx

d _ 2
26. E(tanhx) = sech” x
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27. %(sechx) = —sechx tanh x
d R

28. E(coshx) = sinhx
d a2

29. E(cothx) = —csch” x

30. %(cschx) = —cschx cothx

Inverse Hyperbolic Functions

d (k=1 _ 1
31. E(smh x) =T
32. L (tanh~'x) = —L5(Ix| < 1)

" dx )

d S T |
33. ¢ (sech x) Y O<x<1
34, d%(cosh_lx) = x12—l (x>1)
35. %(coth_lx) = ﬁ (x| > 1)
36. L (csch™!x) = ——L— (x#0)

dx( ) IXI\/1+7
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C | REVIEW OF PRE-CALCULUS

Formulas from Geometry

A = area, V = Volume, and S = lateral surface area

Cylindear Sphera
R
h F
I
V = arh V = Smrth V=3m
s 2arh S=a 5= dqrt
Formulas from Algebra
Laws of Exponents
xMxh = xm+n ))CC_': = xnn (xm)n = xmn
= @y o=y (2) =

Special Factorizations

=y = (x+p(x-y)

x3+y3 = (x+y)(x2—xy+y2)

3=y = (x—y (P +xy+)?)

Quadratic Formula

—_b+V/ B2 —
Ifax? + bx + ¢ = 0, then x = W.

Binomial Theorem

(@a+b)"=a"+ (Y)a”‘lb+ (;)a"—2b2+~--+< " 1>ab”‘1 + b,
n—

n\ _ n(m—-1)(n=2)--(n—k+1) _ n
where (k) = Tkk=DG=D)-321 K=k
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Formulas from Trigonometry
Right-Angle Trigonometry

ing = PP = by

sinf = hyp csch = oD
dj h

cosf = S—J sech = 22

yp adj

— opp — adi

tanf = ad; cotf = opp

Trigonometric Functions of Important Angles

0 Radians | sinf cosf | tan@
0° 0 0 1 0
30° | n/6 1/2 \/§/2 \/§/3
45° | /4 N A RVAR
60° | n/3 V32 | 12 V3
90° | n/2 1 0 —
Fundamental Identities
sin20 + cos26 = 1 sin(—f) = —sinf
1 +tan%0 = sec6 cos(—60) = cosf
1+cot?0 = csc26 tan(—6) = —tan@
sin(§—-0) = cosf sin(@ +27) = sind
cos (% - 0) = sinf cos (@ +2r) = cosf
tan (% - 0) = cotf tan(0+ ) = tan6

Law of Sines

sinA _ sinB _ sinC
a — b T ¢
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Law of Cosines

a> = b*+c* —2bccos A
b = a*+c® —2accos B
¢ = a®>+b*—-2abcosC

Addition and Subtraction Formulas

sin (x +y) = sinxcosy+ cosxsiny
sin (x —y) = sinxcosy—cosxsiny
cos(x+y) = cosxcosy—sinxsiny
cos(x—y) = cosxcosy+sinxsiny
_ tan x+tan y
tan (x +y) = 1—tan x tan y
_ tan x—tan y
tan(x —y) = I+tan x tan y
Double-Angle Formulas
sin2x = 2sin x cos x
cos2x = cos’x —sin®x = 2cos?x — 1 =1 —2sin’x
tan2x = -—2@nx
1-tan2x
Half-Angle Formulas
sinzx — 1—cgs 2x
COSZX — l4cos2x

2
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Answer Key
Chapter1
Checkpoint

1.1

&+ xi) =3+ 2
vin=1t-1
2 -3=(=2

12 x=2+ %, ory=-1+ % This equation describes a portion of a rectangular hyperbola centered at (2, —1).

o

w
)

g

o

4 xt)=2+3

3t yit) - t-1
2=1=6

24

1 [=Z

19 1 2 3 4 5=
14

1.3 Onepossibilityisx(¥) =1, y(#) = 12 + 2t. Another possibility is
x()=2t=3, y@)=Qr=3)%+2Q2t-3)=4r> -8 +3.
There are, in fact, an infinite number of possibilities.

d 2_ 2_
14 X' ()=2—4andy (1)=6r2 —6,50 £ = &=0 = I3

This expression is undefined when t = 2 and equal to zero when ¢t = +1.
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=23 'Ig-
304
254
x(1) = & — 4t
20+ yif} = 2% — 6t
2=r=3

1.5 The equation of the tangent line is y = 24x + 100.
2 2
16 % = % Critical points (5,4), (=3, —4), and (=4,4).
1.7 A = 3z (Note that the integral formula actually yields a negative answer. This is due to the fact that x (¢) is a
decreasing function over the interval [0, 2z] ; that is, the curve is traced from right to left.)
1.8 5=2(10%2 - 2%2) ~ 57.589

n(494\/ﬁ+128)
1-9 A = T
1.10 (8\/5,%”) and (—2,2\/3)
1.11
.
] = * L
o .4, =
1.12
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+ ool

The name of this shape is a cardioid, which we will study further later in this section.
113 y= xZ, which is the equation of a parabola opening upward.
1.14 Symmetric with respect to the polar axis.

r = 200530

115 A =3xn/2

4
116 A=44+2./3
117 s=37n

118 x=2(y+3)%2 -2




814 Answer Key

54

oD | 0-22
1.19 T + = 1

O g

Oxd + 16y2 + 18y — Bdy — 71 = (
¥ ¥

r’/‘].r/E 3

2 12
1.20 % - % = 1. This is a vertical hyperbola. Asymptotes y = —2 + %(x -1.

ﬁ'

121 e= £ = 774 ~ 1.229

1.22 Here e = 0.8 and p = 5. This conic section is an ellipse.
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-
8 1"

1.23 The conic is a hyperbola and the angle of rotation of the axes is 8 = 22.5°.

Section 1.1 Exercises
1.

orientation: bottom to top
3.
YA

d 1 2 3 1
10+

15+
20+
2.5 4

301

orientation: left to right
2
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7.
¥i
G
!
i
44
S-Ir
21
|
11
l .
-1 % N2 3 ax
1
1
|
9.
11.
13.
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-

15.

17.

L] i ] [ q -
10 15 20 25 3.0"

19.

Answer Key 817




818 Answer Key

21. y= \/);?; domain: x € [—1,00> .

23. x—6 + % = 1; domain x € [-4,4].

25. y = 3x + 2; domain: all real numbers.

27. (x = 1)? + (y = 3)* = 1; domain: x € [0,2].
29. y= \/— domain: x € (—o0, —1].

31. y2 = >=;domain: x € [-1,1].

33. y= ln x; domain: x € [1, ).
35. y =In x; domain: x € (0, ®).

37. X2 + y2 = 4; domain: x € [-2,2].
39. line

41. parabola

43. circle

45. ellipse

47. hyperbola

51. The equations represent a cycloid.

284

53.

55. 22,092 meters at approximately 51 seconds.
57.
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x = 2lan(t), v = 3sec(t)

¥
201

59.

61.

¥ =cosht, ¥ =sinht

15 20 25 30 35%

Section 1.2 Exercises

63. 0
-3
65. =
67. Slope =0;y=S8.
69. Slope is undefined; x = 2.

Answer Key 819
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71. tant = -2 '
(53) (53%)
(#%)

73. No points possible; undefined expression.
75. y=—(%)x+5

77. y=-2x+3
79, Z 3z 3z Tz

3’7’ 4°74
y — _
81. = = tan(z)

2
83. % = % and % = 0, so the curve is neither concave up nor concave down at ¢ = 3. Therefore the graph is linear
X

and has a constant slope but no concavity.

2
dy _ 4 4%y
85. k=4

87. No horizontal tangents. Vertical tangents at (1, 0), (—1, 0).
89. —sec’ (zt)
91. Horizontal (0, =9) ; vertical (+2, —6).
93. 1
95. 0
97. 4
99. Concaveupont > 0.
b1

= —6\/5; the curve is concave down at 8 =

N

e2 -1
101. =

3z
103. =5
105. 674>
107. 2xab

109. %(2\/5— 1)

111. 7.075
113. 6a

115. 61/2
2n(247\/ﬁ+64)

119. 315
121. 59.101

123, 83—”<17\/17 - 1)

Section 1.3 Exercises
125,

127.
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129.

=
L]

Bl

131.

133.
135.

137
139

B(3.5) B(-3.%)
Iin

D(5.g)D(-5%)
. (5, 5.356) (-5, 2.214)
. (10, 2.214)(- 10, 5.356)

Answer Key 821
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141. (2{ 5759) (—2\/§,2.618>
143. (- \/', 1)
145. ( )

147. )

149. Symmetry with respect to the x-axis, y-axis, and origin.
151. Symmetric with respect to x-axis only.

153. Symmetry with respect to x-axis only.

155. Liney=x

157. y=1

159. Hyperbola; polar form rzcos(20) =16 or 2 = 16 sec (20).

161. r= 2

3 cos f—sin 0

163. x2 +y2 =4y
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165. xtany/x2 +y2 =y

167.

10

Answer Key 823




824 Answer Key

o5 10 15 20

y-axis symmetry
169.

y-axis symmetry
171.
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X- and y-axis symmetry and symmetry about the pole
173.

X-axis symmetry
175.
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X- and y-axis symmetry and symmetry about the pole
177.

D

no symmetry
179.
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aline
181.

40

G0

BO

183.

Answer Key 827
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L 120°
[

185.

187. Answers vary. One possibility is the spiral lines become closer together and the total number of spirals increases.

Section 1.4 Exercises

T
189. %/ sin%6 do
0

/2
191. 32 / sin®(20)do
0
2r
193, %/ (1 - sin )>do
V3

/2
195. / (2 —3sin6)%do
S

in—1(2/3)
V.4 /3
197. a —2cos9)2d9—/ (1 —2cos 0)2de
/3 0
bd /2
199. 4/ do + 16/ (00326) do
0 /3
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201. 97

Iz
203. v

Iz
205. <

207. —18”'227‘/5

4
209. §<47r—3\/§>
211. %(47:—3\/5)

213. 27— 4
2

215. / \/(1+sin0)2+00820d9
0

1
217. \/E/ e’ do
0
VIO (6 _

219. 1)
221. 32
223. 6.238
225. 2
227. 439
2 T
229. A=n(§> =%and%/ (1+2sinfcosf)do = %
0
Y
231. C:2ﬂ(%)=37rand/ 3d0 =3
0

T
233. C =27 (5) = 10z and / 10d0 = 10~
0

dy _ [ (O)sin 6+1(9) cos 6
dx — f1(6) cos 9—f()sin 9
237. The slope is .
P
239. The slopeis 0.
241. At(4,0), the slope is undefined. At (=4, &) , the slope is 0.

243. The slope is undefined at 6 = %.

245. Slope =-1.
247. Slopeis =2

T

249. Calculator answer: -0.836.
251. Horizontal tangent at (1\/5, %) s
11

235.

. Vertical tangents at %, 3% and also at the pole (0, 0).

253. Horizontal tangents at 3

z /zx Ln
2267 6

Section 1.5 Exercises

255. 12 = 16x

257. x2 =2y

259. xZ = —4(y—23)
261. (x+3)2=8(y—3)

2 2
X yoo_
263. 17 + —1% =1
2
X Y- _
265. = +2—4 = ,
267. % + % =1
2 2
X Voo
269. 17 + —1% =1
2
X y- o _
2
X Yy _
(y+2) (x+2)
275, —— — —— =1
4 32
2 2
X Voo _
71 T ;=
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279. e =1, parabola
281. e= %, ellipse
283. e = 3, hyperbola
285. r= 2

5+cgrs [
287. r= T3 ano
289.
291.
203
295.
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297.

299.

301.




832 Answer Key

303.

305.

307. Hyperbola

309. Ellipse

311. Ellipse

313. Atthe point 2.25 feet above the vertex.
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315. 0.5625 feet
317. Length is 96 feet and height is approximately 26.53 feet.

_ 2616
319. F'= 130595 cos 0
321. r= i

140.0484 cos 6

Review Exercises

323. True.
325. False.Imaginey=t+1,x=—-t+1.
327.
y=1-x3
329.

X2 2 _
E+(y—1) =1
331.
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Symmetric about polar axis

333, 2= —94
sin26—cos20
335.

2
337.

[4
7
339. 94/10
341. (y+5)7% =-8x+32

O+tD)?  +2)?
345. e = %, ellipse

¥ 2
347. X 4+ X —1,e=0.2447
19.032  19.632

Chapter 2
Checkpoint
21
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o
——t

r{-2.3)

[

£

2.2

2w

2.3 Vectors a, b, and e are equivalent.

2.4 (3,7)
25 a.|lal| =5v/2,b.b = (=4, -3), c. 3a — 4b = (37, 15)
27 v= <—5,5\/§>
g (_45 __10
VBT 4/8s
29 a=16i— 11j,b=—§i—¥j
2.10 Approximately 516 mph
2.11
Zj
S T
. U e v
5 sl
@ .fh:‘::_‘:.:'d:
'_JJ" -.-\'-;“ ‘:.I
st N e B
212 52
213 z=-4

214 (x+22 +(y—4? +(z+572% =52
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215 X2+ (y—-2% +(z+2)?% =14

2.16 The set of points forms the two planes y = =2 and z = 3.

zi
Bl

=
H
&3
Sy
A |
AT .

#'_J-'H ﬁ I
x B 4 |

-6 1

8 |

|

-
218 ST =(-1,-9,1)=-i—9j+k

1 __5 8
< 310 3y/10° 3\/E>
220 v= <16\/§, 121/2, 20\/§>
221 7
222 a.(r-p)q=(12,-12,12); b. ||p||* = 53
2.23 0~ 0.22rad
224 x=5

2.19
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2.25 a.a~ 1.04rad; b. f =~ 2.58rad; c.y ~ 1.40 rad
2.26 Sales =$15,685.50; profit = $14,073.15

227 v=p+q,wherep= 15—8i+ %jandq: %i— %j
2.28 21 knots

2.29 150 ft-lb

230 i—9j+2k

2.31 Up (the positive z-direction)

2.32 —i

233 —k

2.34 16

2.35 40

2.36 8i—35j+2k

237 (=L, =18 2 >
V193" Vioa’ Vioa

238 61/13
17

2.39

2.40 8 units®

2.41 No, the triple scalar product is —4 # 0, so the three vectors form the adjacent edges of a parallelepiped. They are
not coplanar.

2.42 20N
2.43 Possible set of parametric equations: x = 1 +4t,y = -3 +t,z =2+ 6¢;
related set of symmetric equations: "T_l =y+3= z_g2
244 x=-1-Tt,y=3-1,z=6-2t,0<r<1
10
2.45 -
2.46 These lines are skew because their direction vectors are not parallel and there is no point (x, y, z) that lies on
both lines.
247 2(x-D+@+1)+3z-1)=00r—2x+y+3z=0
248 12
NGl
249 x=t,y=7-3t,z=4-2t
2.50 1.44rad
251 L
/30
2.52

-

o T
& ¥
2.53 The traces parallel to the xy-plane are ellipses and the traces parallel to the xz- and yz-planes are hyperbolas.
2 2 2 2
Specifically, the trace in the xy-plane is ellipse ’3“—2 + ;—2 = 1, the trace in the xz-plane is hyperbola ’3‘—2 - ;“—2 =1,

2 2
and the trace in the yz-plane is hyperbola ;—2 - ;—2 = 1 (see the following figure).
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(c) {d)
2.54 Hyperboloid of one sheet, centered at (0,0, 1)

. . 54/3
2.55 The rectangular coordinates of the point are <T\/_’ %,4) .

|

=
II
=1
R4
wr
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3
2.56 (8 2,%,—7)

2.57 This surface is a cylinder with radius 6.

£
c l >
H e
-
1
1}
'
]
!

2.58

=

Cartesian: <—§,—%, 3) , cylindrical: (1,—%”, 3)
2.59 a.This is the set of all points 13 units from the origin. This set forms a sphere with radius 13. b. This set of points

forms a half plane. The angle between the half plane and the positive x-axis is 8 = ZT” c. Let P be a point on this

surface. The position vector of this point forms an angle of ¢ = % with the positive z-axis, which means that

points closer to the origin are closer to the axis. These points form a half-cone.
2.60 (4000, 151°,124°)

2.61 Spherical coordinates with the origin located at the center of the earth, the z-axis aligned with the North Pole,
and the x-axis aligned with the prime meridian

Section 2.1 Exercises

— —
a. PO = (2,2):b. PO = 2i +2j
— —
a.OP=(-2,-2):b. QP = -2i - 2j
— — — —
O + PR =(0,6);b. PO + PR = 6j
<
Q_

— — —
P

a. P

a.2 2PR = (8,—4);b.2PQ — 2PR = 8i — 4j
1 1 1 . 1 .

Y S T Y T A

a<ﬁ «z> vV

O NU W=
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(34

13. 0(0,2)

15. a.a+b=3i+4j,a+b=(3,4);b.a—b=i-2j,a—b = (1,-2);c. Answers will vary; d. 2a = 4i + 2j,
2a=(4,2),-b=-i-3j,-b=(-1,-3),2a-b=3i—-j,2a—b=(3,-1)

17. 15

19. 1=-3

21. a.a(0) = (1,0), a(x) = (—1,0) ; b. Answers may vary; c. Answers may vary

23. Answers may vary

25 v= (2 28

5°75
21y/34 3534

27. V=< 34 0T34 >

29. u= <\/§1>

31. u=¢0,5)

33 u= <—5\/§,5>

35 0=1Ir

37. Answers may vary

39. a. 29 = f(x0) + /' (x0): b.u = ———==(1./"(x0))

VI1+[f (xg)]
43. D(6,1)

45. (60.62,35)

47. The horizontal and vertical components are 750 ft/sec and 1299.04 ft/sec, respectively.

49. The magnitude of resultant force is 94.71 Ib; the direction angle is 13.42°.

51. The magnitude of the third vector is 60.03 N; the direction angle is 259.38°.

53. The new ground speed of the airplane is 572.19 mph; the new direction is N41.82E.

55. |T;|| =30.131b, || T,|| = 38.351b

57. |lvi]| =7501b, ||v2|| = 1299 Ib

59. The two horizontal and vertical components of the force of tension are 28 Ib and 42 b, respectively.

Section 2.2 Exercises

61. a.(2,0,5),(2,0,0),(2,3,0),(0,3,0),(0,3,5),(0,0,5); b. 4/38
63. A union of two planes: y = 5 (a plane parallel to the xz-plane) and z = 6 (a plane parallel to the xy-plane)

10

8

o — ./'

0
x

65. A cylinder of radius 1 centered ontheliney=1,z=1
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r
3_..
2 *
1.
A PP iy
o2
x--.i
67. z=1
69. z=-2
1. x+1D2+(-72+(z-4%2=16
73 (x+3° + (=352 +(z -8 =2
75. Center C(0,0,2) and radius 1
77. a. PO = (—4,—1,2):b. PO = —4i — j + 2k
79. a. PO = (6,-24,24) ; b. PO = 6i — 24j + 24k
81. 0(.,2,8)
83. a+b=(-6,4,-3),4a=(-4,-8,16), —5a + 3b = (—10,28, —41)
85 a+b=(-1,0,—-1),4a=(0,0,—-4), —5a+3b = (-3,0,5)
87. |lu—v| =+4/38,||-2u|| =24/29
89. |lu-— V|| = 2 [[-2u]| =24/13
91. a= —1 - —J
o3 (2 1 i>
<\F Ve Ve
os. (-~ 2. L L>
< Ve Ve Ve
97. Equivalent vectors
99. u= ﬂ’_l_o’ 30
V30 3 /5
101. u= —%Sint,—%cos t,—%
103. 15 60
\/15 \/15 \/154
105. a = —1/7, = —1/15
111. a.F =(30,40,0) ; b. 53°
113. D =10k
115. F4 = (-20,-7,-3)
117. a.F = —19.6k, [|[F|| = 19.6 N; b. T = 19.6K, ||T|| = 19.6 N
119. a.F = —294k N; b. F; = <—%\/§,49, —98>,F2 - <—M 49, 98> and F = <98\/_ 0, 98> (each
component is expressed in newtons)
121. a.v(1) = (—0.84,0.54,2) (each component is expressed in centimeters per second); ||[v(1)|| = 2.24 (expressed in

centimeters per second); a(l) = (—0.54, —0.84,0) (each component expressed in centimeters per second
squared);
b.
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Section 2.3 Exercises

123. 6

125. 0

127. (a-b)c=(-11,-11,11);(a-¢c)b = (-20,-35,5)
129. (a-b)c=(1,0,-2);(a-¢c)b=(1,0,—1)

131. a. 6 =2.82rad; b. 8 is not acute.

133. a.0 = % rad; b. @ is acute.

135. 6 = %
137. 6 = %
139. 6 =2rad

141. Orthogonal
143. Not orthogonal
145. a = (—ﬂ,a> ,where @ # 0 is a real number
147. u = —ai+ aj + fk, where @ and f are real numbers such that a® + ﬂ2 #0
149. a = -6
— —
151. a. OP =4i+ 5j, OQ = 5i — 7j; b. 105.8°
153. 68.33°
155. uand v are orthogonal; v and w are orthogonal.
161. a.cosa = %,cosﬂ = % andcosy = %; b.a=48° f=48° andy =71°

163. a.cosa = —L,cos = L, andcosy = L; b.a=101° g =24° and y = 69°
/30 ﬂ /30 4 1/30 ﬂ ’
80 32 16
167. a. W= ( ==, == );b.comp,v=—"2
(%5:%) Pu /25
24 16 8
169. a.w=(<,0,+2);b.comp,v=——
(5:0.43) Py I

171 aw= (55 -55)i0.a= (55 55) v=wra=(F.-3%) + (5 5)

173. a.24/2;b.109.47°

175. 17N-m

177. 1175ft-1b

179. W =43301.27 ft-Ib

181. a. ||F; + F;|| = 52.9 Ib; b. The direction angles are a = 74.5°, f# = 36.7°,and y = 57.7°.

Section 2.4 Exercises

183. a.u X v=1(0,0,4);
b.

Access for free at openstax.org
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z
i
(TR Y]
U P
¥
A
u \""-"
1
x
185. a.u X v=(6,-4,2);
b.
Zj
2 § -
v/!
"
o/ i .
= — 1 P
e AR 1 <3
el S e
_.--"_'-_.- b *
- g e __,
: 2
I o
[} F
| o
i o
I '
-
(I
B
7]
x
187. -2j—4k
189. w=——Lj— T j—- 2k
34/6 34/6 34/6
4 . 2 . 1
191, w=—-——-i— =—j—- —Kk
193. =10

197. -3i+ 11j+2k
199. w=(-l¢',—e™")
201. —26i+ 17j + 9k

203. 72°
209. 7
5v6 546
211. a. 5\/6' b. —5—:c —
9 2 9 \/5—9
213. a.2;b.2

215. v-uxw)y=-1l,w-(u xv)=1
217. a=(1,2,3),b=(0,2,5),¢=(8,9,2);a-(b X ¢)=-9
219. a.a=1;b.h=1,




844 Answer Key

225.
227.

229.
233.
235.
237.
239.

241.

x A(2.1,0)

— — —

Yes, AD = aAB + fAC,wherea = —1and f = 1.

-k

<0, +4+/5, :2\/§>

w = (w3 — 1, w3 + 1,w3), where wjs is any real number
8.66 ft-Ib

559 N
F=4.8 x 100’k N

Section 2.5 Exercises

243.

245.

247.
249.
251.
253.

255.

259.
261.
263.

265.

ar=(-3,59+1(7,-12,-7), 1 €Rib.x= 3 +7,y=5-126,z=9-Tr,reR;c. X3 = 12 =

-1
x=-3+7t,y=5-12t,z=9-Tt,t € [0, 1]

ar=(-1,0,5+1(50,-2),teR:b.x=-1+5y=0z=5-2,r€R;c. ¥ = 222 = 0;d.

x=—-14+5,y=0,z=5-2t,t €[0,1]

a.x=1+t,y=—2+2t,z=3+3t,te|R;b.%=i22=7“5—3;c.(0,—4,0)

ax=3+t,y=1,z=5,t€R;b.y =1,z =5; c. The line does not intersect the xy-plane.
a. P(1,3,5),0=(1,1,4);b. \/3

2/
V3
a. Parallel; b. ﬁ
V3
(-12,6,—4)

The lines are skew.
The lines are equal.

ax=1+t,y=1-t,z=1+2t,t €R;b.Forinstance, the line passing through A with direction vector

Access for free at openstax.org

z—9

s d.



Answer Key 845

j:x=1,z=1;c Forinstance, the line passing through A and point (2,0, 0) that belongs to L is a line that
intersects; L : x_—_ll =y-1l=z-1

267. a.3x—2y+4z=0;b.3x-2y+4z=0
269. a.(x—D+2(p—-2)+3(z-3)=0;b.x+2y+3z—-14=0

271

. a.n=4i+5j+ 10k; b. (5,0,0), (0,4,0),and (0,0,2);
c

273. a.n=3i—-2j+4k;b.(0,0,0);

275

277.
281.

283.

285

287.
289.

291.
293.
295.

C.

10

10

. (3,0,0)

x=-2+2t,y=1-3t,z=3+t,teR

a.—2y+3z-1=0;b.(0,-2,3) - (x—1,y—1,z—1)=0;c.x=0,y=-21,z=3t,t €R
Answers may vary by a sign, depending on how the vector cross multiplication is performed.
a. Answers may vary; b. "T_l = %,y =4

. 2x—=5y-3z+15=0

The line intersects the plane at point P(-3,4,0).
16

V14
a. The planes are neither parallel nor orthogonal; b. 62°
a. The planes are parallel.

1

V6
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18 . 51 130 62
297. a.ﬁ,b.P(—@,W,z—g)

299. 4x -3y =0
301. a.v(1) =(cos1,—sin1,2);b.(cos 1) (x —sin1) — (sin 1) (y —cos 1) + 2(z — 2) = 0;
c.

el

Section 2.6 Exercises

303. The surface is a cylinder with the rulings parallel to the y-axis.

-4 I || . f'l"'"l_:_:-::-

2. | 2

y 24 05 0 “05 1
x

305. The surface is a cylinder with rulings parallel to the y-axis.

307. The surface is a cylinder with rulings parallel to the x-axis.
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309.
311.
313.
315.
317.

319.

321.

323.
325.
327.
329.
331.

333.

a. Cylinder; b. The x-axis
a. Hyperboloid of two sheets; b. The x-axis
b.
d.
a.

x2 y2 7,2 R : : f R
g tTtT= 1, hyperboloid of one sheet with the x-axis as its axis of symmetry

Zz 4
2 2

—’1‘—0 + yT - T— = 1, hyperboloid of two sheets with the y-axis as its axis of symmetry

3 2 2
y= —% + x? hyperbolic paraboloid with the y-axis as its axis of symmetry

2 2 2
X y zz _ ; ;
S Tz +5 = 1, ellipsoid

2 2
STERE y? — % =0, elliptic cone with the z-axis as its axis of symmetry

2 2
X = yT + ZT elliptic paraboloid with the x-axis as its axis of symmetry
2
Parabola y = _XT’
¥
10 T
3 b=
=

; y2 z

Elllpse T + 100 = 1,

Answer Key 847
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335. Elli seﬁ+z——1
- FIPSE T T 90 = 1
e : ) 2, 2 2
337. a. Ellipsoid; b. The third equation; c. 700 T a0 T 255 = 1
2 _7\2
339. a. % + (z 82) = 1; b. Cylinder centered at (—3, 2) with rulings parallel to the y-axis

a2
341. a. % + (- 2)2 —-(z+ 2)2 = 1; b. Hyperboloid of one sheet centered at (3,2, —2), with the z-axis as its axis
of symmetry

2 2
343. a. (x+3)> + yT - ZT = 0; b. Elliptic cone centered at (-3, 0, 0) , with the z-axis as its axis of symmetry
2
X 2 _
345. T + E +z° = 1
347. (1.-1.0)and (£.4.3)

349. x2 + z2 + 4y = 0, elliptic paraboloid
351. (0,0, 100)
2
355. a.x=2-4,y=+5V4- z2, where z € [-2,2];
b.

5
§

357.
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f'f/dl‘ _-___-_"'--._
‘--__.-o"f' -I"F;‘:}
4 . s
3l- %//j
L =
2}~
1L
z oL
-1 -
a2l
al o= -’//L"‘---.._,__::‘
- ; L= 2
- EL’T | Jlfwrh?
= A . i
o Bl ) I
1 -2
x 2
. . 2 2 .
two ellipses of equations 5+ g = linplanes z = 12\/5
) 2
2 2
359. a. X + L+ T~
39632 39632 39502
b.
3000 \ —R
2000 |
1000 +
z 0
1000
2000 |,

3000
~3000% | >
ER% hl\&

: M
¥ 3000 = Lt « 1 ol

3000 0 ~300C
X
; ) )
c. The intersection curve is the ellipse of equation —= 7 + Y 7 = (2950)(42950) , and the intersection is an
3963 39623 3950
2
ellipse.; d. The intersection curve is the ellipse of equation 2y 7 + Z 5 =1
3963 3950
361. a.
15—
1
[ 3-2 P
___,_-—‘_"-._.-
F S —
M -
fopaalid g —] E
[T 1-
a4 bt g =05
5 1 05
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. . . 3
b. The intersection curve is (x2 +z2 - 1) —-x2z3 =0.

Section 2.7 Exercises

363. (2\/5, 2, 3)
365. (—2\/5, —2,3)

367. (2.%.2)

369. (3\/5,—%7)

371. Acylinder of equation x% + % = 16, with its center at the origin and rulings parallel to the z-axis,

7
\

i
)

[

(1

M
= i
e e

-

373.

375. Cylinder of equation x2 —2x+ y2 = 0, with a center at (1,0, 0) and radius 1, with rulings parallel to the z-axis,
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- H"‘“
L /] .
* ' R
3 f-’-: - v ‘___..-:‘;
"\.\_‘1‘“ : -
1 1
21 R
z 3
Al Lt
..-"""--f = L.
0., 5"
- 1.5_1 4 ? "_;f""' a
—n.E“‘m -~ 1
0 i
05 ul2
¥ 1
3
377. Plane of equation x = 2,
..a*"" ‘h“‘\.‘
o -
= -
3 ] S
g )

- -,
=5 _i:l ‘\‘b
- J""-\{ e |
—2 T
0 “REL,._“ L0
¥ 4 2 x

379. z=3

381. P2 +22=9

383. r=16cos0,r=0

385. (0,0,-3)

387. (6, 6, 6\/5)

389. (4,0,90°)

391. (3,90°,90°)

393. Sphere of equation x% + y2 + z2 = 9 centered at the origin with radius 3,

]

U I T |

395. Sphere of equation X2+ y2 +(z— 1)2 = 1 centered at (0, 0, 1) with radius 1,




852 Answer Key

397. The xy-plane of equation z = 0,

399. ¢ = % or @ = <&, Elliptic cone
401.
403.

= 6; Ianeatz—6

l{
405. (
407. (2,-
409. (8, %
411. Cartesian system, {(x,y,2)|[0 <x<a,0<y <a,0

(r,0,2)|r* +22 <9,r>0,% 3z
413. Cylindrical system,
,(r>3c0os0,—7 <0< %)

415. The region is described by the set of points {(r, 0, z) |0 <r<1,0<0<2m,rP<z< r} .

I/\ I\

417. (4000,-77°,51°)

419. 43.17°W, 22.91°S

421. a.p2 =0,p+R2 -2 —2Rsin @ = 0;
C
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Review Exercises

423, True
425. False
427. a.(24,-5);b. \/g; c. Can't cross a vector with a scalar; d. —29
429. a=+2
1 2 3
s <ﬁ"ﬁ"ﬁ>
433, 27

435. x=1-3t,y=3+3t,z=5-8t,r(0) =1 -30Ni+3(1+0)j+ (5 -8k

437. —x+3y+8z=43

439. x = ktrace: k> = y*> + z% isacircle, y = k trace: x> — zZ2 = k? isa hyperbola (or a pair of linesif k =0),z =k
trace: x2 — y2 =k%isa hyperbola (or a pair of lines if k = 0). The surface is a cone.

2

<4
7 |
04
1
_2 |
A
2 H"-\-.‘_\_‘ e
" e 2
o T 0
y. —&-2 X

441. Cylindrical: z = =1, spherical: cos @ = p sinz(p — %
443. x% —2x +y2 +z2 = 1, sphere

445. 331 N, and 244 N

447. 15]

449. More, 59.09 |

Chapter 3
Checkpoint

34 r(0)=j, r(1) = —2i +5j, r (—4) = 28i — 15j
The domain of r (1) = (#? — 3t) i+ (4 + 1) j is all real numbers.




854 Answer Key

3.2

¥
54

al HO=(F-1+{2t-30=i=

il

-3

33 limr(®)=3i-5j—-k

t—>—
3.4 v () =4ti+5j
35 ¥ 1) = (1 +1Int) i+ 5¢'j— (sint + cost) k
3.6 dié[r(t)- ' ()] = 8¢

Zilu@® xr@]

= — (¥ (cost + 2sint) + cos2t) i+ (e2’ (2t + 1) —sin2z) j + (tcost + sint — cos2f) k
37 T = —2—i+ —2—j+—=k
© Va24s \/4t2+5J V4245

3
3.8 / [@r +4)i+ (312 —41) j| dt = 161+ 10j
1

3.9 1 (1) = (41.41,3%) s s = - (11332 - 3232) ~ 37.785
3.10 s = 5¢, 0rt = s/5. Substituting this into r (#) = (3cost, 3sint, 4t) gives
r(s)= <3cos (%) , 3sin (%) s %> ,s>0.

— 6
311 k= W ~ 00059
312 N(2) = g(i—j)

4

313 k= ———>
[1+(4x—4)2]3/2
1

At the point x = 1, the curvature is equal to 4. Therefore, the radius of the osculating circle is I

A graph of this function appears next:

Yi

4 -

4

2

1
32110‘12345“

The vertex of this parabola is located at the point (1, 3) . Furthermore, the center of the osculating circle is directly

above the vertex. Therefore, the coordinates of the center are (1, %) . The equation of the osculating circle is
2 13\2 _ 1
(X—l) +(y_T) _E

Access for free at openstax.org
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vin=r ®=Qt-3)i+2j+k
314 a() =V (1) =2i
v =l Ol = V@2 =32 +22 +12 = Va2 — 121 + 14
The units for velocity and speed are feet per second, and the units for acceleration are feet per second squared.
v(i) = v (@) =4i+2]j
345 a a0 = V(1) =2j
2t 4

a = ,aN =
T V2 N Va2

64/13 24/13
b, ar (-3) =~V 4y (-3)= VB

3.16 967.15m
317 a=1224 x 10°m »~ 1,224,000 km

Section 3.1 Exercises

1. f(t) = 3sect, g(t) = 2tant
3.

5. a. <%, §> , b. <%, §> , C. Yes, the limit as t approaches #/3 is equal to r (z/3) , d.

7. a. <e”/4, g,ln (%)> . b. <e”/4, Tz,ln(%)> . c. Yes

/2
9. <e” ,1,In (%))
1. 2%+ 2 j+2k
e
13. The limit does not exist because the limit of In(t — 1) as t approaches infinity does not exist.
15. 1> 0,7 # 2k + 1)Z, where k is an integer

17. t > 3,t # nx, where nis an integer
19.




856 Answer Key

21. All tsuchthat € (1,oo>

23. y= 2\3/)_c, a variation of the cube-root function

25. x2 + y2 =9, a circle centered at (0, 0) with radius 3, and a counterclockwise orientation

Access for free at openstax.org




27.

29.

Answer Key 857




858 Answer Key

Find a vector-valued function that traces out the given curve in the indicated direction.
31. Forlefttoright, y = xz, where t increases
33. (50,0,0)
35.

37.

Access for free at openstax.org
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39. One possibility is #(f) = costi + sintj + sin(47)K. By increasing the coefficient of tin the third component, the
number of turning points will increase.

Section 3.2 Exercises
2 1.2

a. (3t 61, 31 )

43. <—e",3cos(3t),it>

v
45. (0,0,0)




860

47.

49.
51.

53.

55.

57.
59.

61.
63.
65.

67.
69.
71.

73.

75.
77.
79.
81.
83.
85.
87.

89.

91.

93.
95.

97.

Answer Key

=t 1 3
@127 14427 1

(0, 12cos(3t), cost — tsint)
1

1,-1,0
\/5< )

1
PR S 6’
1/1060.5625 <
1

\/9 sinZ (31)+144 cos2 (41)
_ =12 . 12 . 5
T@) = Tsm(4t)l + ﬁcos(4t).] +53 k
(21,483, -817)
sin(f) + 2te! — 413 cos(r) + tcos(r) + 1% ¢! + t*sin(r)
90017 + 16t
a.

3
-7.32)
(0, =3sin(37), 12cos(41))

b. Undefined or infinite

r'(t) = —bwsin(wt)i + bwcos(wt)j. To show orthogonality, note that r'(z) - r(¢) = 0.
0i+2j+4rk

1 3/2

3(10%% - 1)

lvinll =

V() - V(@) =
L(vn)-v(1) =
v(it)-v@)+ v'(@)- v(@) =
2v(@) - v'(@) =
v@)-v(@) =

The last statement implies that the velocity and acceleration are perpendicular or orthogonal.

v(t) = (1 —ssint, 1 — cost), speed = || v(?)|| = 1/3 — 2(sin? + cost)
x=t+1l,y=-t+1,z=0
r(r) =(18,9)atr=3

V161
v(t) = (—sint, cost, 1)

a(r) = —costi—sinzj+ 0j
v(t) = (—sint,2cost, 0)

a(t) = <—$,—ﬁ,o>

Iv(®)|l = Vsec*s + sec2rtan?s = \/sec?1(sec? + tan’7)

\V/3-2V2

<0,2$int (t— %) —2cost<1 + t%),lsint(l + t%) +2cost(t— g)>

7
2
T = t , —1
® < Vit+1 Vit >

SIS .
»
1]
o
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99. T(1) = $(1,2,2)
3. . 1\ =
101. i+nQ@)j+(1-5)j

Section 3.3 Exercises
103. 81/5
1 3/2
105. =;(37%% -1)
107. Length=2x

109. 67
1M1, e 1
113. T(0) =j,N(©) = —i
115. T() = L’ cost—sint’ cost+sint
® <va Ve ° e
117. N(0)= <0,—§,$>
1M9. T() = —— < 1,21,1 >
42 42
121. T() = —L—(3i + 10¢j + 2k
® \/100z2l+13( ! )
123. T(f) = —————([37% — 4] i + 107
® 94 +762 +16 ([ ] J)

125. N(¢#) = (—sint, 0, —cos?)
127. Arc-length function: s(¢) = 5¢; r as a parameter of s: r(s) = (3 35) i+ 2j

129. r(s) = <1 + %) sin <ln(l + %)) i+ <1 + %) cos [111 (_1 + %)

131. The maximum value of the curvature occurs at x = 1.

133. 1
49.477
135, Kk v ————r
(l7+144t2>3/2
137.

1
2v2
139. The curvature approaches zero.
141. y=6x+ mand x + 6y = 6z
143. x+2z=%

4 42
145, —<b
(b4x2+a4y2)
147, 104/10

3
149, %111(\/17 + 4)+\/17 ~ 4.647

151. The curvature is decreasing over this interval.

153, k= — 0t
23« x2/3 (25+4x6/5)

Section 3.4 Exercises
155. v(t) = (60)i + (2 — cos(?))j
157. v(f) = (=3sint,3cost,2t), a(t) = (—3cost, —3sint,2), speed = /9 + 412
159. v(t) = —2sin tj+ 3 cos tk, a(t) = —2costj — 3sintk, speed = V4sin?t + 9cos¢
161. v(t) = eli—e7'j, a(t) = e'i + e7'j, speed = ||v(?)|| = Ve + e~
163. t =4
165. v(t) = (w — wcos(wt)) i + (wsin(w?)) j,
a(t) = (w’sin(@n)) i+ (w?cos(@n)) j,
speed = Vw? — 2w cos(wr) + w?cos? (wt) + w?sin® (wr) = /2w (1 — cos(wr))
167. ||v()|l = V9 + 4¢2
169. v(t) = (e™(cost — 5sint), —e~>(sint + 5cos?), —20e=>")
171. a(t) = (e (=sint — 5cosr) — Se™> (cost — 5sint), —e™! (cost — 5sint) + 5S¢~ (sinf + 5cos1), 100e_5’>
173. 44.185 sec




862 Answer Key

175.
177.
179.
181.

183.

t = 88.37 sec

88.37 sec

The range is approximately 886.29 m.
v =42.16 m/sec

r(t) = 0i+ (£13 +4.50 - )_]+< %t+%>k
2

185. ar =0,any = aw
187. ar = \/get,aN = \/Eet
189. ar =2t,any =2
6126 _ 1+412+14
191. ar T =64/ L
193. ar =0,ayn = 1272
195. r(r) = (_chost+c+ %) i+ (_“nt + (vo + %) t) J
197. 10.94 km/sec
201. ap = 0.43 m/sec?,

an =2.46 m/sec?

Review Exercises

203.
205.
207.
209.

211.
213.

215.
217.

219.

221.

223.

225.

227.

False, < Y [u(r) x u(n)] =
False, itis |r/ (7)|
t<d4,r#

2 2
() = <t,2 —L,2- %>

v () = (26,2,201* ) u"(1) = (2,0,80° ), L [u' (1) x u(r)] = (480> — 160¢*,24 + 7512, 12 + 4t ) ,
Llu(r) x u' ()] = (48063 + 160¢*, =24 — 752, =12 — 4t) , L [u(r) - w' (1)] = 72068 — 9600¢> + 61> + 4, unit
2 . 2 . 2004

tangent vector: T(¢) = i J
V400844244 V4008 +4:2+4 " /4008 +412+4

i+2j+—= (2+\/_)
@ + ﬁsinh_ (6)

S )i+ B j_sin( & )k
6s> Ves? <¢6

1n(4)2 VY

r(z(s)) = cos <

2

(e21+1)?
ar = o2t an = V2e2t 4462 sint cost+1
Vite2t’ Vite2l

v(t) = (21, L, mcos (xt) ) m/sec, a(r) = < , —Lz, —x2sin (m)> m/sec?, speed = \/412 + Lz + 2cos” (xt) m/sec;
! 1

atr=1,r(1) =(1,0,0) m, v(1) = (2, 1,-%) m/sec, a(1) = (2,—1,0) m/sec?, and speed = V/5 + 72 m/sec
r(1) = vot — 512, x(t) = (vo(cosO)t, v (sinO)t, — 517 )
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Chapter 4
Checkpoint

4.1 The domain is the shaded circle defined by the inequality 9x% + 9y* < 36, which has a circle of radius 2 as its
boundary. The range is [0, 6] .

4.2 The equation of the level curve can be written as (x — 3)2 + W+ 1)2 = 25, which is a circle with radius 5 centered
at (3,-1).

43 z =3 —(x — 1)2. This function describes a parabola opening downward in the plane y = 3.
4.4 domain(h) = {(x, v € [R3‘y > 4x2 - 4}

45 (x — 1)2 + O+ 2)2 +(z— 3)2 = 16 describes a sphere of radius 4 centered at the point (1, -2,3).

2

3/ _x"—y _ 3
4.6 5

im - =
x)=(5.-2) | ¥ 4x-1
(x=2)(y=1) k
47 Ify=k(x—-2)+1,th =
Y (x=2) en x)=2,1) x=22+(-D2  1+k
4.8 lim /29 — x2 — )2
(x.»)~(5,~2)
4.9 1. The domain of f contains the ordered pair (2, —3) because f(a,b) = f(2,-3) = \/16 - 2(2)2 - (—3)2 =3
2. lim f(x,y)=3
(x,y)—(a,b)

3. lim x,y)= f(a,b)=3
o (a’b)f (x,y)=f(

7 Since the answer depends on k, the limit fails to exist.




864 Answer Key

4.10 The polynomials g(x) = 2x2 and h(y) = > are continuous at every real number; therefore, by the product of
continuous functions theorem, f (x,y) = 2x2y3 is continuous at every point (x, y) in the xy-plane. Furthermore,
any constant function is continuous everywhere, so g (x, y) = 3 is continuous at every point (x, y) in the xy-plane.
Therefore, f(x,y) = 2x2y3 + 3 is continuous at every point (x, y) in the xy-plane. Last, & (x) = x% is continuous
at every real number x, so by the continuity of composite functions theorem g (x, y) = (2x2y3 + 3)4 is
continuous at every point (x,y) in the xy-plane.

4.11 13—x2-2y2+22=2
(xyz)—>(4 13)\/ x Y z

4.12 ﬂ_8x+2y+3 %=2x—2y—2

= (3x% = 6x)%) sec? (x3 = 3x2)? +2y%)

413 o 2 3 2 (3 2.2 4
oy = (—6x y+ 8y )sec (x —3x°y" + 2y )
4.14 Using the curves corresponding to ¢ = —2 and ¢ = —3, we obtain

9 ~ f(o’\/g)_f(o’ﬁ) -3-(=2)  V3+V2
Wlen=(042) ~ s T Vivh Vi =—v3-1/2~-3.146.

The exact answer is
af

9f = —2/2 % —2.828.
By|<xy>—(0 V2) 2= (0 V2) T

415 2L = 4x—8xy+522 -6, a—y=—4x +4y, L =10xz+3
of

== =2xysec (x?y) tan (x?y) — 3x? yz?sec? (x° yz?)

4.16 % = xZsec (x2y) tan (x?y) — x3z2sec? (x3yz?)
of
0z
>f .
P —95sin (3x — 2y) — cos (x + 4y)

X

=-2x3 yz sec? (x3 yzz)

2f )
33 =6sin(3x —2y) —4cos(x +4y)
417 77

P/ _ 6 in(3x - 2y) - 4 4
Tox = sin(3x —2y) — 4 cos (x + 4y)

a2f 4si
ﬁ = —4sin(3x —2y) — 16 cos (x + 4y)
419 z=T7x+8y-3
420 L(x,y)=6—-2x+3y,s0L(4.1,09)=6-2(4.1)+3(0.9) =
£(4.1,0.9) = 7 24-D1309) = =05 ~ (,6065.
421 f(-1,2)=-19, fx(=1,2)=3,f,(=1,2)=~16,E(x,y) = —4(y — 2)*.

lim E(x.y) - —4(-2)?

lim ——
x9)—(x0.%0) (x—x0)2+(y—y0)2 =12 3 /et 1)24(p-2)2
424022
< lim @—
xxy—-(=12) [(x+1)2+(y—2)2

— 4/ (x+ 12 +(y-2)2

= lim
(x.»)—=(2,-3)

=0.
dz = 0.18
4.22
Az = f(1.03,-1.02) — f(1,—1) = 0.180682
dz _ 9 dx , Of dy
dt ox dt dy dt
4.23 = (2x —3y) (6 cos 2t) + (—3x + 4y) (—8 sin 21)

= —92sin 2 cos 2t — 72 (c0522t - sin22t)

= —46sin 4t — 72 cos 4t.
424 £=0, E£=_=2
v (3 sin 3v+cos 3v)
w _
ou
OJw __ 15-33 sin 3v+6 cos 3v

v (342 cos 3v—sin 3v)2

4.25
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Answer Key 865

dw _ dw ox 4 ow 9Y
ot dx ot dy ot
ow _ dw dx | ow 9y
4.26 du ox du + dy ou

ow _ ow d0x , dw 9Y
Jv ox ov dy odv

[ W X
ox  dal
y W x
X ol
v W X
X r:"mlI
w = fx, ¥)
W By
w / ay dt
) o i
¥y =yt u, N o W a8y
oo
4.27 dy _ 2x+y+7 _20)+(=2)+7 _ 11
* dx — 2y=x+3|3,-2) ~ 2(=2)-0)+3 — 4
Equation of the tangent line: y = —%x + 24—5
2 2
4.28 6xv—413 —4)(1 3x%—12xy“+6y \/5
Duf(x,y)=(xy )é )()+( 5 )
—256—. 27-576+24)4/3 5254/3
Duf (3,4) = 122256=4 Q1576+ W3 _ g4 2\/—
2 2 2
429 Vf(x,y) = 2x +2xy+6y2i_ x“+12xy+3y° .
(2x+y)? (2x+y)?

4.30 The gradient of g at (—2,3)is Vg(—2,3) =i+ 14j. The unit vector that points in the same direction as Vg (-2, 3)

. Vg(-2,3) 1 14 . V197, 144/197 ., . .
is = i = i which gives an angle of
Vel — o' T o) — 17 't o7 ) 9 g

6 = arcsin <(14\/ 197) /197) ~ 1.499 rad. The maximum value of the directional derivative is
IVg(=2,3)|l = /197.
431 Vf(x,y)=2x—2y+3)i+(-2x+ 10y —2)j
Vi, 1) =3i+6j
Tangent vector: 6i — 3j or —6i + 3j

¥i

4+

tangent 2T
vecior 5
-

] Vi1, 1
fx.y) - 8 B TR
i (3 R
5 2 3.




866 Answer Key

Vf (x’ y, Z) — 2x2+2xy+6y2_8xz—222 i X2+12Xy+3y2—24yz+z2 .

4.32 (Qxt+y—42)? Qxty—4z)2
. 4x2~12y?~4z% +4x242yz k
(2x+y—4z)2
Duf(x.y.2) = —5(6x+y+22)+ 2 (x—4y+42) - S (Q2x+4y-2z)

4.33

Dllf(o’_z’s) = %
434 (2,-5)
4.35 (%, ) isasaddle point, (—3,—3) is a local maximum.

4.36 The absolute minimum occurs at (1,0): f(1,0) = —1.
The absolute maximum occurs at (0,3): £ (0,3) = 63.
4.37 f has a maximum value of 976 at the point (8,2).
4.38 A maximum production level of 13890 occurs with 5625 labor hours and $5500 of total capital input.

f<\/5 ¥ \/3)_ Vi_Vi_ Vi

4.39

3 ’ 3
4.40 f(2,1,2) =9isaminimum.

Section 4.1 Exercises

17,72

207z. This is the volume when the radius is 2 and the height is 5.
All points in the xy-plane

x < y?

All real ordered pairs in the xy-plane of the form (a, b)

{zI0 <z <4}

13. ThesetR

mOoNUW-=

15. y> —x2 =4,a hyperbola
17. 4 =x+y,aline; x + y = 0, line through the origin
19. 2x—y=0, 2x—y=-2,2x —y = 2;threelines

X — X —_ X —
21. x_ﬂ—_l’x_ﬂ—o,x_ﬂ—z
23. Y = %, eV =3
25 xy—x=-2, xy—x=0,xy—x=2

27. e_2x2 =y, y= xz,y = e2x2
29. The level curves are parabolas of the form y = ex? = 2.

31. z=3+),acurveinthe zy-plane with rulings parallel to the x-axis

2 2
33 S+ <1

4
2

2 2
X Y z
35. o5 + e + 36 <1
37. All points in xyz-space
39.
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a41.

43.

45.

47. The contour lines are circles.




868

49.
51.
53.
55.
57.

59.

Answer Key

x% + y2 +2z2=9,a sphere of radius 3

x* + y2 -z2=4,a hyperboloid of one sheet
4x? 4y =1,

1=e (% +)?)

T(x.y) = =~

x2+y2
X2+ = %, x> +y = ﬁ. The level curves represent circles of radii 4/10k/20 and \/E/IO

Section 4.2 Exercises

61.
63.

65.
67.

69.

71.
73.
75.
77.

79.
81.
83.
85.
87.
89.

91.
93.
95.
97.

929.

2.0

| o= wo

dovol—
8]

e
11.0

1.0

The limit does not exist because when x and y both approach zero, the function approaches In 0, which is
undefined (approaches negative infinity).

every open disk centered at (x(, yg) contains points inside R and outside R

0.0

0.00

The limit does not exist.

The limit does not exist. The function approaches two different values along different paths.

The limit does not exist because the function approaches two different values along the paths.

The function f is continuous in the region y > —x.

The function f is continuous at all points in the xy-plane except at (0, 0) .

The function is continuous at (0, 0) since the limit of the function at (0, 0) is 0, the same value of f(0, 0).
The function is discontinuous at (0, 0) . The limit at (0, 0) fails to exist and g(0, 0) does not exist.

2 2
Since the function arctan x is continuous over (—00, 00) , 8(x,y) = arctan (%) is continuous where z = % is
continuous. The inner function z is continuous on all points of the xy-plane except where y = —x. Thus,
2
g(x,y) = arctan <;€L+y> is continuous on all points of the coordinate plane except at points at which y = —x.

101. All points P(x,y, z) in space
103. The graph increases without bound as x and y both approach zero.

105. a.
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b. The level curves are circles centered at (0, 0) with radius 9 — c. c. X2+ y2 =9—-cd.z=3e.
{(x,y) IS [FR2|x2 +)2 < 9} f. {z]0 <z <3}

107. 1.0
109. f(g(x,y))is continuous at all points (x, y) that are not on the line 2x — 5y = 0.
111. 2.0

Section 4.3 Exercises

0z _ _
113. = 3x+2y
115. The sign is negative.
117. The partial derivative is zero at the origin.

119. g—; = —3sin(3x)sin(3y)
121, 2 - 65 oz _ 4

ox T Y6, A0y T 64,4

9Z _ ,,Xy. 02 _ 4 ,Xy
123. o = e ,0y—xe

125. % = 2 sec? 2x -y, g—i = —sec? 2x -y
127. f:(2,-2) = 1 = f,(2,-2)
9z _
129. &= = —cos (1)
131. fx =0, fy=0, fz=0
133. a.V(r,h) = ar?hb. % =2zxrhc. % = nr?

135, fyr, = ——
Doy
137. 22 =7 2z 4
ox2 0y2
139. fxyy = fyxy = fyyx =0
2
a7z _  _1(oy _ oY)
= = 2(e e™V) sinx
Pz 1y )
141, 0 = 2(e e7Y)sinx
&z P g
dx2 dy2

143. fy); = 6y2x - 18yz2

145. (4.4).0.1)

147. (0,0),(0,2),(v/3, 1), (—\ﬁ,—l)
92 2z _ . . _

149. ax—§ + ﬁ = e*sin(y) — e*siny =0

2
20z _ _—t X
151. ¢ w2 =e cos(?)

153. &= 2x47
Yy




870 Answer Key

155. 9f yCcos xy

0x
oF _ ¢ OF _
159. & =69 =433
161. 5L at (500, 1000) = 172.36, 52 at (500, 1000) = 36.93

Section 4.4 Exercises

163. <%> (12i — k)
165. Normal vector: i+ j, tangent vector: i — j
167. Normal vector: 7i — 17§, tangent vector: 17i + 7
Normal vector —12i+12j -k
Tangent vector 0i+j+ 12k or Oi + j — 12k
171. —36x — 6y —z=-39
173. z=0
175. 5x +4y+3z-22=0
177. 4x —5y+4z=0
179. 2x+2y—z=0
181. 2(x-1D+2(y-2)—-(z—-1)=0
183. x=20t+2,y=—-4t+1,z=—-t+ 18
185. x=0,y=0,z=t¢
187. x—1=2t; y—-2=-2t;z—1=t
189. The differential of the function z(x, y) = dz = fxdx + fydy
191. Using the definition of differentiability, we have e*Vx ~ x + y.
193. Az =2xAx+3Ay+ (Ax)z. (Ax)2 — 0 for small Ax and z satisfies the definition of differentiability.
195. Az =~ 1.185422 and dz ~ 1.108. They are relatively close.
197. 16 cm3
199. Az = exact change = 0.6449, approximate change is dz = 0.65. The two values are close.
201. 13%or0.13
203. 0.025
205. 0.3%
207. 2x+ 1y —1
209. %x+y+%7r—%
211, 3x+2y+ 52
213. z=0

169.

Section 4.5 Exercises

Xy sin z

215. ‘il—'f =ycosz+ xcosz(2t)—

Vi-i2
217. %48 = —30x +4y, % = 10x — 16y
219. % = rsin(20)

221. Y~ 94483

223 Y-y

225 4 _
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227. ‘fi—‘f = 2¢%! in both cases

229, L = \/E(n—4

2,.2
231. % - _3x2;ryy
—X
233, d—i = - xy+2y3
235. % - _\3/¥ x
237. % = _#yy(uy)
239. & =421
241, % = _13_0,7/3 5 ol-1103
243. % = —32;::1”” and % = %
25 5 =3V, 5 = (2-4y3)

247. da—‘f = cos(xyz) X yz X (=3) — cos (xyz) xze! ™" + cos (xyz) xy X 4

~12 “12
249. f(tx,ty) = \/12x2 + 122 =t1f(x,y),%=x%(x2+y2) X 2x+y%(x2+y2) x 2y = 1f(x,y)

251. V'=4r
253. ‘Z—ll/ = 1Ogﬂcm3/min

255, % = 12in.2 /min

257. 2°C/sec

a_u_au(ax ow axoz) m(ga_w Qg)

o —ox\ow o Yo o) Taoy\ew o Tor or

Ou(0z dw , 0z Ot
+9 (55 5r+ & 5)

259.

Section 4.6 Exercises

261, -2 23+3

263. —1

265. 2
NG

267. /3

269. —1.0
22

7. 3

273. %

275, V2
2(x+2y)2
ex(y+\/§)

277. —5—=
1424/3

279. 2(T2)))

281. (5,4,3)

283. —320
3

285. ——
V11

287. 21

255
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289.

291. 3i-3j

293. /2i + V2j+ 2k
295. 1.6(10'9)

207, 3V2

99
299. 1/2,(1,-1)

301. /4. (-3.-2)

303. a.x+y+z=3,bx-1=y-1=z-1
305. a.x+y—z=1,b.x—-1=y=-z

307. a. % b. (38,6,12), c. 24/406

309. (u,v) = (xcos(zx)sin(2xy), 2z sin(zx)cos(2xy))

Section 4.7 Exercises

311. (3.4 .

313. (0,0) (£5- 15)

315. Maximum at (4, —1,8)

317. Relative minimum at (0,0, 1)

319. The second derivative test fails. Since x2y* > 0 for all xand y different from zero, and x2y* = 0 when either x or
yequals zero (or both), then the absolute minimum occurs at (0, 0) .

321. f (-2, —%) = —6is a saddle point.

323. f(0,0) =0;(0,0,0) is a saddle point.

325. The only critical point(s) are where both f = 0 and f, = 0 and thatis f(0, 0) = 9. However, since
Sxxfxy — (fxy)2 = 0 at the critical point, the Second Derivative Test fails. By graphing, we can see that this point
is a local maximum.

327. Relative minimum located at (2,6).

329. (1,-2)is a saddle point.

331. (2,1)and (-2, 1) are saddle points; (0,0) is a relative minimum.

333. (—1,0)is a relative maximum.

335. (0,0)is a saddle point.

337. The relative maximum is at (40, 40) .

339, (% %) is a saddle point and (1, 1) is the relative minimum.

341. Asaddle pointis located at (0,0).
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343.

345.
347.

349.
351.
353.
355.
357.

There is a saddle point at (r, 7) , local maxima at (%, %) and (37, 3z

(%37”) and (3—” Z).

) » and local minima at

(0,1, 0) is the absolute minimum and (0, —2,9) is the absolute maximum.
There is an absolute minimum at (0, 1, —1) and an absolute maximum at (0,—1,1).

(1500).(V500)

18 by 36 by 18 in.
(ﬂ 47 E)
24° 127 24
x=3andy=6

y = 84000 90,372 cm3

Section 4.8 Exercises

359.

361.

363.

365.

367.

369.
371.

373.

375.

_2\/3T

. 3 .
maximum: 24, minimum: ——

maximum: <g,0, \/5) , minimum: <_Tﬁ,0,—\/§>

maximum: % minimum = %

maxima: f <¥2\/§) =24, f <—3—\2/§,—2\/§> = 24; minima: f <—¥2\/§> = =24,
f <¥,—2\/§> =-24

maximum: 24/11 at f (L, -2 > ; minimum: —=24/11 at f <_—2, =6 ,L>

T VI VATV

5
)

—_

2.0

194/2

(%:3)

f(,2)=5

Answer Key 873
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77, 7 (4 44) =4
379. minimum: f(2,3,4) =

381. The maximum volume is 4 ft3. The dimensions are 1 x 2 X 2 ft.

383. The point on the surface x2 - 2xy + y2 — x + y = z closest to the point (1,2, -3) is (% % 0).
385.
387.
389.

391.

_
e

—_~~
(S]]

—_
e
S—"

L
2

393. Roughly 3365 watches at the critical point (80, 60)

Review Exercises

395. True, by Clairaut's theorem

397. False

399. Answers may vary

401. Does not exist

403. Continuous at all points on the x, y-plane, except where x% + y2 > 4.

ou _ 4.3 _ 0__ dx dy 2 du 3
405. s =4dx 3y, 3x, & i =2, —= 5 = 3¢t°, T = 40¢
22 2.2y 2.2y
407. hyx (x,y,2) = 6xe hxy(x y,2) = 6x_e s hxz (x,9,2) = 3xze hyx (x,y,2) = 6xZe™ e s
2y 2y 32V
hyy (x,,2) = 4 z" shyz (x,y,2) = ~2d 5 hzx (x,,2) = _a 5 hzy (x,3,2) = Z—§
32y
hzz (x,p,7) = 24—
z

409. z=x—-2y+5
411. dz = 4dx — dy, dz(0.1,0.01) = 0.39, Az = 0.432

413. 34/%5, <27,6>

B Va2t 1 1 ;
M8 Vi) =-Ta it (v -z )
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417.

419.

maximum —6 minimum: —-16

33 3v/3
2.3228 cm3

Chapter 5
Checkpoint

5.1

5.2

53 —

5.4
5.5

5.6
5.7

5.8

5.9

5.10
5.11
5.12
5.13
5.14
5.15
5.16
5.17

5.18
5.19

5.20

5.21

5.22
5.23

5.24

5.25

2 2
V=YY (k. y5)AA=0
i=1 j=1
a. 26 b. Answers may vary.
1340

3
4-In5
In5

T

2
Answers to both parts a. and b. may vary.

Answer Key 875

Type I and Type Il are expressed as {(x,»)|0 < x <2,x* <y < 2x} and {(x, No<y<4, %y <x< \/}} ,

respectively.
zl4

{(x,y)|0§y§1n2,1SxSey}U{(x,y)HnZSySe,l5x$2}U{(x,y)|e$y§e2,lny5x§2}

Same as in the example shown.
216
35

2 4 10e — % cubic units
square unlts

~ 0.282

& wl:@l:“'“ Rt S

x

2r

V=/
0
n/6 3-3sin @

A=2/ / rdrdd =8r+9/3

—/2 1+sin 6

//zsinxcosdezS
y= 9 —x2
1dV = / / / ldz dy dx = 36x.
/// -3 Jy=—V9- x2 -1/ 9- x2 —y

=4 x= 4 z y=4-z y=4 z=4-y x—\ﬁ

(i) / / / f(x,y,2)dy dx dz, (ii) / / / £ (x,y,z)dx dz dy, (iii)
y—x

(16— 2r2) rdr d6 = 64z cubic units

O\gl

\flﬁ

y=0 z=0 x=0
y=4 xz\/; z=4—y x=2 y=4 z=4-y

/ / / f(x,y,2)dzdx dy, (iv) / / / f(x,y,2)dzdydx, (v)

y=0 x=0 z=0 x=0 y=x2 z=0
2

y=4—z
f(x.y.2)dydzdx

x=2 z=4—x
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526 fave =8
527 8

O=n r=2sin@ z=4—rsin6

5.28 // f(r,0,2)rdzdrdf = / / / f(r,0,z)rdzdrdo.
E 6=0 r=0 z=0

1 z=2-/2 6=2x

/ / rdfdzdr.
=r

529 E={(r0,2]0<0<27,0<z<1,z<r<2-z*}andV =

S~

r=0  z=r =0
r=1 z=V4—2 =0z
530 E, = {(r,e,z)|o <0<2r0<r<lr<z< \/4—r2} and V = / / rdo dz dr.
r=0 z=r 0=0
0=2rn @=rl3 p=2
531 V(E) = / / p2 sin @ dp do do
0=0 ¢=0 p=0

x=2 y= Va-xZ == 4=x2—y2 x=1 y=V1-x2 2=\ 4-x2-2
5.32 Rectangular: / / / dzdydx— /
X==2  \ax2 Z=_\/4_x2_y2 x==l o 1-x2 Zz_\/4_x2_
60=2x r=2 z=V4- r2
Cylindrical: / / / rdzdrdo.

0=0 r=I 2
@=57/6 0= 27r p=2
Spherical: / / pzsin(pdp db de.
@=n/6 6=0 p=Ccsc @
533 Zkg
8lx S8lx
5.34 MX o 64 and My =64
x= =Y — 8lz/64 _ 9 5= Mx _ 8la/6d _ 9
5'35’6_]&1 = Somg —gandy= = o8 T 3%
L2y _ 1720 _ 3 - _ Mx _ 124 _ 1
5.36 X_TM— Tz =sandy= =90 =3
M
537 xo= - =42 =Zandy. = JXr =12 =1
x=2 y=x x=2 y=x
— 2 _ 64 _ 2 _ 64
538 I, = / / y ,/xydydx—fandly— / / X ,/xydydx—f.AIso,
x=0 y= x=0 y=0
x=2 y=x
2, .2
IO=/ / (x +y),/xydydx=%
x=0 y=0
64/35 6
539 Ry =3, Ry = \/_ ,and Ry = i
54 _
5.40 3—53 —91.1543
541 (3.5.7)

5.42 The moments of inertia of the tetrahedron Q about the yz-plane, the xz-plane, and the xy-plane are
99/35,36/7, and 243/35, respectively.

a(u,v) ﬂ ﬂ
du ov

543 7! (x,y) = (u,v) whereu = ? andv = %
& &= 1 1
5.44 J (u,0)= 2D | =‘ ‘: 2

72 1
5.45 / / P dr do
0 0
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4 u
=1 dy=1 d (L) ava
5.46 x—i(u+u)an y—f(u—u)an u_2 5 vdu.
2 —u

5.47 L(sin2-2)
2

3 2
5.48///<2+%)dudvdw=2+ln8
3 3u
0 0 1

Section 5.1 Exercises

1. 27.
3. 0.
5. 21.3.
7. a.28ft3 b. 1.75 ft.

9. a.0.112 b. faye =~ 0.175; here £(0.4,0.2) ~ 0.1, £(0.2,0.6) ~ —0.2, £(0.8,0.2) ~ 0.6, and £(0.8,0.6) ~ 0.2.
1. 27
13. 40.

3

15. 81 43992,
17. e—1.
19. 15— “’T‘ﬁ
21. 0.
23. (e—1)(1 +sinl —cos1).
25. 2In(3) +2In’2-1n2.

27. %[(2\/5—3)7”61112].

29. Let (e4—1).

31. d(e— 1) (2—+/e).

33. —£+1n( )—%ln2+arctan2.

(2cosh 1 + cosh2 — 3).

1 1
49. a. f(x,y) = +xy (x> +y*) b.V = dxdy=1 =1
ca fluy) = gxy (X +)7) bV = fGeydxdy = g ¢ fave = 5
0 0

d.
y'.l'
fix, ¥} = IEI|'£|[st + yt)dsdl
T
.-"'J--Fl _-‘-\_--_"'—-_
. o
- A
e -‘-._J_,-
10— -
-\___‘__‘_-‘- ---____.-
= -‘----\_-_"-.-.-
0.75[
I g5
0.25F
o0 E
To02s e

05

' n

53, a.Form=n=2,1=4¢"% ~243b. fave = 0> ~0.61;
C.




878 Answer Key

e
0g2f i
nrzk
z E .
052 b . %
032F J:-:" .
- ' -1.c
. -0.5
e
—10 -y, 0.0
e e v 4 -'"r;"
10!
¥

55. a. 5+ 7 b
n+1
59. 56.5°F; here f(xl,yT) =71, f(x3,¥7) =72, f(x7,y5) =40, f(x3,y5) = 43, where x} and y;‘ are the midpoints

of the subintervals of the partitions of [a, b] and [c, d], respectively.

Section 5.2 Exercises

27
61. 5

63. Type I but not Type II
T

65. 7

67. +(8+37)

1000
69. -3

71. Typeland Typell

73. Theregion D is not of Type I: it does not lie between two vertical lines and the graphs of two continuous functions
g1(x) and gy (x). The region D is not of Type II: it does not lie between two horizontal lines and the graphs of two
continuous functions a1 (y) and Ay ().

75.

E
2
77. 0
2
79. %
81, AL

83. —63
85. =«
87. a. Answers may vary; b.

89. a. Answers may vary; b.
91. &
93 e— 3

-y

95. 1
1 0 y+l 11
97. //xdydx://xdxdy+//xdxdy=%
0 -1 0 0 0
1 Vi-x?

1
99. / / ydxdy:/ / ydydx =0
-1 2 -1 _V1m2

[SSIES[ON] |6}

1 1-y*

101. //( )dA = // ¥*)dxdy = 38
-1

Access for free at openstax.org
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103.
105.

109.
111.

lop 1.1
113. a. 4:b. $ic ¢

4. . 6r—4
115. a. 3 b.2x; c. =

117. 0and 0.865474; A (D) = 0.621135

119. P[X+Y <6]=1+ 2% - % ~ 0.45; there is a 45% chance that a customer will spend 6 minutes in the drive-
€ e

27
2

[N RN [VIVA NS

thru line.

Section 5.3 Exercises

123. D={(r0)4<r<5% <0<}

125, D={(r,0)|05rgﬁ,osegn}

127. D={(r,0)|0 <r <4sinh,0<0 < r}
129. D={(r.O)3<r<5%<6<%}

131. D={(r03<r<53 <0<}

133. D={(r.0)0<r<tanfsecf0<6< %}
135. 0

63n
137. 6
1 39‘ 3367x

18

2
35x
141. <6

143. %(21 —e? +et)

145. %ln(l + \/§>
147. %(2— \/5)

2

/rSdrd9= 2z
0
2

4
/r sin (rz) dr d6 = rsin%8
0

149.

o\§

7l

151.

ST

153.
155.

157.

159.

161.
2T py M.~ T

163. a. <%; b. 3:C 3

165. 207 o3

167. 3Z

169. 4r
171.

173.

175. /3

177. 133w

il e
N
3
|
[9%]
[9%]
SN——

—_
oo

Section 5.4 Exercises

181. 192
183. 0




880 Answer Key

2

185. /

3

187. /
1

(x2+lny+z)dzdxdy=%+21n2

1
(x2z+ —> dzdxdy=64+121In3
y

77
191. T
193.
439
195. 0
197. 0
64
199. :llﬁ
201. §3
203. 350 \/—
—609-2164/3-80n
205. ———— ~ —0.21431
207. 3~
209. 1250
s 3 V92
211. // / zdzdydx =90
0 -3 0
213. V =533
6| -
4 4 r J'III - Py
2 -2.1:
ol --1.5
=1.0 »
'D e S |
-2.0
15 i
.0
0.5 0.0 0.0
&
1 3 4 1 3 4
215. ///(y222+1)dzdxdy;///(x2y2+1)dydzdx
0o 1 2 o 1 2
1 z 1—y4—z4 1 x 1=4-4
217. [ [ [ eYdxdydz [ [ [ Inzdydzdx
0 -z 0 0 -x 0
2 V22 2
219. V= [ / [ dydxdz
112 -Va2-22 \/x2+z2
9
221. 3
223 136

225. a. Answers may vary; b. %
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r —x2 V r r2—y2 ,.2_x2_y2 r Vr2—z2 r2—x2-72
227. a./ / / dz dydx; b./ / / dzdxdy,/ / / dydxdz,
0 0 0 0 0 0 0 0 0
Y Y o s 27 (P22 RV )
/ / / dydzdx/ / / dxdydz,/ / / dxdzdy
0 0 0 0 0 0 0 0
229. 3
250
231. =
233. & ~ 0313
235.

Section 5.5 Exercises

o
=3
245. %
x 4sin® V1e—r2
249, a. E {(r02)|0<9<7r0<r<4sm90<z<\/16T} b/ / / £(r0,2)rdzdr dé
0 0 0
251. E:{(r,9,2)|0§(9< 0<r<43,9-32 <z<20—r(cos9+sme)},b

\/— 20—r(cos 6+sin )

/2
/ / / f(r,0,z)rdzdrdo
0
a.

9— 32
253 a. E={(r.0.2)[0<r<3,0<0<2.0<z<rcosf+3},f(r.0.2)=—L——:b.
3 #/2 rcos6+3
r 9
— dzdOdr=—
// / rcosf+3 0 T
0 0 0
255. a. y=rcoso z=rsinfx=z E={(rn0.2)[1<r<3,0<0<27,0<z<1-r},f(r.0.2)=zb.
3 2z 1- r
256
// / zrdz df dr = 3][
1 0 0
257. &
259. £
T
261. %
263. %
265. V =% ~0.2618
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1.0

0.75

1
267. /
0

269. 18074/10
271.
277. a. f (p.0,9) = psinp(cos 0 +sin0), E= {(p.0,9)|[1 <p<2,0<0<m0<p<%};b.

T w2 2

[ [ [ p?sin? g(cosh + sind)= IST”
0 0 1

279. a. f (p.0,9) = pcos p; E = {(p,0,90)[0 < p <2c0s 9,0 <0 <27,0 <@ < £} ;b
27 m/4 2cos @

/ / / p3sinqocosqodpd(pd0=%”

0 0 0
281. «

283. 9;;( 72— 1)

s [ 0/

287. v = V3 L 7055

o
1.2 By
0.2
F4 1 i
|
] i
0.8 4
-18 /
ﬂh"":"r-,..
00 g5 T
1
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289 24371’
© T3
2 4 V1e—r2 576 2 4
291. / / / rdz dr do, / / / p2sin pdp dO de
0 2 ~V16—-r2 76 0 2csco

64P,
293. P= 30” watts

295. Q = kr*zuC

Section 5.6 Exercises
27
207. 21

299. 24¢/2

301. 76
303.
305.

307.
309.

<
=
Il
oo
=
<
<
1]
—_
2
o
=
1]
uls
<
Il
w|o

313 a My = 38 M, = 132,p 3= 38, - 32,

315. a. MX = 167[7My = 87[, bJ_C: 1,;):2’
C.




884 Answer Key

317. a. My =0,M, =0;b.x =0,y = 0;

C.

319. a. My =2, My =0;b.x=0,y=1;

321.

323.

325.

327.

329.

331.

C.

a.

a.

Iy
I, =

Ay

Ix

Ay

243
10

= 88,1, = 1560,and Iy = 1648; b. Ry =

12871' Iy

Access for free at openstax.org

567[ ,and IO 18347[.

5
648\/_ v, 2592{ and I 3240\/— b,
y = 0=

y=65£,andR0=
Ry ¥’Rx=67l, dRy =
W8 Ry = VIO g Ry = 2V
bRx=4T\/§,Ry=@,andRo=$
%,Ry=%,andR0=$
@,Ryzé,and&):aﬁ

Iy =88 and Iy = 23 b. R, = i,R
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333. m= %

337. a.m= %"; b. Myy = %T”,sz = %,Myz = %; cx= %,;: %,E = %; d. the solid Q and its center of mass are
shown in the following figure.

§ :m:_ e

0.5 4 -_
" F0C
1ol 0.25
ﬂ'E -—“'i""“-i-_ | 0.8 X

R

0.6 1.0
¥
343. n=-1

349. a.p(x,y,2) = x2 +y2; b. %

351. My, =7 (f(0)— f(a)+af’ (a)
355. I, =1, =1, ~0.84

Section 5.7 Exercises

357. a.T (u,v) =(gw,v),h(u,v)),x =gu,v) = % andy = h(u,v) = % The functions g and 4 are continuous and
differentiable, and the partial derivatives g, (u,v) = % gv (w,v)=0,hy (u,v)y =0and h, (u,v) = % are
continuous on S; b. T'(0,0) = (0,0), T(1,0) = (3.0) . 7(0.1) = (0.1) .and T(1,1) = (3. 4) : c. Ris the
rectangle of vertices (0, 0), (% 0), (%, %) ,and (0, %) in the xy-plane; the following figure.




886 Answer Key

359. a.T (u,v) = (g, v),h(u,v)),x =gw,v)=2u—v,and y = h(u,v) = u+ 2v. The functions g and & are
continuous and differentiable, and the partial derivatives g, (u,v) = 2, g, (u,v) = -1, h, (u,v) = 1, and
hy (u, v) = 2 are continuous on S; b. T(0,0) = (0,0),T(1,0) =(2,1),T(0,1) =(-1,2),and T (1,1) = (1,3); c.
Ris the sqgaure of vertices (0,0),(2,1),(1,3),and (-1, 2) in the xy-plane; see the following figure.

361. a.T (u,v) = (gw,v),h(u,v)),x =g,v) = u3, and y=h,v) = v3. The functions g and h are continuous and
differentiable, and the partial derivatives g, (u,v) = 3u?, 8o (u,v) =0, hy, (u,v) =0, and hy, (u,v) = 30% are
continuous on S; b. T(0,0) = (0,0),7(1,0)=(1,0),T7(0,1)=(0,1),and T (1,1) = (1,1); c. Ris the unit
square in the xy-plane; see the following figure.

363. T is not one-to-one: two points of .S have the same image. Indeed, T (-2,0) = T (2,0) = (16,4).
365. T is one-to-one: We argue by contradiction. T (uy,v1) = T (up, vp) implies 2u; — vy =2up — vy and u; = uy.
Thus, u; = up and v] = v,.

Access for free at openstax.org
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367. T is not one-to-one: T (1,v,w) = (-1, v, w)

-2
369. u= "2 o=
371. u=e ,v=e*"
_ x—y+z _ Xt+y—z _ —x+y+z
373. u= S V=5, w= 5

375. S={wv)? +0* <1}

377. R= {(u, v, w)lu2 ——wr<lw> O}
379. =
381. —1
383. 2uv
385. 2vw
387. 2

389. a.T (u,v) = Qu+v,3v);b. The area of Ris
3 (6-y)3

7}
[ ] e [ [l

i3

6dv du = 3.

SY~—~7T

391. —

393. —
V4
395. 13

1
397. 3L
399. T(r,6,z) = (rcos6,rsin6,z);S =[0,3] x [0,%] x [0,1]in the rfz-space
403. The area of Ris 10 — 44/6; the boundary curves of R are graphed in the following figure.

Rl
-

i
Y=
Z2 ¥y¥=x
1+
0 1 2 X
405. 8

409. a. R = {(x, y) |y2 +x2—2y—dx+1< O} ; b. Ris graphed in the following figure;

c.3.16
411. a.Tpp o T3 (u,v) = (u+3v,2u + 7v) ; b. The image R is the quadrilateral of vertices
0,0),3,7),(2,4),and (4,9);c. S is graphed in the following figure;
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Q-
3 |9rofw

413. % ~ 282.451in3

415. A(R) = 2,177,216 yd?

Review Exercises

417. True.
419. False.
421.
423.
425.
427.

429.
431.
433.
435.
437.

439.
441.

- O

[hols o *
s 3
(2}

[o) e

50.265

Q

T

L G“|oo
Ll Gfoo
N

~

)

527 x 1015 ft-b
—1.238 x 1077 x3 +0.001196x> — 3.666x + 7208; average temperature approximately 2800°C

~

A R i o S e
Il

W[y

Chapter 6
Checkpoint

6.1 12i—j
6.2
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6.3 Rotational

6.4 /65 m/sec
6.5 No.
6.6




890 Answer Key

6.7 1.49063 x 10718,4.96876 x 10719,9.93752 x 1071°N

6.8

6.9 No

6.10
6.11
6.12
6.13

6.14

6.15
6.16

6.17

6.18
6.19
6.20
6.21
6.22
6.23

Vf=v
Pyzx?éQx:_zx))
No

NG

24/10m +24/10x°
Both line integrals equal —

44/17

/F-Tds
c

-26

0

181/272 kg
312

2z

0

10004/30

3
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6.24 Yes
6.25 The region in the figure is connected. The region in the figure is not simply connected.
6.26 2

6.27 If C; and C; represent the two curves, then / F.dr # F.dr.
S (%)
6.28 f(x,y) =€)’ +xy
6.29 f(x,y,z)= 4x3 + sinycos z + z
630 f(x,y,z)= —&
x24+y2 422
6.31 Itis conservative.
6.32 —10x
6.33 Negative
6.34 £
6.35
6.36
6.37 g(x,y) =—xcosy
6.38 No
6.39 1057z
6.40 y—z2
6.41 Yes
6.42 All pointsonliney = 1.
6.43 —i
6.44 curlv=20
6.45 No
6.46 Yes
6.47 Cylinder x2+y? =4
6.48 Cone x% + y2 =72
6.49 r(u,v) = (ucosv,usinv,u),0<u<ow0 0<v<Z

2
6.50 Yes
6.51 ~ 43.02
6.52 With the standard parameterization of a cylinder, Equation 6.18 shows that the surface area is 2zrh.

6.53 271'(\/§+ sinh—1(1)>
6.54 24

6.55 0
6.56 38.401x =~ 120.640

N(x,y) = =, 1
\/1+x2+y2 \/l+x2+y2 \/1+x2+y2
6.58 0

6.59 400 kg/sec/m

6.60 —443&

6.61 Both integrals give 0
6.62 —r

3
6.63 >

6.64 curlE = (x,y,—2z)
6.65 Both integrals equal 6.
6.66 30

6.67 91In(16)

6.68 ~ 6.777 x 10°

NI.E_;’“"‘“N

6.57

Section 6.1 Exercises

1. Vectors
3. False
5.




892 Answer Key

11.

Access for free at openstax.org




13.

15.
17.

19.

21.

23.

25.
27.

29.

31.
33.
35.
37.

F4
e 0
N ~
LT SO
- 1 b,
f’ji T i
i -l/J P 4
. PN o d
p Z S v
= .,._.’:! ’f\ /
— = ~ ff
x Ty H‘\ 1
~ b

F(x,y) = sin()i + (x cos y — sin y)j
F(x,y,z) = @xy+ y)i+ (x2 + x4+ 2y2)j + y2k

F — 2X 4y 3
(X, y) < l+x2+2y2 1+x2+2y2 J
F(x y) — (1—x)i—yj
V(1=x)2+)2
F(x,y) = —2
x2+y2

F(x,y) = yi- xljo
¥ _ - .

(x,y) 7(X2+y2) 77 (xi + yj)

= € p— € I
E= 2= 7 7
¢ (t) = (cost,—sint,e™") = F(c(1))
H
d-F+G
a.F+G

Section 6.2 Exercises

39.
41.
43.

45.

47.

49.
51.

53.
55.

57.

59.

61.

3 4>‘|L£‘J<>C>

S
QU
5
Il
~

zdx + xzdy + xydz = —1

Yy
(v )dx+(x)dy=%

190
xydx + ydy = 3

Q\m\m\\§ T I~

Answer Key 893
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4 =
63. /Cizds— V2In5

2x2 — y
65. W = —-66
67. W =—10x2
69. W =2
71. a.W=11;b.W=%;c.No
73. W =2=xn
254/5+1
75. /F~ds=—
c 120
77. /yde+(xy—x2)dy=6.15
C
79. /xeydsz7.157
v
81. / y2—xy)dxz—1.379
Y
83. /F~drz—1.133
C

85. F-dr =~ 22.857

a

87. flux

89. flux = -20
91. flux =0
93. m= 47rp\/§
95. W =0

97. W=4%

Section 6.3 Exercises

99. True
101. True

103. /F-dr=24
C

105. /F-dr:e—%”
C

107. Not conservative
109. Conservative, f(x,y) = 3x2 + Sxy + 2y2
111. Conservative, f(x, y) = ye* + x sin(y)

113. /(2ydx+2xdy)=32
C

115. F(x,y) = (10x + 3y)i + (3x + 20y)j
117. Fis not conservative.

119. Fis conservative and a potential function is f(x, y, z) = xye=*.

121. Fis conservative and a potential function is f(x, y, z) = 22 7 %
123. Fis conservative and a potential function is f(x, y, z) = x2y + yzz.

2
125. Fis conservative and a potential function is f (x,y) = e* 7

127. /F-dr=e2+2
C

129. /F-dr:—Z
C

131.}1{ G-dr=-8x
¢y

133.}1{ F-dr=7
&)

135. /F-dr=159
C
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Answer Key 895

137. F.dr=-1
c

139. 4 x 103 erg

141. /F-ds:0.4687
c

143. circulation = za? and flux = 0

Section 6.4 Exercises

147. /2xydx+(x+y)dy=%

C
149. /smxcosydx+(xy+cosxsmy)dy—i2
C
151. f( ydx + xdy)=n
Cc
153. / xe X dx + (x4 + 2x2y2) dy=0
C
3 3 —
155. %y dx — x°ydy = -20x
Cc
157. j{—xzydx+xy2dy=87r
Cc
159. j]{(x2+y2)dx+2xydy:0
Cc
161. A= 19x
_ 3
163. A = 3
165. (y +x )dx+x4dy=0
Cc+
167. A=3%
169. A= 85£
5
2
171. 2xy + ds =——
/C( y=2xy+yt)ds ==
173. /Mzzﬂ
c x2+y?
175. w=2
177. W =12«
179. W =2x
1
181. fy dx+x2dy=§
183. /\/1+x dx +2xydy = -3
185, /(3y ) dx+ (Tx+ VoA + 1) dy =36z
C
187. %F-dr=2
C
189. %(y+x)dx+(x+smy)dy 0
22
191. ?{xydx+x3y3dy= —
C 21
193. 7§F dr = 132
Cc
195. /sm(x+y)dx+cos(x+y)dy=4
C
197. /F-erﬂ'
C
199. }Z{F-ﬁds:4
c
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201. %F-nds=()
C

203. / [—y3 + sin (xy) + xy cos (xy)] dx + [x3 + x%cos (xy)] dy =4.7124
C

205. ?i <y+e\/;)dx+ (2x+cos (yz))dyz !

Section 6.5 Exercises

207. False
209. True
211. True
213. curl F =i+ x%j + y?k
215. curl F = (x22 - xy2) i+ (xzy— yzz)j + (yzz - xzz) k
217. curlF=i+j+k
219. curl F = —yi — zj — xk
221. curlF =0
223. divF = 3yz? + 2ysinz + 2xe?*
225 divF=2(x+y+2)
227. divF = ——
x2+y2
229. divF=a+5b
231. divF=x+y+z
233. Harmonic
235. div(F x G) =2z+ 3x
237. divF =272
239. curlr=0
241. curl Ls =0

r

243, curlF= -2 _k

x2+y2
245. divF =0
247. divF =2 —2¢7°
249. divF =0

251. curl F=j -3k
253. curlF =2j—-k
255. a=3
257. Fis conservative.
259. divF = cosh x + sinh y — xy
261. (bz — cy)i(ex — az)j + (ay — bx)k
263. curl F = 2w
265. F x G does not have zero divergence.
2,2

267. V-F = -200k [1 +2 (x2 + y2 + zz)] e_x2+y +z

Section 6.6 Exercises

269. True
271. True

273. r(u,v) = (U, 0,2 —3u+2v)for—0 <u<owand—-o <p< o,

275. r(u,v) = (u, v, %(16 - 2u+4v)> for |u| < % and |v| < .
277. r(u,v) = (3cosu,3sinu,v) for0 <u < %,Os v<3
279. A = 87.9646

281. //zdS:S;r
S

283. //(x2+y2)zdS=167r
S

4
285. //F~Nds=—”
s 3
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287. m ~ 13.0639
289. m ~ 228.5313

291. // gdS =34/14
N

293, // (x* +y—z) dS ~ 0.9617
S

295, // (x2 +y2)dS= %’r
S

297, // x2zds = 22V
S

299, //(z+y)dS ~ 10.1
S

301. m = na’

303. //F-NdS:E
< 2
305. //F-NdS:z
< 4

1 1
<4— 3y+ Ey2 + z> <Z‘/17> dzdy

309. [x* — 28 — 4x) + z] /17dzdx

/S (xzz+yzz) dS = #

313. // x%yzdS = 1711/14
S

315. -// yzdS = @
S

317. //(xi+yj) -dS = 16z
S

7
— ta
319. m= 103

321. F~4.57Ib.
323. 8na
325. The net flux is zero.

o\c\ O\O\

311.

— T, O~

Section 6.7 Exercises

327. // (curl F - N)d.S = 7a?
S

329. //(curlF -N)dS = 18x
S

331. //(curlF-N)dS = —8r
Ky

333. //(curlF-N)dS =0
Ky
0

335.
337. -9.4248
339. //curlF'dS =0

S

341. // curl F - dS = 2.6667
S

343, / (curl F-N)ds = -1
S




898 Answer Key

1
345. /<Ey2dx+zdy+xdz> :_%
Cc

347. / (curl F-N)dS =3x
S

349. /(ck X R)-dS =2rc
C

351. // curl F-dS=0
S

353. [ F-dr=-4

355. // curl F-dS=0
S

357. // curl F - dS = —36x
S

359. //curlF~N:0
S

361. [ F-dr=
363. // curl(F) - dS = 84.8230

365 //(V X F)-ndS=0

367. //(V X F)-ndS =2r
S
369. C = z(cos @ — sin @)
371. ?{F-dr:487r
C

373./(V><F)~n=0
S
375. 0

Section 6.8 Exercises
377. / F - Nds = 75.3982
S
379. /F Nds = 22T ~ 381.704
S
381. / -Nds = 37.6991
383. / F - Nds 9’"’
S
387. // F-dS=0
S
389. // F-dS = 2412743
S
391. // F-dS=-x
D
393. // F-dS= 2’3—”
S

395. 16\/67
397. —%n
399. —703.7168

401. 20

403. //F.ds=8
N

405. //F-NdS:%
S
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407. [[5 IR R - ndS = 4ra*

2 _ 4

409. ///Rz dV—%

411. //F~dS=6.5759
S

413 //F~dS=21
S

415. //F~dS=72
S

417. //F~dS=—33.5103
S

419. //F~dS=7ra4b2
S

421. //F~ds=%n
S

423. //F~dS=2lT”
S

425. — (1-¢71)

Review Exercises

:l.ffff

‘i\
ERASEES
\:::‘._1?‘1”
'%“:uziiif‘;

ik

\kx:.,¢f1"
SRR SRY

433. Conservative, f(x,y) = xy — 2e¥
435. Conservative, f(x,y,z) = xzy + y2z + z2%x
437. - 18

3
439. %(3\5— 1)

441. Divergence: e* + xe™ + xye™%, curl: xze®¥*i — yze*™?j + ye*’k

443. —18x
445. —rx
447. 24rn

449. \/5(2 2+n)=4+nﬁ

451. 8x/3




900 Answer Key

Chapter 7
Checkpoint

7.1 a. Nonlinear
b. Linear, nonhomogeneous

7.4 Linearly independent

7.5 y(x) = c;& + cpxe>*

7.6 a. y(x)=e*(cicos3x + cpsin3x)
b. y(x)=cre” ™ + cyxe” ¥

7.7 y(x) = —e"2X 4 %
7.8 y(x) = e*(2cos3x — sin3x)
¥i
140+
120+
100+
B0+
604
40+

204

.

¥ix)

e(2cosdx

Sindx)

0
204
404
60+
£0 4

_lm-
1204
~140 1

7.9 y(@) =te” "t

Access for free at openstax.org
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038
03+
.25+
02+
(.15
D1+

iy =g ™
0.05

0bz2-0.1 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 167

-0.1
15
0.2
.25

0.3

-0.35

Attime t = 0.3, y(0.3) = 0.3¢(703) = 0.3¢=21 ~ 0.0367. The mass is 0.0367 ft below equilibrium. At time 7 = 0.1,
¥ (0.1) = 0.3¢7%7 ~ 0.1490. The mass is moving downward at a speed of 0.1490 ft/sec.
710 y(x)=cje™™* + e =2
711 y(t) = c;e® + cpte? +sint + cost
712 a. y(x) =ce® + cpe* — xe*
b. y(t) =cie 3 + cye? —5cos2t + sin2t
713 z; = ?16:23’ zZy = 21"14;2
714 a. y(x) =cjcosx + ¢psinx + cosxIn |cosx| + xsinx
b. x(t) = cie' +cyte’ +te'ln |t

7.15 x(#) = 0.1cos (14¢) (in meters); frequency is % Hz.

7.16 x(1) = \/17sin (41 + 0.245) , frequency = - ~ 0.637, A = /17

7.17 x(t) = 0.6e72 — 0.2¢~

7.18 x(t) = %e‘gt + dpe~8!

7.19 x(t) = —0.24e~ % cos (41) — 0.12e~'sin (41)

7.20 x(1) = — % cos (41) + § sin (41) + Te= cos (41) — 2¢=sin (41)
Transient solution: %e‘z’cos (4t) — 2 sin (41)
Steady-state solution: — %cos 4r) + %sin (41)

7.21 q(t) = —25e¢"cos (3t) — 7e~'sin (3t) + 25

7.22 a. y(x)=a Z:;O ﬂx2” = q e_"2

n!

b. y(x)=ap(x+ 1)3

Section 7.1 Exercises

1. linear, homogenous
3. nonlinear

5. linear, homogeneous
M. y=cjeX +cpe

13. y=cie X +cpxe >




902

15.
17.

19.
21.
23.

25.
27.
29.
31.
33.
35.
37.

39.
a41.
43.

45.
47.
49.

Answer Key

y=c1e? 4 cpe ™

x/2 \/gx \/gx

y=e <CICOST+CzslnT>

y=rc e—llx +C2311x

¥y = ¢1c0s9x + ¢»sin9x

y=c t+cXx

. cle((1+\/2_2)/3)x N cze((l—\/z_z)/s)x
y=cre 0 4 cyxe™0

y=c| +cpe*

y=—2e"2 4 2¢73

y = 3cos (2x) + 5sin (2x)
y= —e0% 4 2e™5x
y=2e" + %xe

— 2 ) 6x ( 2 ) —Tx
= e — e
Y ( e6—e_7 e6 —e_7

No solutions exist.

—x/5

2
y= De2x _ 2e 2+1 xe2X
e
¥y = 4cos3x + cpsin3x, infinitely many solutions

59" +19y —4y=0
a.y = 3cos(8x) + 2sin(8x)
b.

Access for free at openstax.org
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Section 7.2 Exercises

55. y=cje ¥ fre¥ -2
57. y = cicosdx + cpsindx + %e_

59. y =cje? +cyxe? +2x% +5x +4
61. y=cie X +cpxe ™ + %Sinx - %cosx
63. y =c|CcOsX + cpsinx — %xcost - %sin2x

65. y=cje X +cpxe > + %x3e_5x + 24—5
67. a.y,(x) = Ax? 4+ Bx+C

2x

69. a.y,(x) = (Ax2 + Bx + C) e ¥
_ (1.2 _5__ 33\ -x
b. yp(x) = (4x g* 32)"
71. a. y,(x) = (Ax2 + Bx + C) e*cosx + (Dx2 + Ex + F) e*sinx
= (-1, 2 _ 11, 27 ,x _352 42 39\ pXgi
b.yp(x)_( TR 55X 250)e cosx+( X" tasxt 250)e sinx
73. y=c| + e + %eb‘
75. y=c1e2 +cpe ™ 4 xe?*
77. y=c1& +cpe 3 — 8,%‘
79. y =cjcos2x + ¢psin2x — %xcost + %sin2xln(sin2x)
47 4 2 4
81. y= —% + me%‘ + 7x2e7x - Exe%‘
__57 4 3 5x 4 1 .5x, 4 ,-5x
83. y= 55 + 5@ +5xe + 25¢€
85 y, = % + 1—30lenx

Section 7.3 Exercises

87. x"+16x=0,x() = %cos (41) — 2sin (4t), period = % sec, frequency = ZHy

4

89. x" + 196x =0, x(¢) = 0.15cos (14¢), period = % sec, frequency = %Hz

91. a. x(t) = 5sin (2¢)
1

b. period = 7 sec, frequency = - Hz
C.

— T
d.t= 7 sec

93. a.x(t) = e™3 (20cos (31) + 15sin (31))
b. underdamped

95. a.x(t) = 5¢~4 4+ 10te¥
b. critically damped

_—
97. x(x) = % ft below

_ 32 . 16 .
99. x(1) = Zsin (4t)+cos< 128t> - msm( 128t>




904 Answer Key

101. ¢q(t) = e 0! (0.051cos (87) + 0.03825sin (8¢)) — 3g COS (101)
103. g(t) = e~ 1 (=32t = 5)+5, I(t) = 2e—10f(160t+9)

Section 7.4 Exercises

00
—x/5)"
105. y =¢p + 5¢ Z (=x15) =cy+5¢cie7P
1
n=1
)2n (x)2n+l
107. y = —_—
r= 02(2 T A ant )
109. —coe

00
2n+1

111. =
0022" '”121 3.5.7-C2n+1)

113. y=clx +7

_ 23 12xt | 1ex®  120x7

Review Exercises

117. True

119. False

121. second order, linear, homogeneous, 2-2=0
123. first order, nonlinear, nonhomogeneous

125. y = ¢ysin (3x) + cpcos (3x)

127. y = cje¥sin (3x) + cpe¥cos (3x) + %x + %
2x
— —-X —4x 4 X e~t 5
129. y=cje " + e +3+ 184 G \ ;
— (=3/2)x (=3/2)x 4, 4,2 _
131. y=cje + cpxe T gXT + 5 x— 5

133. y = ¢ *%sin (\/Ex)

135. y—l—j( e —1)

137. 01) = Bgcos (\/%1)
141. b=/a
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Symbols
ball 327
odisk 317

A

acceleration vector 274

angular coordinate 39

angular frequency 770
arc-length function 258
arc-length parameterization 259
Archimedean spiral 49

Bessel functions 791
binormal vector 264
boundary conditions 754
boundary point 322
boundary-value problem 754
Brahe 284

C
cardioid 47

chain rule 245

chambered nautilus 7, 48
characteristic equation 751
circulation 610

cissoid of Diocles 63
Clairaut's theorem 590
closed curve 599, 616
closed set 323
Cobb-Douglas function 407
Cobb-Douglas production
function 347
complementary equation 759
complex conjugates 752
complex number 752
component functions 236
components 96

conic section 64

connected region 618
connected set 323
conservative field 586
constant multiple rule 245
constraints 403

contour map 308, 333
coordinate planes 111
critical point of a function of two
variables 387

cross product 150
cross-partial property 590
curl 667

curtate cycloid 19

curvature 2671

cusps 16

cycloid 1

cylinder 193

cylindrical coordinate system 210

D

definite integral of a vector-valued
function 249

derivative 243

derivative of a vector-valued
function 244

determinant 155

differentiable 353
direction angles 138
direction cosines 138
direction vector 170
directional cosines 383
directional derivative 375
directrix 64
discriminant 78, 390
divergence 661
divergence theorem 723
domain 577

dot product 132

double integral 422

double Riemann sum 421

E

Earth's orbit 8
eccentricity 75
electrical potential 386
Electrical power 360
electrical resistance 360
electrostatic fields 730
ellipsoid 196

Elliptic Cone 202
elliptic paraboloid 197
Elliptic Paraboloid 2
epitrochoid 22
equivalent vectors 90
Ernest Rutherford 343
error term 353
Euler's formula 752
expected values 456

F

Faraday's law 715

flow line 592

flux 609

flux integral 696

focal parameter 76

focus 64

force 102

Fourier's law of heat transfer 737
Frenet frame of reference 268
Fubini's theorem 425

Fubini's thereom 486
function of two variables 302
Fundamental Theorem for Line

Index 905

Integrals 722

Fundamental Theorem for Line
Integrals. 620

Fundamental Theorem of Calculus
722

G

Gauss'law 730

Gauss's law for magnetism 663
general bounded region 488
general form 66

general form of the equation of a
plane 178

general solution to a differential
equation 750

generalized chain rule 366
gradient 377

gradient field 587

graph of a function of two
variables 310

gravitational force 628

Green's theorem 636, 722

grid curves 682

H

harmonic function 648

heat equation 339

heat flow 698

helix 239, 240

higher-order partial derivatives
337

homogeneous functions 372
homogeneous linear equation 746
Hooke's law 770

hurricanes 582

Hyperboloid of One Sheet 201
Hyperboloid of Two Sheets 201
hypocycloid 15

I

implicit differentiation 369
improper double integral 452
indefinite integral of a vector-
valued function 249
independent of path 622
independent random variables
455

independent variables 365
initial point 90, 237
initial-value problems 754
interior point 322
intermediate variables 362
inverse-square law 730
iterated integral 425




906 Index

J

Jacobian 549
joint density function 455

K

Kepler 284

Kepler's laws of planetary motion
284

L

Lagrange multiplier 404

Laplace operator 671

Laplace’s equation 339, 648
level curve of a function of two
variables 308

level surface of a function of three
variables 313

limagon 47

limit of a function of two variables
318

limit of a vector-valued function
240

line integral 593

linear approximation 351
linearly dependent 749

linearly independent 749

local extremum 389

lunes of Alhazen 464

M

magnitude 90, 97

major axis 68

mass flux 694

mass of a wire 606

method of Lagrange multipliers
404

method of undetermined
coefficients 760

method of variation of parameters
764

minor axis 69

mixed partial derivatives 337

N

nappes 63

nonhomogeneous linear equation
746

normal 136

normal component of acceleration
277

normal form of Green'’s theorem
643

normal plane 268

normal vector 1

normalization 10

o N

Access for free at openstax.org

(o)

objective function 403
octants 111

one-to-one transformation 546
openset 323

optimization problem 403
orientation 10

orientation of a curve 599
orientation of a surface 692
orthogonal 136

orthogonal vectors 136

osculating circle 269

overdamped 774

P

parallelepiped 160
parallelogram method 92
parameter 9

parameter domain 675
parameter space 675
parameterization of a curve 14
parameterized surface 675
parametric curve 9

parametric equations 9
parametric equations of a line 170
parametric surface 675

partial derivative 330

partial differential equation 339
particular solution 759

path independent 622
perpendicular 136

piecewise smooth curve 603
planar transformation 546
plane curve 237

polar axis 41

polar coordinate system 38
polar equations 45

polar rectangle 464

pole 41

potential function 588

power series 786

principal unit normal vector 264
principal unit tangent vector 248
product rule 245

projectile motion 279

prolate cycloid 20

Q

Quadric surfaces 196

R

radial coordinate 39

radial field 578
radius of curvature 269
radius of gyration 536
region 323

regular parameterization 680

reparameterization 240
resolution of a vector into
components 141
resonance 782
Reuleaux triangle 464
right-hand rule 110
RLC series circuit 783
rose 47

rotational field 580
rulings 193

S

saddle point 390

scalar 91

scalar equation of a plane 178
scalar line integral 594

scalar multiplication 91
scalar projection 140
simple curve 616
simple harmonic motion
simple pendulum 360
simply connected region 61
skew lines 174

smooth 265

space curve 237
space-filling curves 16
speed 106

sphere 116

spherical coordinate system 215
spring-mass system 769
standard equation of a sphere 116
standard form 65

standard position 237

standard unit vectors 101
standard-position vector 95
steady-state solution 781

Stokes' theorem 707,723

stream function 647

sum and difference rules 245
superposition principle 748
surface 304

surface area 683

surface independent 712

surface integral 696

surface integral of a scalar-valued
function 687

surface integral of a vector field

694

symmetric equations of aline 170
symmetry 50, 474

‘\I
~
o

[oe]

T

Tacoma Narrows Bridge 782
tangent plane 347

tangent vector 247
tangential component of
acceleration 277

tangential form of Green's



theorem 637
terminal point 90, 237

three-dimensional rectangular

coordinate system 109
topographical map 307
Torque 162

total differential 356
traces 195
transformation 546
transient solution 781
tree diagram 364
triangle inequality 93
triangle method 92
triple integral 486
triple integral in cylindrical
coordinates 505

triple integral in spherical
coordinates 511

(0]

triple scalar product 1
Typel 441
Type Il 441

U

unit vector 100

unit vector field 58

\'

vector 90

vector addition 92
vector difference 92
vector equation of a line
vector equation of a plane
vector field 577

vector line integral 600

1

0

77

vector parameterization 237

vector product 153

Index 907

vector projection 140
vector sum 92
vector-valued function 236
vector-valued functions 274
velocity vector 274

vertex 64

vertical trace 310

w

wave equation 339

William Thomson (Lord Kelvin) 342
witch of Agnesi 17

work done by a vector field 607
work done by the force 144

Z

zero vector 90
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